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Summary. New interaction theory of a flexible cleaning vane with the head surface of root crop in 

the case when the vane installed on the driving shaft makes a plane motion is proposed. Based on 

the obtained differential equations of the vane motion some new mathematical dependencies, 

describing the basic parameters of this interaction are given. 
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INTRODUCTION 

 

The problem of remainders of haulm removal from the heads of root crops after cut-

ting off its basic mass in many design developments, theoretical and experimental re-

searches is considered [Pogorely 1964, 1983, Ogurechnikov 1977, Yaroshovets 1980, 

Mishin 1981, Khelemendyk 1996, 2001, Hurchenko 1997, 2000, Bulgakov 2002, Po-

gorely 2001, etc.]. In the scientific works, basically, the results of studies of different 

kinds of root crop heads cleaners of particular constructions are presented: vane, annular, 

sectorial, drum, etc.  

Nevertheless, strict theoretical substantiation of this technological process does not 

exist, because neither the initial process of the impact of the cleaning element (flexible 

vane) on the head of root crop nor its further motion over the surface, whose cleaning, by 

the way, is achieved in the space, nor the differential equations of this motion are thor-

oughly or exhaustively examined. In Hurchenko [2000] the differential equations of 

motion of flexible cleaning vane on the head of root crop in the case, when the vane 

accomplishes motions in the transverse-horizontal plane, i.e. it is installed on the cleaner 

with the vertical rotational axis, are represented. 

OBJECTIVES 
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In this work the new theory of interaction with the root crop head in the field of the 

cleaning vane, installed on the driving shaft with the horizontal rotational axis, is examined. 

 

 

PROCEDURE OF RESEARCH 

 

Let us build a calculated mathematical model of the process of cleaning vane inter-

action with the root crop head. For this purpose, let's compose at first an equivalent dia-

gram, in which the spherical head of the root crop, located (actually rigidly fixed) in the 

soil, above which  a driving shaft with the horizontal rotational axis moves, on which 

there are installed the flexible cleaning vanes, which accomplish an impact on the head 

and the subsequent motion over its surface, is examined (Fig. 1). We consider that the 

vanes on the shaft, which has a rotational axis O , are fixed hingedly; moreover the 

plane of their rotation is perpendicular to the axis of the shaft, the direction of the rota-

tion on the course of the motion of the cleaner. The driving shaft revolves with the angu-

lar velocity ω , the direction of which is shown by the pointer. Examine the process of 

interaction with the root crop head of one of the cleaner vanes, by considering that others 

will be in analogous state. The hinge of the vane suspension on the shaft is located at a 

distance r  from the axis O  of the shaft itself, the conditional length of the vane in this 

case is equal to rl + , where l  – distance from the axis of suspension to the point M  of 

the vane contact with the root crop head at the initial moment (end of the vane is desig-

nated by point 
1

C ). The velocity of forward motion of the cleaner along the root crops 

rows is designated by 
P

V  and the mass of the vane – by m . 

Let us examine at first the case, when the plane of the cleaner vanes rotation is lo-

cated strictly along the root crops row (this exactly is such a case, when the conditional 

axis of the vane will coincide with the axis of root crop). In this case, the diagram of 

velocities and power interaction of the vane with the head of root crop will be on one 

plane.  

Select a fixed frame xOyz , the beginning of which penetrates the rotational axis of 

the vane, i.e. the axis Ox  coincides with the horizontal axis of the driving shaft. The 

axis Oy  of this frame is directed along the row of root crops, axis z  is vertically up-

ward. Fig. 1 shows the diagram of velocities before the impact of the vane on the root 

crop head and after the impact. Let us again emphasize that in this case the plane of the 

vane rotation coincides with the plane yOz , and the axis of the shaft O  is located along 

the axis Ox . 
 

During the forward motion of the cleaner along the row of root crops and the rota-

tion of the vane around the axis Ox  the impact contact of the vane with the head occurs. 

