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IDENTIFICATION OF THE RELAXATICON AND EETAREDATION
SPECTEA OF PLAWT VISCOELASTIC MATERIALS
USING CHEE YSHEW FUNCTIONS
PART III. NUMERICAL STUDIES AND APPLICATICH EXAMFELE
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Tmversity of Life Sciences in Lublin

Summary. The optirtal scheme of the lestsquatkes approeamation of the spectmm of relaxation fiequencies
by the firute seres of crthogonal Clebyshev fanctions is proposed in the fivst past of the paper. The s pechmm is
recovered finm disciete-hme nolse corpupted measrerrents of wlaxation moduhs chiared in stress wlaxation
test. Theowetieal analysis of the model acomutacy comverzence of'the scheme and the imfnence of the meanimwe-
nent nolses on the model deternuned 15 the subjectof the second part of the paper. In this paper the validity ard
effactiveness of the method is demorstrated using sinmalated data of Ganssian relacation s pectum. Hurmerical
calmlahors on model data are presented . Applyimg the scheme proposed, the relecahon spectmm of anuncon
fined cylirdrical specirven of the beet suzar oot 15 detenwined.
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INTRODUOCTION

The selection of an appropriate reathematical representation is of central importance in the
analysis of a physical systern. Offen the choice of the respective model depend on essentially two
criteria: the particular characteristics to be abstracted and, perhaps morve importantly, our ability to
specifir the representation quantitatively. Systern identification deals with the problern of building
matheratical models of dyramical systerns (proce sses) based on oheerved data from the syster. In
order to find sucha model, which good (in the hest) describe the syster (process) an appropeiate
ide ntification rmethod rust be derived [Mviaficzak and Nahorski 1983, Ljung 1999].

& complication for determining the relaxation and retardation spectra, is that these probleras
are wndeterrained and dlconditioned in the Hadarnard sense [Honerkarp 1989, Orbey and Dealy
1021]. Due fo the noise or tuncation of the experimental data, marny rmodels may fit the relas-
tion modulus or creep cormpliance experimental data adeguately; bt small errors in the data may
lead to larze changes in the models determined. Thus the yractical difficulty in the ide ntifics tion of
the sz mode s 15 roote d in a theoretical diffienlty The mathermatical difficulties can be overcome by
syrthesis of an appropriate idenfification alzorithen.



DENTIFICATION OF THE RELAZATION AND RETARDATION SFECTR 4 397

In the fivst part of the paper rew opfitnal schete of the least-squares approrimation of the
spectrun Al of relaxation frequencies v = 0 by the linear corbination of (horrnalized) Chebryshes
functions A0 {gee (13017, notation (1.3) iz nesed for the . (30 in the first part of the paper):

K1
Hy(vi= ¥ g h, (v (1)

whetre: g ate corstants, on the basis of noise conupted tirne-reasuremns nts of relaxation rod-
ulns &F) iz proposed. 'Iiklu:uru:rv regu]ﬂ:rizatﬁ:un 1z used to guarantee the stability of the scherne for
cornputing the vector g, = v Epq 3] ofoptireal model parmreters [Tikhonow and Arsenin
1977]. Gereralized cross va.ﬁdahn:-n (3CY ) 12 adopted for the optiveal choice of the regularzation
parareter [Heinz and Dartin 1996]. The rarnetical realization of the achernes by using the singular
value decornposiion (SVIY iz discussed [Bidrck 1996] and the resuling comprter algorithim is
alao outlined in the first part of the paper. &n analysis of the model accuracy is conducted for noise
toe asurerne s and the linear corrergence of the approxiraations generated by the sche me is proved
in the second part of the paper. It 1s also indicated that the accaracy of the spectarm approximation
depe ndsbioth on measure ment nodses and regularization parameter as well as on the proper selection
of the parameters of basic fune ions.

