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Summary. We give a new parametrization of all quasi-selleadj maximal accretive extensions and
maximal sectorial extensions (with vertex Zt=0 and the acute semi-angl@ ) for a densely defined
closed nonnegative symmetric operator. An appbeoatio point interactions model on the real line is
considered.
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INTRODUCTION

Let H be a separable Hilbert space with the inner pro@§. A linear operator
T in H is called accretive iRe(Tf ,f)= 0 for all f JD(T). An accretive operator

T is called maximal accretive (m-accretive) if one of the equivalephditions is
satisfied [14]:
e the operatof has no accretive extensionsHn
« the resolvent sep(T) is nonempty;
+ the operatorT is densely defined and closed, afid is accretive
operator.
The resolvent sep(T) of m-accretive operator contains the open left-plaine

and
<——, Rez< 0.

7= 2] e

It is well known [14] that ifT is m-accretive operator, then the one-parameter
semi-group:

1
e
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T(t) =exp(-tT) ,t= 0,
is contractive. Conversely, if the fami{)ﬂ'(t)}120 is a strongly continuous semi-group
of bounded operators in a Hilbert spade with T(0) = 1, (C,-semi-group) andr (t)

is a contraction for each, then the generatdr of T (t) :

Tu:=j[rr+10(h4:r+))lj, ud D(T),

is an m-accretive operator iH.
Let ¢ O[0; 77/ 2) and let:
S(a):={z0C: |argzka},
be a sector on the complex plaGewith the vertex at the origin and the semi-angle

A linear operatofT in a H is called sectorial with vertex &=0 and the semi-
angle a [14] if its numerical range:

W(T)={(Tudoc: T o7, || uk},
is contained inS(a). If T is m-accretive and sectorial with vertex a& 0 and the

semi-anglea , then it is called m-sectorial with vertex at trégin and semi-angler .
We call shortly these operators en-sectorial. The resolvent set of m-sectorial

operatorT contains the seE\S (a) and:
<————, zO0C\S(a).

T-21,) "<
“( 1) dist(z,5 (a))
It is well-known [14] that a C,-semi-group T(t)=exp(-tT),t= 0 has

1

contractiveandholomorphiccontinuation into the sectcﬂs‘(nlz—a’) if and only if the

generatorT is m-a -sectorial operator.
Let S be a linear, closed, densely defined non4negaymmetric operator on
H, i.e. (Sf, f)=0 for all fOD(S) and S be its adjoint. A linear operatcF

possessing property:
sOTO S (1)

is called quasi-self-adjoint (proper, intermediaggjension ns ofS. In particular, all
self-adjoint extensionsT{=T") satisfy (1).

We are interested in a description of all quadiadjoint m-accretive and m-
sectorial extensions d6. This problem is a part of more general Phillipsiglem [19]
of a parametrization of all m-accretive extensiohs given densely defined accretive
operator. It was established by Phillips that atgsed densely defined accretive
operator has an m-accretive extension. In ordebtain a description of all m-accretive
extension Phillips proposed to use the approachexiad with geometry of spaces with
indefinite inner product. His approach has beerduge [12] for ordinary differential
operators and in [18] for an abstract positive rdtfi symmetric operator with finite
defect numbers. The fractional-linear transformatieduces the Phillips problem to the
dual problem of a parametrization of all contraetaxtensions of a given non-densely
defined contraction. Such parametrization has hm®ained in [9]. The literature on
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contractive extensions of a given contraction seaatensive and we refer in this matter
on [7] and references therein. A special case iexstence and description of all
nonnegative self-adjoint extensions. This casebleas considered by J. von Neumann,
K. Friedrichs, M. Krein and later by M. Birman iheir well known papers [15], [8].
Applications to partial differential operators &rins of boundary conditions and other
approaches are discussed in [13]. Recently in [&h& approach has been proposed.

The problem of existence and description of queBiedjoint m-accretive
extensions of a nonnegative symmetric operatofraigtional-linear transformation has
been solved in [5] and via abstract boundary caowtin [17], [16], [3], [10], [11]. We
note that the reader can find references relatdaieaescribed problem in the survey
[6]. Here we announce new results based on theadetaveloped in [6].