Divide the process of cleaning of remainders of haulm from root crop head into two 

phases:  

1) the contact phase of the vane with the head of root crop; 

2) the phase of further motion of the vane on the head of root crop. 
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Fig. 1. Velocities at the impact contact of the vane with the root crop head in the case  

when the plane of vanes rotation is located along the row 

 

 

OUTCOMES OF RESEARCH 

 

It is obvious that at first the impact of the vane on a certain part of the head occurs 

when the vane encounters with the head of root crop (phase 1). Designate by M  the 

point on the vane, which at the moment of impact coincides, with the point 
1

K , the con-

tact of the vane with the head of root crop. We will consider that impact impulse S  will 

be directed along the normal n  to the head of root crop and carried out through the 

contact point 
1

K  (Fig. 2). At that, velocity V  of the point M  on the vane before im-

pact will be equal to:  

 

MP
VVV +=                                                        (1) 

where: 

P
V  – the velocity of the forward motion of the cleaner along the row of root crops  

(the transportation velocity of the vane), 

M
V  – circular velocity of point M  on the vane during rotation around the axis 

Ox  (relative velocity of point M ). 

 

The circular velocity 
M

V  of point M  will be equal to: 

 

( )lrV
M

+== ωρω                                                  (2) 
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Vector 
M

V  will be directed tangentially toward the circumference of the radius ρ , 

which is shown in Fig. 1. 

Since we consider that the impact occurs on the common normal n  to the spherical 

head of root crop and the vane, and the common normal  is tangent to the circumference 

of the radius ρ , therefore vector 
M

V  will be directed along the normal n  (i.e. actually 

along the radius of the spherical head of root crop).  

Let us separately depict the diagram of the forces, which act on the head of root 

crop during the impact at the contact point 
1

K  (Fig. 2). The force 
.уd

F  – the impact 

force, which appears in the process of the impact and is directed along normal n  to the 

surface of the head of root crop; G  – the gravitational force of the vane; 
w

F  – the cen-

trifugal inertial force, which appears during the rotation of the vane around the axis Ox  
(this force is directed along the vane, it contributes to the rectification of the vane along 

the straight line, i.e., the radius ρ  of the gyration of point M  around the axis Ox ).  

 

 
Fig. 2. Forces, which act at the contact point of the vane with the head of root crop  

if the plane of vanes rotation is located along the row 

 

Determine further the absolute velocity U  of point M  after the impact, the angle 

of deflection γ  of vector U  from the normal n  and the impact impulse S . 

According to Butenin [1985], a change in the momentum of point with mass m  at 

the impact is equal to:  

 

( ) SVUm   =−                                                       (3) 
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where: 

S  – impact impulse, 

U  – the velocity of contact point M  after impact, 

V  – the velocity of contact point M  before the impact. 

 

According to the definition, the impact impulse S  is determined with the aid of this 

expression  

 

∫=
τ

0 .
  dtFS

уd
                                                       (4) 

where: 

.уd
F  – impact force, 

τ  – the duration of the impact. 

 

Since the duration of impact τ  is a very small time interval, the momenta of all the 

other forces acting on the head of root crops at the moment of impact are in effect equal 

to zero. 

Actually, the power impulse G  will be equal to:  

 

τ
τ τ

GdtGdtGS
G

=∫ ∫==
0 0

 

then 

0GGS
00

G
0τ

===
→→→

ττ
ττ
limlimlim  

 

Analogously the power impulse wF  will be equal to:  

 

τ
τ τ

wwwwF
FdtFdtFS =∫ ∫==

0 0

 

then 

0FFF
0

ww
0

w
0

===
→→→

ττ
τττ
limlimlim  

 

 

Thus, the action of forces G  and wF  with the impact of the vane on the head of 

root crops may be left unconsidered.  

Since when the impact impulse S  is different from zero magnitude, with 0→τ , 

∞→
.уd

F , since otherwise 0→S . This results from the expression (4).  



Volodymyr Bulgakov et al. 

 

10 

 

For describing the process of the impact of the vane on the head of root crops let us 

select a new frame nK
1

τ , where the axis τ  is directed tangentially toward the head of 

root crops at the point 
1

K . 

Taking into account that the impact impulse S  is directed along the standard n , 

the expression (3) can be represented in this form  

 

nSVmUm =−                                                     (5) 

where: 

S  – the module of the vector of the impact impulse S . 