In this part of the paper the results of the rumerical stodies are presented. In the context of
the ill-posed iwerse problem for which the mode]l guality e x refer to the rmeasured relavation
modulns but not divectly o the urbmewn relazation spectan mich sirnulation allow beside theo-
retical analyeis demonstrate the walidity and e ffectiere ss of the method [Warah 1983, Tautenhahn
1994]. The experirient sirnulations are conducted using Caussian relaxation spectur. Such an
example illustrates most of the works conce rrang relaxation or retardation spectoorn ide ntificaion,
for exarmple [Elster at al. 1991, Syed Mustapha and Phillipe 2000]. Both asmoptotic properties of
the schie me as well as the infuence of the measurerne nt noises on regularize d solution are exarnined.

NUMERICAL STUDIES

Example 1. Consider viscoelastic material whose relaxation spectrom is descrbed by the
CGranss distribution:

1 z
Hivi— o v 2T (2
(v i
The corresponding relaxation modulus is descrbed by
1
G- W (G2 52 ), ()

where: epfe(f) iz complermertary ervor function [Lebiediew 1957]. The relavation spec o
Hiv) (2)is given in figure 2(h) (dashed line). In experiment the sampling nstants § was generated
with the constant period in tirae interwal T= [0,0.4] selected in view of the relaxation modulus &6
(3 comrse. Bdditree measorement nolses {2} was selected inde pendently by random choice with
uniform distrbution on the intersal [-0.002,0.003], 1.6, 5% of the meanwalue of the modulus &
maximally. For every pair (M) of the range E=4,6.7 % and M= 50,100,500,1000,5000,10000 the
expeinent was repeated n = 100 tirmes.
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Approximation exror of the relaxation modulus measurements

To estitnate the approximation error of the relaxation modulus measurernents for n-element
sarrple the following index (cf the index O 0ge) (1170 is taken

1 a 1 <2 AP
ERR LN K —— —— 3} |Gy — . 4
Gy _LS(N.K) W;Qﬂé’}q} HN§||‘;; wilis| (4)
where: &, denote the ratriv &, (118) and g7 ; (1.20) 15 the regulanized mode] parame ter

deterrnired for 7 —# experiment repe tition for a given palr (ME), 7= 1,...n. Here " ’ |L means the
suare nor in the Evclidean space B The index FRRG, L& (ME) as a function of the modsl
suwrarnatds E and the nuaber of measwrements N is depicted in fizure 1{a). Titne-scale factor
=005 and the regularization parame ter A;-~0.0001 were taken; the ywware valid in all the sirnula-
tion experiment. For K = 6 the alzorthm ensures wery good quality of the modulus measre rments
approximation even for M= 50 because the error index ERROL, LY (M E) is comparable with the
norrnal solution exor for noise-free measurements. The imdex ERRD, LY (M E) does not depend
esgentially on the nunber of weasurernents.
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Fig 1 (a)The mean square approamation ervor of the modubis meamements EREC,, LY (M E) (4],
(&) Integtal approximation error of the relaxabon modubas ERRQCM_LS' CAED (30
Indegral app roximation error of the relaxation moduhus

Lz a measure of the approximation of the troe relacation modulus &f (2) the mean integral
approxiraation error defined as:

1 A
ERRyy _LS(N.K)y=— 2 Qe (3)

where: Hgh)— I:[G[f}—Gx[f}]ldf 15 taken. The index ERRO,, LE(NEK) (5) as a fune-
ton of Eand MNis grenin figure 1(b). Very good approxiration of the tue relaxation modulus is
ackieved even for K = 6; the better the greater is the romber of model surarnands avd the raredberof
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Trie asuretve it points, Since ng[f}l df — 0. 026TTERATS, the relative true modulus approximation
ervor for K =fand N= 30 s included in the range from 06255 to 08325,

Integral app roximation error of the relaxation specirum
The mean integral error of the true relaration spectiun A approzitnation defined as:
1 ]
ERRyy LS (N K)=—2 Ov(ei, ), (6)
-1
where: Chvig)i— IM[H[v}—HK (W]* v is the global integral ervor of the true spectrum

approxiraation, has been dete rrvined. For £ = i the ermor ER Ry, LY {NE) is decreasing function
of the nurdber of sarnpling points and the woaber of rode] surenands as depicted in fgure 2(a).
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Fig I (a) Integyal ervor of the wlaxation s pectum appeoedrmation ERRW]J_LS' (N KD (8],
(] Eelaxaton spectmm Fiv) (271 (dash line] ard the approcdmated model F0v) (solid live).

