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Abstract. In recent years we have seen a gradual 

increase in demand for electricity due to the increasing 

number of customers connected to the network and a 

growing consumer demand for quality energy supply. The 

article addresses issues related to energy management in 

rural households and presents the advantages resulting 

from the emergence of a new type of energy producers, 

i.e. prosumers. 

Key words: energy, management, prosumer. 

 

INTRODUCTION 

 

Energy efficiency is a concept denoting efficient use 

of energy aimed at reducing its demand. This concept has 

been appearing ever more often in recent years in laws 

and directives. One of them is the European Union 

directive according to which from 2021 all buildings 

erected within the Union are to be characterised by 

reduced consumption of electricity, as well as partial use 

of renewable energy sources. This is due to the dynamic 

growth in demand for energy, and the increasing cost 

associated with its use. Such requirements are forcing 

building designers to come up with new solutions to 

reduce excessive energy consumption. An answer to these 

demands is the concept of an intelligent building, 

equipped with a number of measures restricting electricity 

consumption, as well as using alternative energy sources 

[6, 7, 8, 9]. 

Poland’s accession to the European Union on 1 May 

2004 meant that in many areas the country had to adapt its 

laws to EU legislation. This resulted in huge changes in 

many areas of the economy, which had to begin to operate 

under the new rules [26]. 

One of the areas forced by EU policies to undergo 

deep reforms was agriculture. The common agricultural 

policy implemented in the Member States forced 

profound changes in agricultural and food economy. It 

became an opportunity for Polish farms due to substantial 

funding [20]. The main instrument supporting rural 

Poland are direct payments towards agricultural land. This 

instrument is important to the extent that it affects all 

persons holding land in excess of the size of 1 hectare. In 

parallel to this action, there are several other programs 

supporting Polish rural areas, but targeting narrower 

sections of society. An example of this can be ''Help in 

starting a business for young farmers" in the framework 

of the Rural Development Programme. 

Not all farmers are happy with the common 

agricultural policy, indicating its various threats. One 

such disadvantage is the rise in the prices of the means of 

production, or the strong competition from agricultural 

producers from other EU countries. Difficulties in 

competing are mainly due to the wide dispersion of farms 

in Poland. According to the Agency for Restructuring and 

Modernisation of Agriculture, the average size of a farm 

in Poland is 10.49 hectares, while in some regions this 

figure is less than 4 hectares (małopolskie) [19]. In turn, 

the average area of farms in Poland in 2010 was 9.6 ha, 

while in Germany it was 55.8 ha [5]. With such 

fragmentation of the Polish farmland, its owners have 

difficulty obtaining adequate economic balance of their 

agricultural production and look for other sources of 

income. 

In the future, we risk the depletion of the natural 

resources of coal, oil, gas and uranium. [4, 5, 11, 12]. 

Ensuring a country's energy security depends not only on 

major international contracts, but also on the proper 

behaviour of citizens. According to the segmentation 

assumptions of the energy prosumer market, homeowners, 

farmers, residential communities, building administrators 

(building energy technology) belong to the first segment 

of consumers/producers of energy [6, 7, 13, 23, 24]. 

An important solution for power consumers has in 

recent years become the possibility of using renewable 

energy sources (RES) and the construction of passive or 

energy-plus houses [2, 11, 14, 15, 16, 17, 18]. Renewable 

energy sources are characterised by features that allow the 

user to obtain the following benefits [31]: 

 local stabilisation of energy, 

 lack of transmission and losses connected 

with it, 

 raising awareness and responsibility of 

producers and consumers of energy and a 
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sense of mission to protect the environment 

and create the country’s electricity economy, 

 contribution to energy saving, 

 improving the quality of energy, 

 positive impact on the climate and the 

environment. 

So far, a number of solutions exist that enable the use 

of these advantages as much as possible [10, 27]. In 

addition to the search for new energy sources it is 

important how the energy is used. Keeping an ‘energy 

umbrella’ over many customers does not seem to be a 

very economical solution, since not all of them have to 

use the power source at the same time. It seems that the 

principle ‘supply power only to what you currently use’ is 

the right solution. 