 

Write down an equation (5) in the projections on the axis τ  and n . We will have  

 





=−

=−

SmVmU

mVmU

nn
 

0 ττ
 

or 








=−

=−

S
m

VU

VU

nn

1
 

0 ττ

                                                    (6) 

 

Since 
MP

VVV += , as can be seen from Fig. 1, the projections of velocity vectors on 

the axis τ  and n  will be equal to:  

 

( )
γγ

ωραα

τ

τ

cos ,sin 

cos ,sin 

UUUU

VVVV

п

PпP

==

+−==
                                 (7) 

 

where: 

α  – the angle between axis Oz  and the direction of the vane at the moment of 

impact, 

γ  – the angle between vectors of velocity U  after impact and standard n . 

 

From the first equation of the set (6) we obtain  

 

ττ VU =  

 

then, taking into account (7), we will have  

 

αγ sinsin
P

VU =  

 

whence we find the absolute velocity U  of the point M  after the impact  
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γ
α

sin

sin
  

P
VU =                                                        (8) 

 

In accordance with the concept of recovery factor ε  during the impact [12], it is 

possible to write down  

 

ρωα
γ

ε
+

==
cos

cos
    

Pn

п

V

U

V

U
                                             (9) 

 

Substitute in (9) for U  its value, which is determined according to expression (8), 

we have  

 

γ
ρωα

α
ε ctg

cos

sin
  

+
=

P

P

V

V
                                            (10) 

 

We find from expression (10)  

 

( )
α

ερωα
γ

sin

cos
  ctg

P

P

V

V +
=                                            (11) 

then 

( )







 +
=

α
ερωα

γ
sin

cos
arcctg  

P

P

V

V
                                      (12) 

 

For enumerating the module of velocity U  after impact we will use the trigonomet-

ric identity  

γ
γ

2ctg1

1
  sin

+
=                                                 (13) 

 

From equation (8), taking into account (13), we obtain  

 

γα 2ctg1sin  +=
P

VU                                             (14) 

 

Substitute in the last expression (14) for γctg  its value according to expression 

(11). We have  

 

( ) 2222 cossin  ερωαα ++=
PP

VVU                                 (15) 
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Thus, the magnitudes of the module of the velocity U  of the point M  of the vane 

after impact and the angle of deflection γ  of vector U  from normal n  to the surface of 

the head of the root crops are obtained. 

Determine further impact impulse S . Using the determination of the recovery fac-

tor with the impact ε , it is possible to write  

 

пп
VU ε  =  

or 

пп
VU ε−=                                                         (16) 

 

Substitute into the second equation of the set (6) instead 
п

U  its expression accord-

ing to (16), we will obtain  

 

( )
п

VmS ε+−= 1   

 

or, by taking into account (7), finally find the impact impulse S  

 

( )( )ωραε ++= cos1  
P

VmS                                         (17) 

 

After the first phase (encounter of the vane with the head of root crop, or impact of 

the vane on the head of root crop), the second phase sets in, i.e. the motion of the vane 

on the head of root crop, during which the basic process of the beating of the remainders 

from the head occurs. For the analytical description of this process, it is necessary to 

compile the differential equations of the motion of point K  (arbitrary point of the mov-

ing vane), the contact of the vane over the surface of the root crop. 

It should immediately be noted that the diagram of power interaction at contact 

point K  during the motion of the vane in the surface of root crop will differ from the 

diagram of power interaction, which occurs during the impact of the vane on the head of 

root crop (Fig. 2), since in this case, actually, another system of forces will act at the 

indicated point.  

Depict the power interaction of the vane with the head of root crop with the fulfill-

ment of the basic process of the beating of the remainders, i.e. during the motion of the 

vane over the surface of root crops (Fig. 3). At contact point K  the following forces 

will act:  

w
F  – the centrifugal inertial force, which is directed along the radius OK  of gy-

ration of the vane around the axis O; 

G  – the gravitational force of the vane, which is directed vertically downward;  

N  – the normal reaction of interaction of the vane with the head of root crop, di-

rected along the normal n  to the head of root crop, carried out through this 

position of contact point;  

.tr
F  – the frictional force, which appears during the motion of the vane along the 

head of root crop, directed to the side, opposite to the direction of the vector 
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of the absolute velocity of the point M  of the vane which coincides with 

the contact point K;  

Q  – the force of the beating of the remainders of haulm from the surface of root 

crop, which is directed to the side of the vector of the absolute velocity of 

the point M  of the vane. 