The best approxiraation error is achiewed for E=&. Since mH(v}la‘u — 0470157, the
relative approxiraation emor of the true relaxation spection for E="%and M= 1000 is included in
the range 003400255, 1. that is not exceed 4% The approxirnation guality can be improved by
proper choice of the regularization pararneter as well as the tirne-scale factor o (see Femark 4 in

the first part of the paper).

Measurement noise influen e

In order to study the influsnce of the noise variance o on the vector of model pararaeters
the experiment hawve been repeated n=300 tirnes. Moizses have been generated independently by
randorn choice with uniforen distibution on the nteral [<hA] for f — 0.0005,0.001,0.005, 0.0
N — 50,100, 500,1000, 5000, 10000 and K =6 K =8 h =001 iz 1% of the maximum value of
) and b= 00005 1z about 1% of the mean value of the rodulus. Such measure rment noises are
even strongest than the “tue™ distwrbance s recorded for the plant reaterials (e [Stankiewicz 2007,
Chapter 55.4]). For exareple for the sagarbeet sargple from exarnple 3 disturbarces have not ex-
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ceeded 0.8% of the maxirmmm value of G and have not exceeded 075 of the mean wahie of the
tmodulus. The distance between g7 and the regularized solution for noise-free measure ments g"/}‘{
(I1.15) has been estimated by norroalized mean exvor defived for » element sarmple as:

(et} ek il et 0

Fig. 3. The index ERR| M, K0 ) as 2 fumctiom of Nand o* for K= 6 and K = 8

Since in the experiment the sampling period has bee nconstant the wec tor éf:’: does not depend
ong, le. g%. - g;}. Relationship of FRRIME S (T on Mand o is depicted in figure 3. The index
ERR{MN o 5 depends on the noise variance as well as on the matrix sﬁm{ (Le. on the numbers of
model summands and the measurements) and on the regulatization parameter For satisfactory
large rurber of e asureme rts (A= 1000) the mdex ERRINE oY do not exceed 7% even for large
noises and K =8

The ravges of wariation of the approzivmation eror indices used in the sirmlation experiment
are ghven in tdhle 1. The next two exarples show haw the scheme proposed can be used in the
relaxation spectrurm iderntification.

NUMERICAL EXAMPLE

Example 2. Let us suppose again that the true relaxation spechum is described by the Gauss
distribution Hwv) (27 The relawation modulus &F(F — G+ 26 conupted by additvee measure-
tre nt voizes 2() of the uriform distibution in the interal [-0.02, 0.02] has been sarmpledat =500
sarrpling instants at the constant period Af = 000125, The paratneters K = 2 and o = 0255 are
chosen according to the suggestions of Femark 4in the first part of the paper. The * true™ relaxation
spectrrn Hv) (20 and the resalting approxiraated model ﬂfz{v} (127 are plotted in figure 2(k).
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Table 1. The mnzes of vanaton of the apreccamation emor mndices used m the sivmlshon expernvent
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RELAXATION SPECTRUM OF THE SUGAR BEET SAMPLE

Example 3. & cylindrical saraple of 20 mm diare ter and height was obtained from the root of
suzar heet Jars warie ty [Gotacki atal. 2003]. During the two-phase stress relaxation test, in the first
initial phase the strain was iraposed instantane cuslsy; the saraple was preconditioned at the 0.5 ra-s™
strainrate to the maxiranm strain. Hext, during the second phase at constant strain the corresponding
time-arying force imduced in the specirnen was recorded during the time period [0,100] seconds in
40000 rreasare ment points with the constant period A4¢F — 00025 2. Only M= 258 points ware taken
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for ide ntification parposes with the tire period Aé — 0. 1sfor 0.5 = =P8 2 s The experiment was
performmedin the state of uniaxial stress; 1e. the speciinen exarined undersrent deforrnation between
two paralle] plates. Wbdelling mechardeal properties of this material in linearsiscoelastic regime
iz justified by the research results presended in a lot of works, for example [Bzowska-Bakalarz
1994, Golacki 2007 . The respecttve relaxation rmodulius was corapnted using the modification of
the well-known Zapas and Craft rule [Fapss and Fhillips 1971, Flory 1 MeoKerna 2004] derved in
[5tardkiewicz 2007]. Hext the proposed identification schetne was applied and the relaxationspectra
obtained are plotted in figure 4 for two samples. For both sarnples K = 2 and & = 75 5 was choger,
the long-terrn modulus was as follows G =2.1014 MPg and & =00529 MPga (see Lugmented
Ilodel section in the fivst part of the paper).
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Fig 4. The wmlaation s pectra miodels ﬁ;(vj of tero sasaples of beet sugar wat

