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Summary. Agricultural machinery and tractor units
studied as multi-element mobile machines in this article.
The combined sowing unit consists of three elements,
such as a tractor, the capacity for seed and sowing ma-
chines that move in succession. Known layout diagrams
sowing units that have the capacity and the drill can
change the sequence of location or capacity of the seed
can be on the tractor and be rigidly connected with it. The
dynamics of multi-machine data remains under-
investigated. To study the dynamics of multi-machine use
the Lagrange equation of the 2nd kind. Mathematical
model of spatial movement of mobile machines are com-
plex, and the study of the dynamics of multi-machine
requires significant computing resources. The paper re-
viewed and investigated the spatial dynamic model of the
combined sowing machine and tractor unit. For a mechan-
ical system with a spatial movement of the units of dy-
namic equations are represented in the matrix form. The
kinematic parameters are generated automatically by the
software and differential and kinematic structures. The
dynamic equations of a nonholonomic system can be ob-
tained by a linear combination of the equations of the
dynamics of holonomic systems with coefficients taken
from the linear form. For numerical integration obtained
in the system of ordinary differential equations convert
them to normal Cauchy form in generalized coordinates
or pseudo coordinates. The results of theoretical research
of mathematical models of the dynamics of the combined
machine-tractor unit as an example of the unit John
Deere8345R + John Deere 1910 + John Deere 1895.
Modes of motion, velocity components of the unit, and
the path of movement, speed and dynamic wheel radius
are study in this article.

Key words: mathematical model, dynamics, tractor,
hopper, seeder.

INTRODUCTION

As studied in previous researches an agricultural ma-
chinery and tractor units are multi-element mobile ma-
chines. The combined sowing unit consists of three ele-
ments, such as a tractor, the capacity for seed and sowing
machines that move one after the other [1]. Basic layout
diagrams sowing units that have the capacity and the drill
can change the sequence of location [2], or the capacity
for seed can be on the tractor and be rigidly connected
with it. The dynamics of multi-machine data remains not
sufficiently studied.

THE ANALYSIS OF RECENT RESEARCHES
AND PUBLICATIONS

To study the dynamics of multi-machine apply the
principle of d'Alembert-Lagrange equation [3] or the La-
grange equation of the 2nd kind. [4] It is known [5], in
which the movement of the mobile machine read in con-
junction with the semi-trailer with the help of Lagrange
equations of the 2nd kind. A mathematical model of the
motion of one machine [6, 7, 8] has been repeatedly in-
vestigated. In [9-12] the dynamics and stability of the
mobile machine. Agricultural machines and units in stud-
ies of the dynamics presented in the form of one, two and
three-mass model in the works [13-16]. Mathematical
model of spatial movement of mobile machines are com-
plex [17] and the study of the dynamics of multi-machine
requires significant computing resources [18].

In these works mathematical model of the machine is
an integrated multi-element and change the structure or
internal communications, you need to rebuild it anew,
resulting in increased labor costs and time to study. It
follows that for the correct solution of problems of the
dynamics of nonholonomic multiple systems is necessary
to form the basic equations of dynamics [19] and justify
the equation of communication, as is done in the example
in [20] for the plane-parallel movement of the machine-
tractor unit.

OBJECTIVES

The aim of this work is a theoretical study of the spa-
tial mathematical model of dynamics of multi-element
combination of machine and tractor unit.

THE MAIN RESULTS OF THE RESEARCH
On the sidelines of the Ukrainian widespread sowing

combined machine and tractor units of production
John Deere (Fig. 1).

Fig. 1. Combined sowing machine tractor unit
John Deere 8345R + John Deere 1910 + John Deere 1895
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To select the optimal modes of motion and aggrega-
tion need to study its dynamics. To solve the problem,
consider the spatial dynamic model combined seeding
machine-tractor unit, which is shown in Fig. 2 and use the
following notation; n — upper index value indicates the
receiving affiliation variable element of the unit 7,5,C,

respectively the tractor, hopper, seeder; XOYZ - global
coordinate system; xoyz" — associated coordinate system;
p. o" — the center of gravity; p. O — the center of the
global coordinate system; «",B",y" — rotation angles

about respective axes X,y,z; m" — the mass of the unit

cell; J7,37,J] — given the moments of inertia to the

—_ n

respective axes; v — forward speed of movement; Dy ,
Dy, — front and rear hinge point (accession process
equipment); Pkjj, Mkj Nij — tangential thrust, torque
and normal reaction to the appropriate wheel assembly;
wkj; — wheels speed; Cuyj, kuy; — given tire stiffness
and compliance elements of the unit.

Fig. 2. Dynamic multi-element model of combined machine-tractor unit.