In connection with the emergence of a new category 

of energy consumers, i.e. prosumers, rational energy 

management in households is becoming increasingly 

important, with the idea of reselling its potential 

surpluses. This requires the application of such precision 

measurement devices in the installation as: 

 energy meters (electronic and intelligent) 

 monitors of energy consumption 

as well as optimisation of tariffs and zones and 

establishing contractual and connection power. An 

important component of the electricity economy is also 

the shaping of appropriate customer attitudes and the 

proper selection of subscriber profiles and RES 

installations [8, 21, 22]. Among the new trends and EU 

regulations related to energy appears the concept of 

Autonomous Energy Regions AER (sometimes also 

referred to as Municipal Energy Centres). 

 

POWER GENERATION ON A FARM  

AS AN EXAMPLE OF ENHANCED ECONOMIC 

EFFICIENCY 

An important factor in maintaining a household in 

good financial condition is to rationalise its running costs. 

This principle also applies to rural households, which in 

the face of ever-smaller production profitability should 

look for additional revenue. Due to the specific nature of 

rural households one can indicate the following aspects 

which may be their distinguishing features: 

 Large roof surface area, 

 Farm space around the house, 

 Unused organic waste. 

However, on the expenditure side, apart from the main 

costs of running the farm, an important part of the 

overheads is related to energy. To reduce the operating 

costs, use should be made of the above-mentioned 

features. In order to successfully compete in the market, 

farmers specialise in plant or animal production. 

A by-product of this production is copious waste that 

can be used for energy production in biogas plants, 

obtaining biogas through the processing of organic waste 

by microorganisms. This gas is produced in digesters 

specially constructed for this purpose [21]. According to 

the literature it consists of more than 60% methane and 

about 30% carbon dioxide; other ingredients may also be 

present, including hydrogen, nitrogen or hydrogen sulfide 

[22]. An exemplary diagram of the biogas plant is shown 

in Figure 1. 

 
Fermentation 

chamber
Post-fermentation

chamber
Container of the 
mass fermented

Generator CHP
 

Fig. 1. Outline of a biogas plant [21] 

 

The gas produced in the biogas plant can be used as 

follows: 

 For the production of electricity, 

 For the production of heat, 

 As a motor fuel [21, 22]. 

Today, an ever more common solution is 

cogeneration, involving the simultaneous production of 

electricity and thermal energy. This is done in CHP 

(combined heat and power) generators. 

Another way to obtain free energy on the farm is to 

use the sun. Solar energy is converted into electrical 

energy in photovoltaic cells in the process of photovoltaic 

conversion. Single cells have little power and are 

therefore combined in a series or in parallel in order to 

obtain sufficient power. The energy thus obtained is 

transferred through an appropriate controller to the 

battery, which is used for its storage. The role of this 

device is very important because it allows one to use free 

energy after sunset [14]. For this energy to power a 

conventional device, it is converted by an inverter into 

alternating current of a specified frequency and 

amplitude. An exemplary flow chart of the photovoltaic 

cell is shown in Figure 2. 

Regulator

DC/AC

230 V
 

Fig. 2. Diagram of a photovoltaic system 

 

According to the authors [3], PV systems provide 

from 10% to 100% of the electricity consumed in the 
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household. When cells provide too much energy it is 

possible to sell the resulting surplus. In this case, it is 

necessary to have one inverter, which synchronises the 

system to the network. 

 

DISTRIBUTED GENERATION IN RURAL AREAS 

 

With the development of modern farms, attention 

should be paid to the growing demand for electricity. 

Recipients from rural areas who use the power of 

professional power stations are placed at the end of the 

transmission line. Distribution of energy over long 

distances entails heavy losses, which result in an increase 

in electricity prices. Such recipients are forced to seek 

alternative sources to meet the growing demand for 

energy. Because of a large up-front investment, 

production of energy from renewable sources without 

financial support is still less profitable than conventional 

sources. For this reason, EU member states pursue 

policies aimed at increasing the attractiveness of 

renewable energy sources for small farms for economic 

reasons. In favour of the implementation of this type of 

distributed generation speaks also the possibility of using 

raw materials from farms and recycling waste to generate 

energy. 

