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Summary: An optmal algonthn for the wlacation s pechum derbificshonusing dis crete-hirre moise conupted
meanrements of relaahon modohs chtaved nsteess wlavation test 15 piopos ed 1n the frst past of the paper.
The scheme 15 based of appeosdmation of the s pechum of ®laxation frequencies by the finde seres of orthogonal
Chehwhew firetions optimal in the least-squares semse. Since the problem of relaxation s pectum identfica-
tion 15 dl-posed mvese prablem Tikhorow regulan=ation with zereralized c1oss valdaton (GCWV 15 used to
guarates the stability of the schame. Inthis part of the paper an amalysis of the rodel acmimey is conducted
for nobe mesmements and the hrear corverzence of the approscimations gererated by the scheme 1s proved .
It 15 also wdicated that the acoaramy of the spechom approcimaton deperds both on meamrement notses and
regulavimation paramvetsr = wrell 2 on the proper selachon of the Hme-scale parameter of the basic fnchons. 4
modification of the scheme for idertificaton of wtad shon spectham 5 alsa derived here. & mumencal stadies
ate the mabject of the third part of the paper, wher an exanpk of the relacabon s pectham of a 5 ample of the
beet ;muzar root deternmnaton by appharne the schere proposed 15 also preserted.

Keywonds: Vis coelasticity, wlaxation spectumn, wtadation s pecthom, idertification, regularization, Chebywshew
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INTRODUCTION

In the theology it is commonly assumed that the relaration modulns E# has the following
integral represertation [Anderssen and Davies 2001, Cloistensen 1971]:

G{z) IH{v]e g, oy
]
where: H{v) is the spectrurm of relaxation frequencies v = 0. Since, as it is well-knowr, for
plant materials usuall ywthe long-terr modulus B &= & =0 (zee [Jakubezyk 1 Lewicld 2003],

as well as the Example 3 in the third part of the paper), instead of the classical equation (17, it is
correnient to consider the following “more-realistic™ augmmented mate rial description:

G{1) TH{v]g Ydv+E, G{H)+G, (2
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In the first part of the paper an alzonthem of the optiral least-souare s approximation of the
spectrurn Al by the finite series of (norrmalized) Chebyshess functions J‘i {v] (zee (1.3)-(1.77, nota-
ton (1.3} iz used for the eq. (30 in the first part of the paper):

H,{v) 2 ek V), (3

where: g, are constants, is proposed. The respective model Fy#) (1.15) of the relaxation
modulus &) is descrbed by

OO OIS )

where: the form of the fanections ¢f) are ghenby Theorern 1 in the first part of the paper
& regularized scherne for coraputing the vector g =[5, .. gey  F]7 of optiteal mode] pazara-
eters is presented in details in the frst part of the paper The scherae canbe successfully applied to
retardation spectnarn identification, it is the subject of the stbsecquent section.

RETARDATION SFECTRULI IDEN TIFIC ATION

Lun alternative to Boltzrmary constitutive imtegral (T.1) linear viseoelastic constitatre equation
expresses the strain af) in termns of the history of the titne dermeative of the stress off) [Cleistensen
1971, Fligge 1967], ie. the equation of corsolution type

£{2) _[ Je w)alc) e,
where: A7), # =0, is the creep compliance (retardation fime ion). For manyviscoelastic ma-
terals, especially for soft biological materials as fimits and vegetables, the retardation function f£#)
iz described by Elelvin (Kelin-Voight) model of the form [Bzowska-Bakalarz 1994, Rao 19007

T{e) JQ+TL{1I]{1 g‘“]dv, (5

where: J, denote the firne-inde pendent (elastic) cormpliance and Liv) is the spectran of re-
tardation frecuencies, which characterises the distribution of retardation frequencies v in the range
[wv+dy] [Christensen 1971, Baumgaerte]l i Winter 1988, 5 tandiewicz 20035].