Following the Krein's notations [15] we denote BY/ 1]l the closure of the form
(Su,\b and by D[S] its domain for non-negative symmetric oper&orThe same
notations we preserve for the case of a nonneghiigar relation. As it is well known
[14], [15] the Friedrichs non-negative self-adjoextensionS. of S is defined as a

non-negative self-adjoint extension associated witte form S[IJl. Clearly,

D(S:)=D[gn I:( S), S = S| D $). We would like to mention basic results of

the theory of nonnegative self-adjoint extensidra have been established by M. Krein
[15]. He showed that a non-negative symmetric dper& admits, so called, minimal
non-negative self-adjoint extension. This extensiom call the Krein-von Neumann

-1
extensionS, . The operatorS, can be defined as followsS, = (( Sl)F) , where S

denotes in this context the inverse nonnegativealimelation to the grapB. Thus, for
every non-negative self-adjoint extensi@nof S the inequality holds in sense of the

associated quadratic form§, < S< $ . It was shown in [2] that the relations below
take place:

D[S/] :{uDH: sup

oo(s) (SF, f) o =S[d, o gl

| (u,Sf) f <w} | (u,Sh f
" top(s) (Sf, f)

In addition D[@J: D[9+N,n E[D% where N, =Ker(S - zI) are the
defect subspaces &.

MAIN RESULTS

Consider the domailD(S*) of an operatorS’ as a Hilbert spacéd, with the
inner product( f,g), =( f,g)+(§ f,S g) The (+)-orthogonal decomposition holds
H,=D(S)ON,ON,. Let N. be (+)-orthogonal complement oD(S) in
D(S:) and let M. be be (+)-orthogonal complement &(S.)in H, . So, we have
H,=D(S)ON, OM.. It is easy to see thaN, =(S. +il)"'N, =(S —il)"N
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andN. =(1 +V.)N,, M =(1 -V, )N, , whereV; is an isometry fronN, onto N
which determines a self-adjoint extensiof. by the von Neumann formula
D(S.)=D(9+( I+ ¥)N,. The following relations hold:
N, ={fOD(S):$ fOH, $5 &- F,
M. ={fOD(S): S0 O$), St~ }f, M.=SN,,N.=SM_.

Recall that two self-adjoint extensioiss and S, of a symmetric operatd® are
disjoint (relatively prime) if D(@;l) N D(E&) = IZ( S) and transversal if
D(@l)+ D(D;:z) = I:( S). The necessary and sufficient condition of transaigy of
the Friedrichs and Krein - von Neumann extensisnhié following: D(S') O D[ $<]
This condition is equivalent th, O R(SlF’z) for some (and then for al 0 p(S ). It

follows from the M.G. Krein result [15] that the enqator S has unique non-negative
self-adjoint extension iffR( i’z) n N ={0} . Suppose that

N, =R($2)n N, {0}, @
and define a non-negative sesquilinear form
/2 2 ~=1/2 ~-1/2 ~=-1/2 ~-1/2
a)o[e,g]=($ e s )3+ S eSS |g| S, e g, BN,. (3
The form «, is closed in the Hilbert spackl, and w[e]=2]e[f for all
edN,. Let W, be a (+)-nonnegative self-adjoint linear relatiorN . associated with
@ given by (3). In view ofey[f]>0 for all f #0ON,, the inverse Lr.W,™ is

densely defined inN_ and therefore is the graph of a (+)-self-adjoinhmegative

operator. We denote this operator Wy*. The next theorem gives a description of all
non-negative self-adjoint extensions fand their associated closed forms in terms of
W;* and some auxiliary operators M, .

Theorem 1. [6] Let condition (2) be fulfilled. Then the formulas
D(s)=p(90( + sY 4,
S(f+er $'U= 8( i+ le-"lue,0 P)s e (D)
D[$]=D[g+$ F(ZDLle).