Renewable sources which work best in agriculture 

include: 

 biomass boilers [21, 22] 

 micro biogas plants [2] 

 small wind turbines [14, 17] 

 solar collectors [15] 

 photovoltaic panels [23, 24, 26] 

 heat pumps [27]. 

The use of these methods of energy production can 

completely or largely eliminate the need to purchase it 

from large conventional power plants. 

Energy demand in rural areas can be divided as 

follows: 

 in order to meet basic needs, such as heating 

buildings, obtaining hot water and powering 

electrical appliances and lighting, 

 for agricultural purposes, including irrigation, 

animal husbandry, greenhouse cultivation, 

drying facilities, etc. [10]. 

According to the Central Statistical Office, in 2013 

heat consumption in agriculture amounted to 1,000 TJ. 

Electricity consumption in the same areas, exclusively for 

the purposes of production, irrespective of the needs of 

households amounted to 1,539 GWh. In turn, the demand 

for electricity in households, taking into account 

agriculture, amounted in 2013 to 28442 GWh [4]. 

Fuel consumption in agriculture in 2013, according to 

the Central Statistical Office [4], broke up as follows: 

 Coal, 1600 thousand tonnes, 

 Liquid gas, 50 thousand tonnes, 

 Light fuel oil, 80 thousand tonnes, 

 Heavy fuel oil, 24 thousand tonnes. 

Despite regular reconstruction of the transmission 

network in rural areas, it is still not adapted to the 

requirements imposed by modern recipients. 

The main problems of the current network include: 

 Low voltage parameters, 

 Insufficient transformer stations of high and 

medium voltage, 

 Too long power lines, which are vulnerable 

to overload, 

 Peak power per unit farm is 2 kW. 

Maximum power which is supplied to households is 

unable to satisfy the demands of energy-intensive 

equipment and machinery. Factors hindering the 

development of large sources of renewable energy in the 

country, including long distances and poor state of the 

power grid, may at the same time be an impulse for the 

development of small distributed systems for individual 

households [10]. 

A way out may be the creation of energy-independent 

households, which together will form Autonomous 

Energy Regions. An example of regional energy 

independence is the Kisielice Commune located in the 

Warmian-Masurian Voivodeship, which is Poland's first 

energy-independent municipality. Its area is 17,000 ha, 

and the population is about 6,600. In 2014 it won the 

ManagEnergy 2014 competition organised by the 

European Commission. 

Achieving the objectives of the use of renewable 

energy sources started in 2002. The municipality acquires 

its energy primarily from a wind farm consisting of 27 

turbines with a total capacity of 40.5 MW. Since 2014 the 

production of energy has been supported by a farm biogas 

plant with a thermal capacity of approx. 1 MW and 

electrical power of 0.99 MW. Currently, work is under 

way on the second phase of investments, the aim of which 

is to build a second wind farm. Six new turbines will be 

installed with a total capacity of 12 MW. The Kisielice 

Commune was presented at the conference "Heating and 

cooling in the European energy transition", held in 

Brussels in February 2015 [10]. 

What is also noteworthy is the promotion of energy-

saving and energy-independent, autonomous buildings. 

To achieve a positive energy balance, the building uses 

many techniques minimising energy loss, and the most 

important goal is to produce energy from renewable 

sources. For example, the orientation of the building is 

designed to maximise the power of natural light. This 

eliminates the need for indoor lighting during the day and 

at the same time accumulates heat. Triple-glazed windows 

that allow more heat entering the building rather than 

going out. With good insulation of its partitions, the 

building consumes several times less energy for heating. 

During the heating season, to heat one square meter of 

housing one needs 15 kWh. By comparison, the heat 

demand for conventional building is about 120 

kWh/(m²•year). One source of additional energy are solar 

panels, aesthetically integrated into the façade of the 

building. In addition, solar technology is accessible, 

particularly as regards maintenance and repairs. 
An important difference between the passive 

construction and energy-plus standards is that the latter 
brings the user of the building material benefits arising 
from the resale of surplus energy produced. In addition, 
the building is built exclusively from natural construction 
materials; it could be said that it is one step ahead of the 
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passive standard due to the positive energy balance [29, 
30, 31, 31]. 