Betardation spectom Lv), like relaration spectrom, is not directly accessible by experiment
and thus raustbe de terrnined from other material fonctions [Bawrngaertel and Winter 1929, Elster at
al. 1991, Bafant and X1 1995, Errl and Techoegl 1995, Plaszek and Grzeak 2004]. The problem of
spectnmm Liv) identification iz the ramerical problern of recorstrue ing solution of Fredholr integral
equation of the firet kind {5) with the kemel {1 —a™) from discrete fme-measured data [Engl 1993]
The practical difficulty in the identification of retardation spectrurn, like for relavation spec o
deterrniriatior, is rooted in a theoretical mathernatical problen difficulty, becanse it is il-posed in-
werse problern [Groetsch 1993]. In this paper an opfirnal identification scherae of the least-squares
approximation of the spec turn Liv) by the linear cornbination of Chebyshes fune tions 1s proposed.

Agmurae that L{v])e {0, ). The approximation of the retardation spectrura Liv) by finite
linear corabination of the normalized basic Chebyshew fanctions &, {#] (1.7} is considered:

L) 3 el 1YR0) 3 akin) ®
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Then, the respectrve model of the retardation fovction JF, is described by
- KL
T {2 J,]+_[Lx{v]{1 2 “ldv L+ ¥ zoald (7
! =
where the fiunc ions:
@it _[ h{v) {1 F ‘“] v, ()
]
and g, are constants. The form of the basis functions ¢ (f) (2) for the retardation function
model (7) is given by the following theorern; the proof iz given in dyppe ndie &
Theorem 1. Lof ¢ = 0 and § = 0. Than the basis fimcfions ¢ (6 (E) are given by the recuraie
Jormula:
aff) 2q d8+% f26) g fr42a) @ 0. & 34, o
starting with:

1 T+
wit] T T r{m] (10)

) 1.-'2? z&,}—f{r]{ﬁié]“][& 1], (11

& r{&+4

w12 _'u"- ;r— %f{a‘;ﬂ]

L few first basiz functions ¢ (f (%) are shown in Figure 1 for two different walues of the
tire-scaling factor a. It iz evident that they are in good agreement with the retardation functions

obtained in experiment.

[£+2s" 6ot ] (12)

i (2} 1 I I ] I I
o« 1.5 | & IS5 =
a4
B
— 1 e e i e o =]
1 "nl'-'.- - i
.......... Cal az[- 7]
[ .5 et =
B3 1 1
__ 4 T T a 1 1
B4 74 1 ] 11 A Ed
- Time ¢ [£] Time t [5]

Fig L Basic finchons @) of Cheb whev retardabon spectrim idenbheation alzontlon,
the parammeters o= 1 S amd = 15, k=01254

Suppose, a certain identification experiment (reta_rdatinn test [Fao 19997) performed resulted
in a set of measurements of the retardation fimetion J{4] J{2)+=z{2) at the sarupling instants
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f=0,i=1__ N b2 ameamwe of the raodel (7} aceuracy the classical square index is taken [Bubmnicki
1980], which introducing the corenient matrix-sector notation:

ﬁl{zl] TR l{zl] 1 _ "?{:l]
L. : : : J, ~ :
afte] o oaed) 1 Jzy]

we conld wiite as:

ole) D7) 5T o fueal,

where: ge=[ga .. Fem J]7 iz (K + 19-element vector of the models (61 and (7) e ar-
eters. Thus the optiraal ide ntification of retardation spec tar in the class of fane ions L ghenby
(6] consists of sobving, with respect to the mode] parareter g, the classical least-suares problern
[Lawson 1 Hanson 1993]. This problerny, avalogously to the prevdous optirnal identification of the
relaxation spectun task, could be solved by applying the scheme proposed in the fivst part of the
paper replacing the matix &, by [, , and substituing the creep compliance measure ments vee-
tor J, instead of &,

AMNATVALE

Smoothness

By orthonormality of the basic Chebyshey fune ions {f;ﬁ{t‘]} in the space N0, [Szabatin
108], for an athitrary Huw of the form (3) the following equality holds:

LA A RAGIAGLD S 13

biere: I ' ||2 means alan the sguare norea in L3(0,00). Therefore, due 1o the hasic Chebyshey
functinns orthonorrality the smoothness of the regularized solution g5 (1200 guararntees that the
fluctuations of the respecttve relaration spectn Hxiv]l (127 are hounded.