S[r+s 1§ £ 87 0 [ Ih T ) (R'D)

give a one-to-one correspondence between all nativegself-adjoint extension$
of S, their associated closed forms and all (+)-sejbiad operatorsQ in N
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satisfying the conditior0<U <W;*. An extensionS coincides withS, iff U =W*.
The extensionsS. and & are disjoint if and only ifN, is a dense inN. and

o -\
transversal if and only iN, =N_. Here 5 :=($’2| F( Sz)) stands for Moore-

Penrose pseudo-inverse.
The theorem below plays an essential role in thedtigation of quasi-self-
adjoint m-accretive extensions.

Theorem 2. [4]. Let S be a nonnegative symmetric operator andSebe a
maximal accretive extension &. The following conditions are equivalent:

1) SO S,
2) D(S)0 D[] andRe(ST, )2 §[ f forall fOD(S),

3)I(Sg f)f<(Sg gR{"'st, J forall fOD(S), g0 D(.
The extension'S is guasi-self-adjoint and nma-- sectrorial if and only if
D(S)0 D(§?) and the sesquilinear forn{Sf,h-(§2 $* h, f,hOD(S) is

sectorial with the same semi-angie and the vertex at the origin.

Next theorem gives the parametrization of all qusadfi-adjoint maximal
accretive and maximal sectorial extensionssof

Theorem 3. The formulas

D(s)=p(90( 1+ s'Y U,
S(¢+ e s'Uh= $(p+ p-"UngD b F b P}
give a one-to-one correspondence between all qgedbiadjoint and maximal accretive

extensionsS of S and all (+)-maximal accretive operato(@ in N. satisfying the
condition

(4)

R(Q) ON, and Re((QPQ )ﬂe,% >y ¢ forall eO R(@J), (5)

where: B, is the (+)-orthogonal projection ilN. onto (Q)

The extensiorS given by (4) is m-a -sectorial if and only if:
U in N, is (+)-maximal accretiveR(Q) ON,, the form

(r) en ~aled. em ¢ (6)

is sectorial with the semi-angle and the vertex at the origin.
The extensionS given by (4) is relatively prime witts. if and only if the

operatort is invertible and transversal 1§ iff U™ is bounded.
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Proposition 1. Suppose that the operatof™ is (+)-bounded irfN_ . Then

1) the formula:

Q =%VVO—1+%V\61/2[2W1/2; (7)
gives one-to-one correspondence between (+)-maxateiktive operatorQ in N,
satisfying condition (5) and (+)-contractive opeveg Z in N_O ,

2) the formula (7) gives one-to-one correspondebetveen operatorsQ
inN_, satisfying conditon (6) and operatorsg in N_O such that
||Z sina i cosrl 4 .

Let M , be the linear fractional transformation\af™ :
M, = (W= 1) (wgt+ 1) 8)
ThenM , is a (+)-contraction irN.. .
Theorem 4. There is the one-to-one correspondence betweesi-sglfadjoint
maximal accretive extension§ of a nonnegative symmetric operat& and (+)-
contractionsY in N_O . This correspondence is given by the formulas:

o(s)=n(90( +$'9 4,
U=(1-u)(1+0)",
O =12 )Y ) e m )

where; M , is given by (8). The extensi@ is guasi-self-adjoint and - -sectorial if

and only if the operato?( satisfies the conditith( sina i cosrl §{ .

1-D SHRODINGER OPERATOR WITH &' INTERACTIONS

Next we give applications of the above mentioneslilts to point-interaction in
R [1]. Let y,, ¥,,.... ¥, OR . Consider operato defined as follows:

0()={#(40 H (R): #(y)=0. =1} . #=-22,  (9)

where: HZZ(R) is the Sobolev space. As it is well known [1] tbperator S is

symmetric and non-negative in’(R,dx) with defect numbers(m,m) and its
Friedrichs extensiors. is given by:

D(8)= H(R). § =5



12 Yury Arlinskii, Yury Kovalev, Eduard Tsekanovskii

Let F f=4(p)= s—IRi[rl(Zn)_l/ZI L f(XYexpCixp)dx be the Fourier
transform. In the p-representation we obtain thenegative symmetric operaté and
its Friedrichs extensioA. :

