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Summary. It is shown that the known theorems about volume integration of some differential-vectorial opera-
tions can be written as one analytical expression.
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INTRODUCTION

Nowadays the theorems about volume integration of differential-vectorial operations (diver-
gence, rotor, gradient), that allow to bring it to the corresponding surface integration, are known
[1-3]. The Green theorem [1-3] also gives a possibility to bring volume integration of differential-
vectorial operations with two scalar functions to the corresponding surface integration. All these
theorems have different forms of representation. However, all these forms have something general
in the structure [3].

In this paper it is shown, that allthe above-mentioned theorems can be generalized in the
following form:

| s M@bO| o fy@bn.ds, 0
v\ (=X,y,z 6(; S

~ where: ¥ — function, defined in V, that represents certain algebraic combination of vectors
a, b and normal vector n to the surface S.

1. THEOREM ABOUT VOLUME INTEGRATION OF DIVERGENCE OF VECTOR
Let ¥ be the scalar multiplication of vectors a and n:

Y=an. )
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For such type of the function ¥ the following equations can be written:

oy(a,x) =£(§.ix):aaix
ox ox ox
dy(a,y) 0 - - y
VALY _ 9 a1y =—2Y
oy oy (a-ly) p
oy(a,z) 0 — - . oa
oYla,z2) _ 9 .1)=%z
0z 0z (@-12) oz’

that allow to write the equation (1) in the form:

aay 63
§(a n)-dS= §[ o E 62] dv = idlva dv,

which is known as the Ostrogradskiy-Gauss theorem [1, 2].

2. THEOREM ABOUT VOLUME INTEGRATION OF ROTOR OF VECTOR
Let ¥ be vectorial multiplication of vectors a and n:
Y =axn. 3)

For such a type of the function ‘¥ the following equations can be obtained by factoring of
vectorial multiplication a x 1 :

%;‘/’Y)f%(axl ])—ay(az Ix=ax 1),
M o

o o~ -
b az([axlz])za—z(ax~1y—ay-1x),

As a result, taking into account (4) and the analytical form of representation of rotor of vector
in cartesian coordinates [1], it is possible to write the next correlation:

— - a da _
e R e I

£=x,y,z ac oy
o Ox _daz) g [ Gy dax -1=rota,
0z  0Ox ox ay
that in this case allows to present (1) in the following way:
§;xﬁ-dS:§rotg-dV,

S
which is the notation of the known theorem about volume integration of rotor of vector [1, 2].
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3. THEOREM ABOUT VOLUME INTEGRATION OF GRADIENT
OF SCALAR FUNCTION

Let the function ¥ be multiplication of vector n and scalar function ¢:
¥Y=n-¢. (5)

For such kind of the function W it is possible to write the following equations:

which results in:
0 - op -  0p - O0p -
. > (a—&(cp~lg)]:£~lx+£‘ly+a—i‘lz=grad(p. (6)
=X,Y¥,Z

Taking into account (6) the equation (1) in this case can be represented as:
§(p-ﬁ-dS:§gradm-dV,
S v

which is the representation of the known theorem about volume integration of gradient of
scalar function [1].

4. GREEN THEOREM

Let the function ¥ be the multiplication of scalar function f and derivative of scalar function

¢ in the direction n:

op
Y=f.—*. 7
5 7

For such a type of function W it is possible to write the following equations:

2
¥ (1.30) 200, P
Ox 0x) 0x 0Ox ox2
2
@:[f@jz@@”ﬁ%
oy oy) o0y oy oy
2
W (r.20) 2500 P
0z 0z) 0z 0z o722
it results from this that:
2 2 2
5 g(f.@}f‘ o, %% o of Do, @®)
E=xy,z 06\ 08 ox= oy~ Oz ox 0Ox
+@-8—q’+§»a—q):f-A(p+(gradf~grad(p),

dy Oy 0z Oz
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Taking into account (8) the equation (1) in this case can be written as:
ffa—(p»ds = §[f-Acp+(gradf»grad(p)] dv,
S on v

which is the notation of the Green theorem [1-3].

5. VOLUME INTEGRATION OF EXPRESSION OF THE TYPE
Let the function ¥ be defined by the following equation:
¥Y=b-(a-n). ©)

For such type of the function YV it is possible to obtain the following equations:

Dot )= 2685 Prva, P,
O m-n O o o O ob
%(b'(a ly))=5(a )=b'%+ay'g,
? O \ - fa, b
&(b( lz)):a(a b)*b . +aZ~aZ,

and taking into account given above correlations it can be obtained that:

0 (== — (da, Oay fa
> —\u(a,b,lg)=b~[ X +—+—Z]+ 9
t=x,y,2 96 ox Oy oz ©)
ob ob ob o~ . - - -
+ax—+a},g+azgzb'd1va+(a~grad)b.

It results from (9) that the equation (1) in this case can be represented in the form:

§b(n-a)-dS= §[(a-grad)b+b-diva]-dV,
S A%
which coincides with the known correlation [4].
In conclusion of consideration of equation (1) it should be noted that all types of the above-
considered functions ¥ (2), (3), (5), (7), (9) satisfy the property of oddness:

‘P(a,g,ﬁ) = —‘P(a,b,—n) .
It should be expected that the equation (1) allows to obtain new integral equations. But it
requires a general proof of equation (1) which can be found as generalization of the known proofs
of theorems about volume integration of differential-vectorial operations.

CONCLUSIONS

1. Known theorems about volume integration of differential-vectorial operations are general-
ized in the form of representation.
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2. The necessity of general proof of equation (1) for volume integration of differential-vecto-
rial operations is shown in order to obtain new integral equations.
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UOGOLNIENIE INTEGRALNYCH REPREZENTACJI TWIERDZEN

Streszczenie. Wykazano, ze znane twierdzenia o integracji objgtosciowej pewnych operacji rozniczkowo-wek-
torialnych moga by¢ zapisane jako jedno dziatanie analityczne.

Stowa kluczowe: integracja objetosciowa, integracja powierzchniowa.