Today, the energy-plus standard can be adapted to 
buildings with a traditional body, or to modern high-tech 
buildings. Regardless of its body, a building – to become 
safe, comfortable and economical – must have a system 
that manages all subsystems contained within the 
structure, or an intelligent installation. 

The basis of the innovation of energy-plus 
construction is the technology used in it. After analysing 
the climatic conditions prevailing in the area where the 
building is located, and taking into account the economic 
criterion of the investment, it will be possible to use in 
such buildings renewable energy sources and building 
automation systems. 

 

PROSUMER ENERGY ON FARMS  
– LEGAL ASPECT 

Agriculture in Poland brings together 5.4 million 
electricity consumers in the agricultural sector. The share 
of agriculture in the national consumption of final energy 
(5.8%) is more than twice the EU average (2.2%). 

In February 2015, after more than three years, work 
was completed on the law on renewable energy sources. 
The main objective of the Act is the introduction of new 
mechanisms to support producers of energy from 
renewable sources, both small and large. In addition, 
regulation introduces fixed rates for purchasing electricity 
produced from renewable energy sources [12, 13, 25, 28]. 

Investments finalised by the end of 2015 will benefit 
from support in the form of green certificates, while all 
investments from January 2016 will be supported in the 
auction system. In this system, increase in power obtained 
from renewable sources will be linked with an 
administrative decision. Responsibility for such a decision 
will rest with the Council of Ministers, Ministry of the 
Economy, and the Energy Regulatory Office. They will 
decide how much electricity from renewable energy 
sources to contract in a year. Companies remaining in the 
support system through green certificates can benefit from 
the support period of 15 years, but not beyond 2035. 

The Act implements new definitions of micro- and 
small installations. A micro-installation of renewable 
energy has a total capacity of: 

 Up to 40 kW for electricity, 

 Up to 70 kW for thermal energy. 
The definition does not include installations for the 

production of electricity, heat or cooling from biogas, as 
well as installations for the production of biogas itself. A 
small installation differs only in limiting values. For each 
type of energy they are as follows: 

 From 40 kW to 200 kW for electricity, 

 From 70 kW to 300 kW for thermal energy. 
This definition does not include installations using or 

generating biogas either. 
Production of electricity in micro-installations for 

one’s own use and for sale, in accordance with the 
provisions of the Act, is not activity of an economic 
nature. This is a key change in the law, as so far being in 
business was required in such situations. Consequently, in 
the case of power generation plants with an installed 
capacity of up to 40 kW, there is no need to set up a 

business. The only responsibility of the owner of the 
micro-system is notifying one’s operator about connecting 
the installation to the network by a certified installer. The 
Act also introduces a fixed rate of purchase by the 
network operator of the prosumer electricity produced 
from renewable energy sources. These rates are varied, 
and the criterion for determining the rates is the capacity 
of the installation. In the case of micro-installations with 
an installed capacity of up to 3 kW, the owner can count 
on [27, 28]: 

 0.75 zł/kWh for hydro-power, 

 0.75 zł/kWh for wind energy on land, 

 0.75 zł/kWh for solar energy. 
Different rates obtain in the case of plants with a 

capacity of 3-10 kW, and are as follows: 

 0.70 zł/kWh for agricultural biogas, 

 0.55 zł/kWh for biogas from landfills, 

 0,45 zł/kWh for biogas from wastewater 
treatment plants, 

 0.65 zł/kWh for hydro-power, 

 0.65 zł/kWh for wind energy on land, 

 0.65 zł/kWh for solar energy. 
As can be seen, these rates are slightly different. These 

purchase prices are protected by law for a period of 15 
years from the date of delivery of such an installation, or 
if the total committed capacity exceeds: 

 300 MW for plants with installed capacity of 
up to 3 kW, 

 500 MW for plants with installed capacity of 
3-10 kW. 

After this period, the selling price of electricity 
produced from renewable energy sources will be 
determined by the Ministry of Economy. 