 

Find the magnitudes of the indicated forces. For the determination of the centrifugal 

inertial force 
w

F  at any contact point K  it is necessary to examine the kinematics of the 

motion of the vane 
11

CO  on the head of root crop after the impact contact at point 
1

K . 

Since the impact occurs for a very small time interval, at the moment of the impact of the 

vane there is actually no displacement over the head of root crop. Therefore for the ini-

tial position of the vane on the head of root crop after impact it is possible to count the 

position of the impact contact 
1

K . 

 

 
Fig. 3. Power interaction of the vane with the head of root crop in the process of the beating  

of the remainders of haulm 

 

After impact only the absolute velocity U  of the vane was changed, which was de-

termined above according to the expression (15) with the initial velocity of the motion of 

the vane after impact. Let 
1

M  be the point on the vane, which at the initial moment 

0=t  after impact coincides with the point of the initial contact 
1

K . At this moment the 
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vane 
11

CO  is still directed along a radius ρ , since the impact of the vane has been con-

sidered above as an absolutely constant value. 

Examine further the contact of the vane with the head of root crop at point K  at 

any moment of time t  after impact. It is quite obvious that in time t  the point O  of the 

rotational axis of the vane with the forward motion of the cleaner will move into the 

point O′ , moreover  

tVOO
P

  =′                                                        (18) 

 

Analogously, point 
1

O  will move into the point 
1

O′  with the forward motion of the 

cleaner, moreover OOOO ′=′
11

 (see Fig. 3). 

Nevertheless, in the rotary motion of the vane around the axis ( )OO ′ , point 

( )
11

OO ′  will turn in time t  to the angle tω  (see Fig. 5). Thus, in the rotary motion, the 

suspension point of the vane ( )
11

OO ′  will describe the arc 
∪

′
21

OO , which will be equal to: 

 

trOO ω=′
∪

21
                                                      (19) 

 

Thus, in the absolute motion, the suspension point 
1

O  of the vane will be displaced 

to the value  

( )trVtrtVOOOO
PP

ωω +=+=′+′
∪

    
21

                                 (20) 

 

Since we consider that the vane is a continuous nonductile rod, as a result of the 

displacement of the suspension point 
1

O  to the value ( )trV
P

ω+ , any other point of the 

vane for the time t  interval will move also to the same value. Certainly, each point of 

the vane moves along its absolute trajectory, which can differ in the form from the tra-

jectories of other points of the vane, nevertheless, along its trajectory the point will move 

into the value 

( )trV
P

ω+  

 

This is the major portion of the displacement of the points of the vane, which it is 

caused by the kinematic, geometric and design parameters of a cleaner of this type. 

In this case the contact point M  of the vane with the head of root crop will move 

along the vane from one point 
1

M  to the next 
1

C . Since the point M  belongs to the 

vane, its movement for the time t  interval also constitutes  
 

( ) trV
P

ω+  

 

If it passes 
111
lCM =  distance in time 

1
t , then it is possible to write down  

 

( )
11
trVl

P
ω+=                                                    (21) 
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whence we find the time of the contact of the vane with the head of root crop 

 

rV

l
t

P
ω+

= 1

1
                                                       (22) 

 

Now let us trace the kinematics of the motion of the contact point K  along the 

head of root crops. It is obvious that the major portion of the movement of the contact 

point K  occurs due to the forward motion of the cleaner. Because of the forward mo-

tion of the cleaner, the vane as if runs foul of the head of root crops, moving on it until 

the vane slips throughout the entire length due to the rotary motion or if rotational axis 

O  is displaced beyond the boundaries of the arrangement of root crop. Certainly, a 

certain displacement of point K  occurs due to the bending strain of the vane, neverthe-

less, it is quite insignificant.  