Formation of mathematical models of the dynamics is
performed according to the following methodology. For a
mechanical system with a spatial movement of the units of
dynamic equations are presented, in the form [19]:

~WgP =0,

where: n — number of solid bodies in the model, m;,

)

— mass, inertia tensor, acceleration of

5] &. .z
the center of mass, angular velocity and angular accelera-
tion of the i-th body, W, , W, - structural matrix the

radius vector of the center of mass and angular velocities
of the bodies, the formulas for which are given below.

Vectors . are set in the absolute coordinate system,

and vectors o,, & — a body-related coordinate system
(usually the main axes of inertia axes). The structural ma-
trix W, , W, may be generated either through the ma-

trix G of expression (2), or by direct differentiation
pseudorange similarly flat case:
~ o, oV,
oS S WG,
i an an i

-~ ()
W =29 _wee.
d an (d

Thus, the kinematic parametersd; , @, & are also
generated automatically by geometric and differential

structures:

= d(of, . Of, d . ore,

o =—|—qq+— |=—|W (G +7)+—|=
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A =W =W, +..,
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The summands in (1) generated by the force elements
are formed similarly to the case of flat formulas, depend-
ing on how you defined their structure.

When using the matrix G in the above formulas, one
(in the form of a transposed) is a common factor, and
which can be taken from the left. In the three-dimensional
case we obtain the equations of the form:

ul —
Wc, m;ac, +

“ 460 x [J i(')]'@i(')
~WP

It follows that the dynamic equations of a nonho-
lonomic system can be obtained by a linear combination
of the equations of the dynamics of holonomic systems
with coefficients taken from the linear form, expressing
generalized velocities through independent generalized
velocities (pseudo velocity) (2). The resulting equations
are actually a vector-matrix form known in the analytical
mechanics “equations of nonholonomic systems with
speed-dependent excluded” [19, 20].

Note also that equation (2) up to notation structural
matrices coincide with the equations for holonomic sys-
tems, and differ only in the formation of the structural
matrix, they included. There are two algorithms for auto-
matic generation of equations of motion of nonholonomic
systems for solids.

In the first foundation laid by the fact that the dynam-
ic equations of nonholonomic system represents a certain
combination of equations drawn up for a holonomic sys-
tem. Therefore, at first an equation of motion of the sys-
tem without taking into account the kinematic structures
(1). Followed by their linear combination with non-zero
coefficients of G formed by equation (8).

The second algorithm [19, 21] is based on the direct
calculation of the coefficients of the structural matrix for
a nonholonomic system by differentiating the structures
and the formation of equations pseudovelocity replace-
ment operations there with generalized speeds transac-
tions with pseudovelocity.

In both algorithms for the system of equations must
be supplemented by the equations (2) and the kinematic
parameters instead of each of the linear and angular ac-
celeration and angular velocity substitute expression ob-
tained by differentiating the structures in time with regard
to (2).

Direct problem of the dynamics of a mechanical sys-
tem is to determine the motion (in generalized or pseudo-
coordinates) under the action of the applied forces. The
problem is reduced to the integration of systems of ordi-
nary differential equations (lime) together with (1) or (2)
for nonholonomic mechanical systems with given initial
conditions.

For numerical integration obtained in the SODE con-

sider algorithms for their transformation to the normal
form of Cauchy in generalized coordinates or pseudo co-
ordinates. For holonomic systems introduce the vectors of
generalized acceleration and velocity w=v=4, v=q —

and rewrite the equation (2) in the form of:

Mw =F, (3)

where: M:i{wgimiwci +W,, [ji]Wmi} — matrix of
i=1

inertia of the system, F — the vector-matrix generalized
forces of the system minus the terms of the inertial terms
on the left side, non-generalized acceleration, which can
be obtained by substituting the equations of motion of
analytical expressions pseudo acceleration zero and taking
the results with the opposite sign, i.e.:

F=-U|

=0 "

After allowing the system (3) with respect to the gen-

eralized accelerations — w=M"'F finally we get the ash
in the form of Cauchy:

q=v
{vzl\AlF' )

Similarly, for the systems described in pseudocoordi-
nates (in generalized coordinates and pseudovelocity) and
for nonholonomic systems form a Cauchy obtain:

1=Gv+
{9 . ©)
v=M"F

The first equation (1), when v =7, the same as the
expression of the dependence of the generalized velocities
through pseudovelocity.

The initial conditions for the system are the values of
generalized coordinates and generalized velocities inde-
pendent (pseudovelocity) at the initial time:

q|t=0 = 0o, n|t:o =T

Build in an analytical form inverse matrix of inertia

M is not possible. In the numerical integration at every
step by the time the matrix of inertia is calculated from
the values of generalized coordinates in the previous step
and to calculate the left side of the bottom of vector equa-
tions (4) and (5) solve systems of linear equations by
Kraut.