For this reason, it becomes important to develop 
research methods and tools useful for the development of 
integrated renewable energy micro-grids. A special role 
here lies with universities and research centres. The 
foundation of the Laboratory for Energy Efficient 
Building Systems is aimed at preparing a base for the later 
development of micro- and intelligent networks with the 
participation of RES, by: conducting comprehensive 
monitoring of energy consumption and the potential of 
renewable energy sources to users also in rural areas, 
preparing tools for selection and optimisation of the use 
of renewable energy technologies in small micro-grids, 
analyses enabling the design of a comprehensive decision 
support system for prosumer acting in micro-grids. 

 

ANALYSIS OF THE OPERATION OF AN 

ENERGY ACTOR DURING DEMAND GROWTH FOR 

ELECTRICITY 

 

In addition to actively reducing energy consumption 

by automatic control of lighting, heating and air 

conditioning and ventilation, it becomes extremely 

important also to monitor the current consumption. Load 

management plays a key role in the economic 

management of electricity. For this purpose, energy actors 

can be used, e.g. SE/S 3.16.1, which is compatible with 

KNX/EIB. It allows load management in the master-slave 

mode, which is used to control the set limit of load by 
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disconnecting equipment according to its degree of 

disconnection. This allows one to align the daily power 

consumption (Fig. 3). 

 

successful 
connection

failed 
connection

failed 
connection

 
 

Fig. 3. Sample graph of power consumption by controlling the energy actor 

 

 

 

 
 

Fig. 4. The circuit diagram for master-slave load 

control [1] 

 

CONCLUSIONS 

 

According to the decisions taken in the European 

Union, since 2020 all new buildings will have to be made 

at least to a standard that ensures their efficiency. The 

combination of low energy building technologies with the 

optimal use of renewable energy sources allows for 

excellent performance parameters of buildings. 

The use of energy actors equipped with measurement 

modules provides a constant source of information about 

the current energy consumption at home and contributes 

to increasing the environmental awareness of its 

inhabitants. 

Control of renewable energy sources using the tools 

offered by the building automation systems, for example. 

KNX/EIB, will contribute to even greater interest in the 

subject of prosumer energy. 

Autonomous buildings function independently of the 

external infrastructure. This situation forces the architects 

and designers to use solutions focused mainly on saving 

electricity and using some raw materials and waste for 

reuse. 

In the coming years we can expect further 

development of technologies related to renewable energy 

sources. This is due to the benefits its use provides for 

both local communities, increasing the level of energy 

security, as well as environmental benefits, primarily 

reducing emissions of carbon dioxide. 

 

REFERENCES 

 

1. ABB catalog of the manufacturer. 2015 (in Polish). 

2. Bańkowski T., Żmijewski K. 2012. Analysis of the 

possibility and advisability of introducing of 

supporting mechanisms in microinstallations gas 

cogeneration, Institute of them. E. Kwiatkowski, (in 

Polish). 

3. Dołęga, W. 2013. Practical aspects of the use of 

photovoltaic systems in the construction industry. 

Drives and Controls, 15(6), 92-95, (in Polish). 

4. Central Statistical Office. 2014. Consumption of 

fuels and energy carriers in 2013. 

5. Farms in Poland against EU farms - the impact of the 

CAP, ed. Poczty W. Agricultural Census 2010. 

Central Statistical Office. Warsaw. 2013 (in Polish). 

6. Góra S. 1975. The economy in the electric power 

industry. PWN Warszawa, (in Polish). 

7. Horyński M. 2014. Building automation systems in 

the revitalization of rural space. Logistyka. 06, 4527-

4534, (in Polish). 

8. Horyński M. 2015. Energy security of the smart 

home in the rural space. TTS Technology of the Rail 

Transport. No. 12, 2582-2585. (in Polish). 