CONCLUSIONE

& robmst algorithen has been found for the caleulation of relaxation and retardation spectra
fromn the measarerment data of the linear relavation modulus and creep compliance discrete-timme
mneasurernetts. The approach proposed is based on the approxiraation of the spectoon by firdte
linear cornbination of the basic Chebyshes functions. As a result, the primaryinfinite dirne nsional
dynamic optitnization problern of the contirmous relaxation spectrum identification 1s reduced to
the static inear-cuadrs ic progravming task. Tikhonow regularization and generalize d cross valida-
tion are used to solve it, thus the stability of the resulting scheme is guaranteed. Diue to the choice
of the Chebyshesr basie fanetions, for whick the basic functions for relaration modulus are ghven
by the sitple analvytical forreala, the errors of the approxitnate guadrature rules of known in the
literature relaxation and retardation spectra identification schernes [Paulson 1 in. 20007 are awoided
bere . The above is of great iraportance in the context of ill-posed irverse probler. The choice of
the orthogonal basic funetions guarantees that sroothing of the regularized solution of the linear
guadratic problem enswres srnoothing of the resulting relaation spectiurn rmodel. The choice of the
scaling-time factor in order to achieve a good fit of the model to the experiment data is discussed.
Lin analysis of the model acouracy is conducted in the case cormpted by additiee noise measure-
tre nts and the livear corsrerzence of the approxirmations generated byrthe scheme 1s proved. Tt isalso
indicated that the accuracy of the spectiurn approcirnation de pends both on e asurernent noises and
regularization pararneter as well as on the proper selection of the firne-scale parareter of the basic
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functions. & modification of the schemme for identification of retardation spectum iz alao dermved
hiere . The nunetical experimental studies suggest that the schere proposed canbe suce esafilly used
within a satisfaetory range of both viscoelastic solids and leuids.
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IDENTYFIKACIA GPEKTRE REL AKSACIT T RETARDACTI LEPKOSFREZVITVCH
MATERIALOW ROZLINNYCH 2 WY KORZYATANIEM FUNECI CEEBY 2ZEWA
CEZESC 111 BADANIANUMERYCZNE [ PREVELAD ZASTOSOWANIA

Strerzezende, W plenars =) cefcl pracy mpropotowaro algonvhn optynalne) w o sers le najnnua)sze] sunty bara-
dratdar aproksymacn spelimm czestotlrarcéel wlaksami shofiemong surmg crtogomalnyeh finkeji C =hyszarana
podstarie zaklocimrch popmarder moduh wlalsan) sprormad moine b e dmedmime czwu. Teormbhmma avaliza
doldadnoéel mindehn, shiemréa algominm craz wibyen mlkddcen ponmarosryeh na wyznacmory model byla
presdnuotemd g ie) coedol pracy, Wiy pracy pemeprowad=zajye badaa nomeryezre dla spekinom wlaksacgi da-
rego rozkdademm & anssa, wirkazano poprarncee 1 efeldbparncs & opracowr are] metod videntyik acyi. Przedstaaricnn
wynikib sl mmerremehdla wod e symnmlacyreg o, 2 talese wrymacsono speldnom relaksacii avlindreene
rob ld buraka oukmeregzo badarego w stane jednocsicwezo napreserma.

Slowa lhwzrowe: 5 peldnm relals acji, idertyhilkac)a, egulaymama, finkeje Codyszewra