Stahilzation

The parpose of the regularization [Tikhonow and Srsenin 1977] relies on stabilization of the
resulting vector gk (1200, The effectiveness of this approach canbe evaluated byrthe following rela-
tions, which follow irenediastely fror Proposition 2.2 in [Stankiewiez 2007,

Proposition 1. Lef K = 1, r =rank( ¥, .} and regularizafion parameter 1= 0. For fhe re gular-
ized solufion gh (1.20) the folfowing equality and inequalify hold:

r I r 2
kil T 225 Rl (14

{o+

whera g_gz'.s the normal .sofuﬁ'on_of the Iinear-quadrafic problem (LIT-(L1E), p are fhe
glements of the veckor ¥ VO, TG, and o are nem-zero anguizy walues of fthe mapix
W Oy, O, (For details see the frst parf of the paper).
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The fivst equalityin (14) dllustrates the rmec hanism of stabilization. The following mle holds:
the greater the regulavization parameter A iz, the fluctuations of the vector g are highly hounded.
Thus, the regulatization pararneter controls the “snoothress™ of the regularized solution.

Measurement noses

The influsnce of the measurerent nodses on the regularized vector gb (1.24) is discussed in
details in the Sppendix C.4 in the thesis [Stankiewicz 2007]. Suppose:

By VRV S,TG, (15)

where: G, = [(Hf) .. Fi]7 is the noise-free measurerment data, be the regularized wec-
tor for data Gy O the basis of Property .4 in [Stankiewicz 2007] the next proposition is stated.
Proposition 2. Lef K = 1, v = ranki ¥ep) and A = 0. For g the following e fimations hold:

oo, da
"gl Jg/}fl ch, {c.r +R "Z"'Iz { r+_1]" NlL’

where: zZN=[z(1 ... .. z{fN]l] iz the dishubances vector, thus the regularize dve ctor g_;tends to
regularized solution for noise -fiee measurements linearly with respect o the noises 2, as |7 ].—0.

Comrergence

¥

the mmual s-:ulutlcun u:uf'the least siuates task (I.17)-(1.18) for noise-free data & Belaxation spec-
trum A, {v) E i { | (127} &5 only approcimation of that spectur, which can be ob-
tained n the chosen class of models (1.8) by direct riniredzation (without regularization) of the
guadratic quality index (1.17) for noise -free measurements, 1e. the approximation of the function
HY(v) 30 e {v), where gy are the elements of the vector gy The acowary of the spectnm
approxiration depends both on the measre ment noises and the regularization parareter A as well
ag on the singularwalues of the matriy ¥, whick, in ton, depend on the proper selection of the
time-stale factor @ of the Chebyshev functions &, {v]). The ahove is evident byr the next proposition
which canbe easily dertved from Property 2.5 in [Stankiewicz 2007] wsing the equality in (13).
Proposition 3. Lef K= 1, r=rank ¥, ) and A= 0. The following equalify aud nequalify hold:

e o aes =

-:.r{-:.r S

Let ug estimate the regularized wector gher eror, ie. the nomm (e gﬁ| . where g iz

therafore, the regularized vector gievomuerges fo the normal solufion gf and the relaration
spechrum H i) fands fo fhe "normal” specirum Hivim each pomé v af which fhey are bofh con-
fnuous, Hnearly with respect fo the norm ||zlly @5 Azop—0 and ||z, —0, simulfanecusly

FINAL REMARK

The mecuality (16) wields that the accurac yof the spectum appaoximation de pend both on the
tre asurere it noises and the regulavization pararneteras well as on the singularvalues oy, o of the
matie F, e (112), whick, in fon, depend on the proper selection of the hasic Chebyshes funetions.
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AFPENDIE &