Therefore, in the first approximation, it is possible to consider that the displacement 

of the contact point K  for the time interval t  will be equal to: 
 

tVKK
P

  
1
≈                                                        (23) 

 

This expression will be necessary during the determination of the centrifugal iner-

tial force 
w

F  of the point M , which acts on the head of root crops at the contact point K. 

From the expressions (22) and (23) it is possible to determine the movement of the 

vane over the head of root crop in the time of contact 
1
t  in the first approximation. 

Namely  

 

rV

l
VKK

P

P ω+
≈ 1

12
                                                 (24) 

 

It must be noted that the given kinematic dependencies sufficiently approximately 

describe the process of moving the vane on the head of root crop, and the obtained mag-

nitudes of the time 
1
t  of the contact of the vane with the head of root crop and the move-

ment 
1
l  of the vane over the head of root crops are also approximated.  

For the more precise study of the motion of the vane on the head of root crop it is 

necessary to compile the differential equations of the motion of the point M  for the 

head of root crops, since during this study the forces, which cause this motion  are con-

sidered. 

It must be noted that in the formation of the force of the beating Q  the centrifugal 

inertial force 
w

F , thrust P  and rotational moment 
.оb

M  of the vane play the dominant 

role. Specifically, because of the action of these forces, the pressing of the vane occurs to 

the head of root crop and the bending strain of the vane. Actually, immediately after the 

impact, the centrifugal inertial force 
w

F  is directed along the vane and attempts to stra-

ighten the vane along the radius ρ . If this force was absent, then under the action of the 

forward motion of the cleaner and of the rotary motion of the vane around the axis O  of 
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the vane at the contact of root crop would simply be deflected by a certain angle to the 

side, opposite to the rotary motion, and without any effort it would slip on the head of 

root crop, without changing its rectilinear form, since the point of its suspension 
1

O  

would hinge. 

However, under the action of the centrifugal force 
w

F  towards the head of root crop 

the vane remains directed along the radius ρ , and therefore, as a result of further for-

ward and rotary motion, the vane will slip on the head of root crops, experiencing in this 

case the specific bending strains, which create the effect of the beating of the remainders 

of haulm. 

The amount of centrifugal inertial force 
w

F  at the initial contact point 
1

K  (point 

1
M ) will be equal to: 

 

ρω 2

1
mF

w
=                                                      (25) 

where: 

m  – the mass of the vane. 

 

Determine the centrifugal inertial force 
w

F  of the point M  at any contact point K  

of the vane with the head of root crop. This force will be equal to:  

 

KOmF
w

′= 2ω                                                     (26) 

where: 

KO′  – distance from the point K  to the point O′ . 
 

As can be seen from the diagram in Fig. 3, the given distance will be approximately 

equal to 

 

OOKKOKKO ′+−≈′
11

                                             (27) 

where: 

ρ=
1

OK . 

 

Then, taking into account that tVOO
P

=′  and tVKK
P

≈
1

, and also expression 

(27), we obtain:  

 

ρ≈′KO                                                          (28) 

 

Thus, the centrifugal inertial force 
w

F  at each contact point K  remains approxi-

mately constant in the magnitude and the direction and it will be equal to: 

 

ρω 2 mF
w
≈                                                        (29) 
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In this case, we consider the mass of the vane m  concentrated in the working part 

of the vane. The centrifugal inertial force, which appears from the rotation of the mass of 

the vane, concentrated nearer to the axis of suspension 
1

O , will cause the tension of the 

vane and is balanced by the reaction in the hinge 
1

O . 

The bending strain of the vane appears as a result of the clamp of the vane at the 

contact point K  by the forces of inertia 
w

F  and the weight of the vane G  under the 

action of the tractive P  propelling power of the cleaner and the rotational moment of 

the vane 
.оb

M . 

The force of the bending strain will be equal to the force of the beating Q . Since 

the propelling power P  of the cleaner and the rotational moment of the vane 
.оb

M  enter 

into the composition of forces Q , they are not shown in Fig. 3. 