D(A)=H,(R):= LZ(R,(p4+1)dp),
Ah=php, HAOOA A= B {p (p0DA.
Lete (p) = pexp(—ipy)(1+ ﬁ)_l, j= 1,...m. Clearly,

N.=spaf{ e( B...&( }.M.= N.= spdn’pfe)p.. *pl )}
The adjoint operatoA’ is given by the following relations:
D(A)=D(A)+N. +M = H,(R)+M ,

A1 SAFe(d]= 6 (S e b (19 HR).
Let H, = D(A*). Since D(Ai’z) =H,(R):= LZ(R,( p2+1) dp),
A2t =pf(p), we obtain that A?e (pO H(R), j=1..m. It follows that

N, =N. and A. is transversal taA . By the direct calculation we get the following
equalities:

6, =(a (D) o ;{ Iy, - y, ][ Olm\/_—zyj g Ixﬁy U
w, =(A%e(n), A6 (9) é\“@( p A4 W=

_ T _|yk jl C|y|<_yj|_|_ .h|¥_¥
\/E exp[ \/E ][ COS \/_2 SIR \/_2 .

Let W, =l|la II' -, .G =llgy [I,-,- Providing calculation with the inverse Fourier

transformF ™ we obtain

(4= dgexp[_lxbyj ] lxﬁy I,
e (0= (3= [ Feof -2 et L

We haveS=F A | SF=F “AF , S = F'A F. From Theorem 1 we get
the following description of all m-accretive extans ofS.
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Theorem 5. If the operatorS is given by (9), then the formulas:
o(8)=] 04+ 509 04+ 3 wd 0¥,
f,(x)OD(S), (A,-...4,)OC",

(4 3A a0 3 A bHf=z A EA S 4

K,j=1
establish a one-to-one correspondence between #teof all mx m matrices
U=l|u, II',-, satisfying the condition:

UG +GU" =2UwW, U :

and the set of all m-accretive extension$§ offhe operator@ is m-a -sectorial if and
only if:

tga UG +GU")+i( UG- GU )= 2tga W, U ,
tga UG +GU")-i( UG- GU' ) 2 2tga CUW, U .

In particular, ifm=1 then

D(@) ={ £ (X +A exp(—lXJEy l](sinl)i/_éyh ucosl)\(/__zyg} ,

f,(x)OD(S), A, udC, yIR,

@( f,( X+ exp(— ! X\/_Ey lj( sinl )i/_Ey Ly cosl)\(/__—zyln =

--& fo(x)mxp(_ljzv'j(cosl < ou s I%yg,

2
where: u satisfies the conditions: 1{Reu—%) +(Imu)zs%1 for m-accretive

2 2
extensions; 2) Reu —E +| Imuz ctga < _1 for m -a -sectorial extensions.
2 2 4sirf a

REFERENCES

1. Albeverio S., Gesztesy F., Hoegh-Krohn R., Holderl888: Solvable models in quantum
mechanics. Springer-Verlag, Berlin.

2. Ando T., Nishio K., 1970: Positive self-adjoint ersions of positive symmetric operators.
Tohoku Math. J. - 22. - P. 65--75.

3. Arlinskii Yu. M., 1988: Positive spaces of boundarglues and sectorial extensions of
nonnegative symmetric operators, Ukrain. Math.4dh,no.1, 8-14 (Russian).

4. Arlinskii Yu., 1995: On proper accretive extensiafgositive linear relations. Ukrain. Mat.
Zh. 47, no.6, 723--730.



14 Yury Arlinskii, Yury Kovalev, Eduard Tsekanovskii

5. Arlinskii Yu., Tsekanovskii E., 1982: Nonselfadjbicontracting extensions of a Hermitian
contraction and the theorems of M. G. #reUspekhi Mat. Nauk37, no. 1, 131—132
(Russian).

6. Arlinskii Yu., Tsekanovskii E., 2005: The von Neummaproblem for nonnegative symmetric
operators. Int. Eq. and Oper. Theory, 51, 319--356.