Proof of Theorem 1. Suppose o = 0. It 1= easy to ohserve that the ntegral g,(f) (B) can he
expressed as a difference of two integrals:

@) _[ I, {v) e _[ B{vie® dv g f00 {2 (&1}
where: the function ¢(#) is defined by the eq. (1.10). Whence, for &= 0 we have:

1 A 1 TE){E)
? i 4 .
wlf e (0 e e T m D{&+])
Since JT1) =1, and on the basis if known Euler’s gatnma fnetion identity
Fz)r{z+4) 2" "r{2z) [Lebiediew 1957] we have:

r{HrE) 2%y o, (8.2)

because {4 =, we finally recetve eq. (10). Likewise for k= 1, combining the equations
(.13, (1.13), (4.2) and the fact that T2) = 1 we obtain e, (11). To prove (12) for k= 2itis enough
to substitate (1140 info (417 taking into account (& 23 and T3 =1.

We next show that (90 holds for any b= 3. Using the idenfity (T.A D) and the defirang formnla
(2 we nowr hase

@] EJ-J?:; l{v]{l g‘“].:fu 4_[&*"“151 l{v]{l .e‘“].:fv J.fr;ﬂ{v]{l e‘“:l.:fv,
L] ] ']
and hence, taking into account again the definition (2), we obtain:

.;.;:h{zj 24, l{z] 4I i l{v]g dre dv+4I f l{v]e Heg gy g ﬂ{z].

Henee by virtue of the basic functions ¢(f) de finition (1.10) we have:

adt) 2 1) 9, (2a)+dq fe+2a]) g {2

and since noting that by virtue of (4 1) ¢(f) = ¢(0) — ¢ ,(f) we conclude that the eq. (9) 1s
walid. The proof is now corplete.
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IDEMTYFIKACIA SPEETRE RELAKSACII I RETARDACI] LEPKOSFPREZYITYCH
MATERIALOW ROSLINNYCH 2 WY RORZYSTANIERM FUMKCII CZEBY S2EWA
CZEAC IT. ANATIZA

Stresreende, W plerarsze] coeicl facy Saproponowano algonrtn optyrnalie] dertyfikacii spelinam wlaksami
na pods fwrie dys laetyeh ponmardier moduin relaksac) zprommad mogeh v d=ed=ine czan w teicie relaksam
napeseit. Schernat bamje wa aprcls vimac)i spelomn cmpstotlnercs o relaksami shofimong samsy ortegonalmeh
fimkoji Czebys meara optymalne w seisle najnnejsza] sy aadratdsr, Pomewras problem idertyfikani spek-
tumn wlaksac)i jest 2le postarionym problerem odwrotnym dla mpewiteria s thilnoéel wavrigmania s -
sovratn ®gnlavzacie Tichonoera 1 uogdbmong metode sprawrdzatna lamyirarezo (GCV) W te) czpscl pracy
przeanalizow ano dokiadnesé modeh dla mlddcormeh pondarder modahs relaksami crazwskazano na limoary
ghiesmnid wmodeh do modeln jald nzyskalibying dla ponmarder idealiyeh Pokazaro talse, fe dokladnosé
przb lisenia s pekburm relaksan]i mlesy zawdemo od bleddar pormiarcransch cra= parametn resularpzacyi jak
roarmes cd poarledimezo dohon wspitezmarulka skah cms fimka basoeareh, W oprae ¥ zaproponosrano talse
modyfikacie schematn dla zadara idertyfhikacyi speldrum retardacyi. Badara mameryeme 53 preed nootem tize-
cle] omed ol pracy, W kbdre] preedstaaiorne talese obok przvkladu symlacyinezo prevlkdad je) zastosowarna do
wyznacsenia spekinim relals a1 reczpristezo matenahn pochod zenia rodlinnegzo.

Showa Khuerowe: leplospresystodd, spelctmmrelaksanii, spektmmretardangy, idertrikania, maulay=acia, fank-
oje Codh yszewa