9. Horyński M. 2014. The use of wireless technologies 

to modernize the electrical systems in buildings 

agritourism. Motrol. Automotive and energy 

agriculture . No. 1, Vol. 16, 37-41, (in Polish). 

10. Institute for Sustainable Development in cooperation 

with the Institute for Renewable Energy. 2011: The 

http://pub.pollub.pl/zrodla/9455/
http://pub.pollub.pl/zrodla/9455/


8                                                                        M. Horyński, Ja. Majcher 

Power dissipated, Ed. Foundation Institute for 

Sustainable Development. (In Polish). 

11. Janowski T., Holuk M. 2011. The use of Stirling 

engine in micro home. The work of the Institute of 

Electrical Engineering, Volume 249, 117-128 (in 

Polish). 

12. Kacejko P. 2004. Distributed generation in the power 

system, Ed. Lublin University of Technology, (in 

Polish). 

13. Kacejko P. i inni, 2014. Prosumer - friend, enemy or 

just a hobbyist? Energy Market, 5, 83-89 (in Polish). 

14. Kapica J. 2014. Comparison of wind turbine energy 

production models for rural applications. Teka. 

Commission of Motorization and Energetics in 

Agriculture. Vol. 14, No. 3, 37–42. 

15. Kapica J. 2014. Fuel Cells as Energy Storage for 

Photovoltaic Energy Sources in Rural Areas. Teka. 

Commission of Motorization and Energetics in 

Agriculture. Vol. 14, No. 3, 43–46. 

16. Lytvyn V., Oborska O., Vovnjanka R. 2015. 
Approach to decision support Intelligent Systems 

development based on Ontologies. Econtechmod. An 

International Quarterly Journal. Vol. 4. No. 4, 29-35. 

17. Medykovskyj M., Kravchyshyn V., Shunevych O. 

2015. Analysis and modelling of load parameters of 

wind power station. Econtechmod. An International 

Quarterly Journal. Vol. 04, No. 2, 19–24. 

18. Nęcka K., Trojanowska M. 2014. Comparative 

Analysis of the variability of daily Electric power 

loads. Vol. 14, No. 4, 87–92. 

19. The notice of the President of the Agency for 

Restructuring and Modernization of Agriculture of 21 

September 2015 on the size of the average area of 

agricultural land on a farm in each province and the 

average area of agricultural land on a farm in the 

country in 2015, (in Polish). 

20. Poczta W. 2010. The income situation of farmers in 

Poland after accession to the EU and its determinants 

as a condition of development of agriculture. Annual. 

Agri Sciences. G series 97.3, (in Polish). 

21. Romaniuk W., Łukaszuk M., Karbowy A. 2010. 
Potential for development of biogas plants on farms in 

Poland. Problems of Agricultural Engineering, 18, 

129-139. (in Polish). 

22. Rosik-Dulewska Cz. 2006. Basics of waste 

management. PWN. Warsaw, 342, (in Polish). 

23. Sarniak M. 2014. Energy Balance of a Prosument 

Microinverter On-Grid Photovoltaic System. Teka. 

Commission of Motorization and Energetics in 

Agriculture – 2014, Vol. 14, No. 3, 99–102. 

24. Siedliska K. 2014. Photovoltaics – The Present and 

the Future. Teka. Commission of Motorization and 

Energetics in Agriculture. Vol. 14, No. 3, 103–110, (in 

Polish). 

25. Słupik S. 2014. Regional and international economy. 

Prosumer energy and its impact on the electricity 

market. Scientific Papers of the University of 

Szczecin. Studies and works Faculty of Economics 

and Management. No. 37 T.2, 127-136, (in Polish). 

26. Ścibisz M., Pawlak H. 2008. The use of PLC as an 

element of control over technological lines in the agri-

food industry, Agricultural Engineering, 8 (117), 

Cracow, 231-236, (in Polish). 

27. Tevyashev A., Nikitenko G., O. Matviyenko. 2015. 
Optimal stochastic control of the modes of operation 

of the sewage pumping station. Econtechmod. An 

International Quarterly Journal. Vol.4, No.3, 47-55. 