A dynamic model of a multi-element of combined
machine-tractor unit (Fig. 2) has eight generalized coordi-
nates, ie, eight degrees of freedom:

q=[x"¥".27. 50" Bl BT 6)

As an independent coordinate with dependent varia-
tions selected:
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Then a mathematical model of dynamics of multi-
element machine-tractor unit has the form:

= 1,(G,9,M,F),
f,(G,9,M,F);
f,(G,g,M,F),
f,(G,9,M,F);
f(G,g,M,F),
35 = £,(G,9,M,F),
f,(G,9,M,F),
f,(G,9,M,F)

T

(8)

C

QQQQE
Il

8

where: f; — a function of the vector-matrices G,g,M,F;
i =1,...8 —ordinal number generalized coordinates.

Equations independent coordinates with dependent
variations has the form:

dT_aTXT+bTYT+cZT AT (d cos;/ +siny )
cosy’ —dTsiny”
. tgy’
7' =a’ BT +VB, g|: ;
VC11 LT _Vclzxy .
(0’(11 ch » PKyp Zgu )
VCz1 LT _Vszxy .
¢’K21 ch = Ky, Zgzz )
s_ WA"
" 4«
7TV ne s "
- b _VCII; b VCZBX
¢K1 - 5 ! 2 = 5
ZCl ch
Vy C
C +aC C;
AT
. ¢ VCS ¢ \VCi,
¢K1 - c ! 2 ¢ [
ZCl ZCZ
c_ VC;; c_ VC4Cx . (9)
3 ng ' 4 ZgA

Thus a dynamic model of spatial movement machine-
tractor unit consists of equations (8) and (9), which are
formed using methodology (1) - (5).

RESULTS SOLVING OF MATHEMATICAL MODEL

Consider the results of theoretical studies of the
mathematical model of the dynamics of the combined
machine-tractor unit as an example of the unit John Deere
8345R + John Deere 1910 + John Deere 1895. The results

of the 5|mulat|on are shown in flg 3 9

YoM

1§ 13 10 E3

Fig. 3. Simulation of the movement of the unit

Modeling the spatial movement of the unit volume
primitives are shown in Fig. 3. In the straight running of
the tractor calculate the coordinates of the centers of mass
of the unit (Fig. 4), respectively, the following elements
of the tractor moving in a straight line.
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Fig. 4. The coordinates of the centers of mass of the

unit in straight running (— X', ———X?, - X©)
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Consider the case of motion of the machine and trac-
tor unit in the field to manage the movement of mechanic
hand and a constant speed. The speed of rotation of
wheels of the tractor shown in fig. 5. In accordance with
the manipulated variable speed mechanic wheels are in
the form of harmonic oscillations (Fig. 6).
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Fig. 6. Velocity of the center of mass of the unit under
control the movement (— X', ——— X%, ... X©).
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Fig. 7. The translational speed of the tractor during ac-
celeration (XT).
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Fig. 8. Tractor wheel speed during acceleration
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Acceleration of the unit is carried out up to speed of
2.8 m/s, which corresponds to agrotechnical requirements
of 10 km/h (fig. 7).

The speed of rotation of wheels of the tractor are dif-
ferent for the front and rear axles, but equally on the sides

Priy =Ry, Ky = Ky (FiQ. 8).
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Fig. 9. Dynamic radius of the tractor wheels during ac-
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The mathematical model allows the simulation pro-
cess to determine the deformation of the tire and the dy-
namic radius of the wheel (Fig. 9). During the movement
of the tractor tires deform at 0.06-0.09 m.

CONCLUSIONS

1. The approach proposed in this paper can reduce
labor expenditure and time for modeling the spatial
movement of multi-mobile machines. This methodology
allows you to build a mathematical model with minimal
resources to make changes in the mathematical formalism
of the test process. If you change the structure of the in-
vestigated multiple-mobile machine only change con-
straint equation, which reduces the cost of developing a
mathematical model.

2. The results of theoretical studies of the mathemati-
cal model of the dynamics of the combined machine-
tractor unit as an example of the unit John Deere 8345R +
John Deere 1910 + John Deere 1895. Certain elements of
speed and deflection unit allow further investigation of
the stability of motion.