The frictional force, as is known, is equal to: 

 

fNF
tr

 
.
=                                                         (30) 

where: 

f  – the coefficient of the friction of the surface of the vane over the surface of 

root crop;  

N  – a normal reaction at the contact point K  of the vane with the head of the 

root crop. 

Thus, the differential equation of motion of the contact point K  on the head of root 

crop in the vector form will take this form:  

 

QFNGFam
trw
++++=

.
  ,                                       (31) 

where: 

a  – the absolute acceleration of the motion of the contact point K  on the head 

of root crops, 

m  – the mass of the vane. 

 

Since in this case the coplanar force system occurs, which is located in plane yOz , 

then differential equation of motion (31) is reduced to the set of two differential equa-

tions of the second order of the following form: 

 







++++=

++++=

zztrzzzw

yytryyyw

QFNGFzm

QFNGFym

.

.

  

  

&&

&&

                                   (32) 

where: 

yw
F , 

y
G , 

y
N , 

ytr
F

.
, 

y
Q  – the projection of the force vectors QFNGF

trw
,,,,
.

 

on the axis Oy  respectively, 

zw
F , 

z
G , 

z
N , 

ztr
F

.
, 

z
Q  – the projection of the vectors of the mentioned forces 

on the axis respectively. 
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Taking into account the values of the projections of the vectors of the forces, which 

enter into the set of differential equations (32), and expression (29) and (30), the men-

tioned set of equations, acquires this form:  

 

( )
( ) ( )

( )
( ) ( ) 














+−

−+−−=

+−

−+−=

∧∧

∧

∧∧

∧

VzQVzfN

NzNmgmzm

VyQVyfN

NyNmym

,cos,cos

,coscos

,cos,cos

,cossin

2

2

&&

&&

&&

&&

αρω

αρω

                          (33) 

where: 

( ) ( )
∧∧

NzNy ,cos,,cos  – the direction cosines of the force vector N  to the axes 

Oy  and Oz  respectively, 

( ) ( )
∧∧

VzVy ,cos,,cos &&  – the direction cosines of the velocity vector V  of the mo-

tion of contact point K  on the head of root crop to the axes Oy  and Oz  

respectively, 

zy &&,  – the projection of the velocity vector V  on the coordinate axis Oy  and 

Oz  respectively. 
 

It is known from Vasylenko [1996], that the mentioned direction cosines will be 

equal to: 

 

( ) ( )

( ) ( )
V

z
Vz

V

y
Vy

fz

f
Nz

fy

f
Ny

&
&

&
&   ,cos; ,cos

1
  ,cos;

1
  ,cos

==

∆∂
∂

=
∆∂

∂
=

∧∧

∧∧

                             (34) 

where: 

( ) 0, =zyf  – the equation of the relation (surface, over which material point 

moves), 

f∆  – the module of the gradient of function ( )zyf , , 

V  – the module of the velocity vector of the point. 

 

Since it was at first accepted that the head of root crop has a spherical form, the 

sphere, which can be represented by this equation , is the equation of relation 

 

( ) 0    ,, 2222 =−++= Rzyxzyxf                                     (35) 

where: 

R  – a radius of the spherical head of the root crops. 
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For the plane yOz  0=x , and therefore the equation of sphere (45) passes into the 

equation of circumference 

( ) 0   , 222 =−+= Rzyzyf                                           (36) 

 

According to Vasylenko [1996], the module of the gradient of function and the 

module of velocity will be equal to 

22
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f                                              (37) 

22  zyV && +=                                                            (38) 

 

Let us substitute (34) in (33) and will add to the set of differential equations (33) the 

equation of relation (36), then we obtain the following set of differential equations:  
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Calculate partial derivatives and gradient of the functions, which enter into the set 

of equations (39). We will have:  
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∂

∂
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∂
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                                                (40) 

Then, according to (37)  

 

( ) ( ) Rzyf 2 22 
22 =+=∆                                           (41) 

 

Substitute expressions (40), (41) in (39). Then the set of differential equations (39) 

acquires this form  
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The set of equations (42) is the set of three equations with three unknown quantities 

zy,  and N . Therefore, it is specific and has unique solution. 