7. Arlinskii Yu., Tsekanovskii E., 2009: Krein's resefa on semi-bounded operators, its
contemporary developments, and applications. Opefdteory: Advances and Applications,
190, 65--112.

8. Birman M.Sh., 1956: On the theory of self-adjointemsions of positive definite operators.
Mat. Sbornik 38, 431-450 (Russian).

9. Crandall M., 1969: Norm preserving extensions ofdintransformations on Hilbert spaces.
Proc. Amer.Math.So@1, 335—340.

10. Derkach V.A., Malamud M.M, Tsekanovskii E.R., 19&&®ctorial extensions of a positive
operator, and the characteristic function. Ukraiativizh. 41, no.2, 151-158 (Russian)

11. Derkach V.A., Malamud M.M., 1995The extension theory of Hermitian operators and the
moment problem.. J. Math. Sci. 73, no.2, 141--242.

12. Evans, W.D, Knowles, ., 1985: On the extensionsbfam for accretive differential
operators, J. Funct. Anal. 63, No. 3, 276 — 298.

13. Grubb G., 1968: A characterization of the non-ldmaundary value problems associated
with an elliptic operator. Ann. Scuola Norm. SujsaR(3), 22,425--513

14. Kato T., 1966: Perturbation theory for linear opers. Springer-Verlag.

15. Krein M.G., 1947: The theory of self-adjoint extems of semi-bounded Hermitian
transformations and its applications. I, Mat .Sllo20, No. 3, 431—495, Il, Mat .Sbornik
21, No.3, 365--404 (Russian).

16. Kochubei A.N., 1979: Extensions of a positive diti symmetric operator. Dokl. Akad.
Nauk Ukrain. SSR, Ser. A, no. 3, 168-171 (Russian)

17. Mikhailets V.A., 1974: Solvable and sectorial bdary value problems for the operator
Sturm-Liouville equation. Ukrinian Math Zh., 26,@859 (Russian).

18. Mil'yo O.Ya., Storoh O.G., 1991:0n the generalnfoof a maximally accretive extension of
a positive-definite operator.Dokl Akad. Nauk Ukmaimo.6, 19-22 (Russian).

19. Phillips R, 1959: Dissipative operators and hypedbaystems of partial differential
equations, Trans. Amer. Math. Soc., 90, 192--254.

KBA3BUCAMOCOINPSAKEHHBIE MAKCUMAJIBHBIE AKKPETUBHBIE
PACHIUPEHUSA HEOTPUHATEJIBHBIX CUMMETPUYECKUX OIIEPATOPOB

KOpuii Apaunckuii, FOpuii Kopases, ayapa LlekanoBckuii

AHHOTamus. Mpbl  gaem HOBYIO HapaMETpu3allui0 BCEX KBA3UCAMOCOIIPSIKECHHBIX MAaKCHMAaJIbHBIX
AKKPETUBHBIX pacumpe}mﬁ 1 MaKCHUMAaJIbHBIX CEKTOPHUAJIBHBIX pacmnpeHI/Iﬁ (C OEHTPOM B Ha4YaJI€ KOOpAUHAT
1 OCTPBIM IIOJIYyYTIJIOM a ) JUIA IIJIOTHO ONPEACIICHHOI'O 3aMKHYTOI'O HEOTPULATEIBHOIO CUMMETPUYECKOIroO
oneparopa. PaCCMa’I‘pI/IBaCM TIPUMEHCHUE K TOUCYHBIM B3aMO/ICHCTBUSM Ha BEIIECTBEHHOU HpﬂMOﬁ.

Kurouesbie ciioBa. HeorpunarenbHblii CHMMETPHYECKUIT OnlepaTop, KBa3HCaMOCOINPSKEHHBIH, aKKPETUBHBIH,
CEKTOpPHUAJIbHBIM, PaCIIMPEHUE, TPAHCBEPCAIIbHBIE OIIEPATOPHI, TOUCUHbIE B3aUMOJCHCTBUSL.