3. The leading wheels of the tractor are deformed un-
der the influence of the traction force. The deformation of
the wheels was 0.06-0.09 m, which is necessary for the
subsequent simulation of slipping.
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UCCJIEJJOBAHUE MATEMATHUYECKO MOJIEJIN
JUHAMHWKN KOMBMHNPOBAHHOI'O MAIIMHHO-
TPAKTOPHOI'O ATPEI'ATA

P. Anrtomenkos, JI. Tumenko, A. JIebenes

AnHOTars. B paboTe cenbcKOXO3sSHCTBEHHBIE Ma-
IIMHHO-TPAaKTOPHBIE arperaThl UCCIEAYIOTCA KaK MHOIO-
9JIEMEHTHbIE MOOWJIBbHBIE MaluHbl. KOMOWHHpOBaHHBIE
IIOCEBHBIE arperatbl COCTOAT M3 TPEX UIEMEHTOB, TaKUX
KaK TPakTop, EMKOCTh AJIS IOCEBHOTO MaTepHana U ces-
KM, KOTOpPbIE pacIoJIaraloTCsl MOCIEJOBATENBHO JIPYT 3a
JapyroM. I3BecTHBI KOMIIOHOBOYHBIC CXEMBI IOCEBHBIX
arperaToB, y KOTOPbIX €MKOCTb M CEsUIKa MOTYT MEHATh
MOCIEI0BATENBHOCTD PACIIOIOKEHHSI MM EMKOCTh JUIs
IIOCEBHOTO MaTepHaja MOXKET HaXOAUThCS HA TPAKTOPE H
ObITh JKECTKO CBs3aHA ¢ HUM. J[MHAMHKAa TaKUX MHOTO-
JJIEMEHTHBIX MAallUH OCTaéTCsA HENOCTaTOYHO HCCIENO-
BAaHHOM.

Jng uccrepoBaHUs IUHAMHUKH MHOTO3JEMEHTHBIX
MaIlliH TIPUMEHSIOT ypaBHeHHs Jlarpamxa 2-ro popa.
MateMaTHYeCKHEe MOJIEIH IPOCTPAHCTBEHHOTO ABHKEHHUS
MOOMIBHBIX MAIIMH SBJSIFOTCSA CIOKHBIMHU, a HCCIIE0Ba-
HHE AMHAMHUKH MHOTORJIEMEHTHBIX MAIlMH TpeOyeT 3Ha-
YUTEIbHBIX BBIYHCIUTEIBHBIX pecypcoB. B pabore pac-
CMOTpPEHA M HCCIEJ0BAaHA MPOCTPAHCTBEHHAs JUHAMUYE-
CKast MOJIeTIb KOMOMHMPOBAHHOTO MTOCEBHOTO MAaIIMHHO-
TPAaKTOpHOrO arperaTta. J{as MeXaHMYEeCKOH CHUCTEMBI C
IIPOCTPAHCTBEHHBIM JBIKCHHEM 3BEHBEB YPaBHEHHsS JU-
HaMHKH MPENCTABISIOTCS B MaTpU4HOM BHJe. Kunemaru-
YecKue IapaMeTpsl NporpaMMHO (OpMHUPYIOTCS aBTOMa-
THYECKH 10 KHHEMAaTH4YeCKMM U JTuddepeHnnaIbHbIM
CTPYKTypaM. YpaBHEHUs JUHAMHUKU HETOJOHOMHOW CH-
CTEMBI MOTYT OBITH IIOJNy4eHBI JIMHEHHOW KOMOWHammen
YpaBHEHMH JUHAMUKU TOJOHOMHOW CHCTEMBI ¢ K03 du-
[IMEHTaMH, B3ATHIMU U3 JUHEHHON (Gopmbl. s uucien-
HOTO WHTETPUPOBAHMS MOIYYCHHOW B paboOTe CHUCTEMBI
OOBIKHOBEHHBIX A (PepeHINaTBHBIX YpaBHEHHS UX Ipe-
00pa3oBEIBAIOT K HOpMalbHOU (opme Komwm B 0000m1eH-
HBIX KOOPJMHATAaX WU IICEBJOKOOPAUHATAX.

IIpuBeneHsl pe3ynbTaTbl TEOPETUUECKUX UCCIEA0BA-
HUH MaTeMaTH4ecKoil MOJeNnH JWHAMUKH KOMOMHHUPO-
BAaHHOIO MAIIMHHO-TPAKTOPHOIO arperara Ha IpHUMeEpe
arperata John Deere 8345R + John Deere 1910 + John
Deere 1895.

OmnpeneneHsl PeXUMbI IBIDKEHHS, CKOPOCTH JIEMEH-
TOB arperaTta, TPAaeKTOPHH JABIKEHHS, CKOPOCTH Bparie-
HUS ¥ IMHAMHUYECKHUE PaInyChl KOJIEC.

KiroueBbie crnoBa: mMaTeMaTtwdeckas MOZETb, IMHA-
MHKa, TPaKTop, OyHKep, CesIKa.