Let us exclude from the obtained set of equations (42) the unknown quantities N  

and z , thus bringing together this set to one differential equation with one unknown 

function ( )ty . For this, t  should be differentiated two times on the equation of relation 

(36). If we differentiate this equation one time, then we obtain  

 

022 =+ zzyy &&                                                     (43) 

whence we find  

 

0=+ zzyy &&                                                        (44) 

 

If we differentiate equation (44), then we will have  

 

0  22 =+++ zzzyyy &&&&&&                                               (45) 

or 

( ) ( ) 0  22 =+++ zyzzyy &&&&&&                                            (46) 

 

Since 
222   Vzy =+ && , we will obtain  

 

( )zzyyV &&&& +−=  2                                                    (47) 

 

Let us multiply the first equation of the set (42) by y , the second one by z  and let 

us accumulate them one by one, then we will obtain  

 

( ) ( ) ( )

( ) ( )zzyy
V

Q
zzyy

V

N
f

zy
R

N
mgzzmymzzyym

&&&&

&&&&

+++−

−++−+−=+ 2222 cossin  αρωαρω
    (48) 

 

whence, taking into account the expressions (44) and (47), we will have  

 

( ) RNmgzzymVm +−+−=−  cossin  22 ααρω                    (49) 

 

From the expression (49) we find the normal reaction N . It will be equal to 

 

( )[ ]22     cossin
1
  mVmgzzym
R

N −++= ααρω                           (50) 

 

Carry out further conversions. From the expression (44) we obtain  
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z

yy
z

&
& −=                                                         (51) 

then 

( )
2

2

2   
z

yy
z

&
& =                                                        (52) 

or 

( )
22

2

2   
yR

yy
z

−
=

&
&                                                      (53) 

 

Thus, for the value of the square of the velocity of motion V  we can obtain this ex-

pression  

 

( )
22

2

2222      
yR

yy
yzyV
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+=+=

&
&&&                                         (54) 

 

Substituting the expression (50) into the first equation of the set (52), we obtain  
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Since 
22 yRz −= , taking into account the expression (54), we will finally have 
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    (56) 

Thus, the differential equation of the second order is obtained, in which only one 

function y  is unknown, i.e., is obtained by the differential equation in the so-called 

normal form, since the higher derivative is expressed as the lowest derivatives and the 

unknown function. 

The unknown force Q , which enters into the equation (56), must be found from the 

realization conditions for the process of the beating of the remainders of haulm from the 

head of root crop during the necessary bending strain of the vane. 

Therefore, to solve this equation it is necessary at the first to find the force Q , or to 

express it through the unknown quantities. 
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Since equation (56) is nonlinear, it is possible to solve it only by numerical methods 

on the personal computer under the assigned initial conditions. Let us find such condi-

tions. The initial velocity of the contact point 
1

K  of the vane with the head of root crops 

will be the absolute velocity of the point 
1

M  of the vane after impact, since at this mo-

ment the point 
1

M  coincides with the point 
1

K . Thus, as can be seen from Fig. 1, 

 

αγαγ coscossinsin
0

UUy −=&                                      (57) 

 

Thus, the initial conditions for the differential equation (56) take this form with 

:0=t  

 

αγαγ

α

coscossinsin

cos

0

0

UUy

Ry

−=

−=

&
                                    (58) 

 

where: 

U  – it is determined according to the expression (15), γ  – it is determined ac-

cording to the expression (12). 

 

The differential equation of the motion of point K  in the projection on the axis 

Oz  can be found by analogous conversions, nevertheless, for this there is no need, 

since, knowing y  and y& , from equation (36) it is possible to determine z  and z& . 

 

 

CONCLUSION 

 

Thus, the differential equation of motion of a flat elastic cleaning vane on a head of 

a root crop which is in soil motionlessly is received. Thus the cleaning vane installed on 

a horizontal driving shaft, carries out in the beginning impact, and then driving on a 

spherical head of a root crop. The case when the plane of rotation of a cleaning vane is 

located strictly lengthways of some root crops, i.e. when the conditional axis of the vane 

coincides with an axis of a root crop is examined. The received analytical dependences 

can be used at designing new constructions of standing root crops heads cleaners. 
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