28. The Act of 20 February 2015 on renewable energy 

sources. Journal of the Polish Republic, (in Polish). 

29. Wnuk R. 2007. Installations in a passive house and 

energy-saving. Guide to building, (in Polish). 

30. Zaverbny A. 2013. Peculiarities of development and 

reforming markets of electric energy as one of the key 

energy products in the European Union. 

Econtechmod. An International Quarterly Journal, 

Vol. 2, No. 1, 69–73. 

31. Zimny J. 2010. Renewable energy sources in low-

energy construction. Issue I, WNT, Warsaw, (in 

Polish). 

 

 



ECONTECHMOD. AN INTERNATIONAL QUARTERLY JOURNAL – 2016. Vol. 5. No. 3, 9-18 

 

 
 
 

The variability of mechanical properties of the kohlrabi stalk parenchyma 
 

Agnieszka Starek
1
, Elżbieta Kusińska

2
 

 
1
Department of Biological Bases of Food and Feed Technologies, University of Life Sciences 

Głęboka 28, 20-612 Lublin, Poland 

e-mail: agnieszka.starek@up.lublin.pl 
2
Department of Engineering and Food Machinery, University of Life Sciences 

Doświadczalna 44, 20-280 Lublin, Poland 

 

Received July 04.2016: accepted July 11.2016

 

 
 

Abstract. The paper presents the results of the impact 

of kohlrabi parenchyma sampling site on textural 

properties. Selected texture parameters, i.e. hardness, 

springinees, cohesiveness and chewiness were determined 

by the double compression test TPA. The study was 

conducted on samples taken from well-defined kohlrabi 

layers (upper layer, middle layer, lower layer) and zones 

(A, B, C), because the vegetable's structure is 

heterogeneous. The samples were compressed at the 

longitudinal and transverse orientation of the fibers 

relative to the movement of the working tool. The results 

were statistically analyzed using the program Statistica 

8.0. The research has shown that the place of sampling 

and orientation of the fibers have a significant impact on 

the value of all the kohlrabi texture parameters.  

Key words: kohlrabi, mechanical properties, place of 

sampling 

 

INTRODUCTION 

 

The most important economic sector of food for our 

country is fruit and vegetable processing. Poland 

producing annually about 5-5.5 million tons of vegetables 

is one of the leading producers in the European Union. 

This sector is quite innovative for the products (more and 

more attention is paid to new, tasty varieties or health 

aspects of vegetables). Quality values of the raw materials 

supplies are important for the processing enterprises, 

because they translate directly to the wares quality [4, 17]. 

However, in order to properly process the raw 

material it is necessary to precisely determine its 

mechanical properties. For the determination of 

mechanical properties of materials using the strength 

tests, the compression test is commonly used, because it is 

the closest simulation of biting and chewing. Among the 

many configurations of trials used in compression tests, 

the most frequently-mentioned is the compression 

between parallel plates, i.e. the texture profile analysis 

test TPA (Texture Profile Analysis). The current methods 

of textural analysis, based on fairly advanced technical 

research instruments, allow for an objective assessment of 

the properties of the tested materials [1, 5, 16, 18, 19, 21]. 

Information about the physical properties of raw 

materials, despite extensive research in this area, is still of 

limited value due to the heterogeneity of materials of 

plant origin. Therefore, the characteristics of the raw 

material should take into account the geometrical 

characteristics, surface conditions, moisture, fiber 

orientation and the procedure of sampling, as well as a 

precise description of the process parameters. Moreover, a 

description of the material should contain comprehensive 

data on the growing conditions, varieties, humidity, state 

of maturity and pre-treatment [2, 10, 12]. 

In the publications and studies describing the work of  

vegetable scientists,  only the mechanical properties of 

potato tubers, roots of sugar beet and carrots have been 

subjected to extensive studies and investigations [3, 7, 9]. 

The reports of research on brassica vegetables have 

occurred sporadically. 

Kohlrabi (Brassica oleracea var. gongylodes L.) is a 

variety of cabbage. The edible part is the bulky and thick 

stalk. Kohlrabi is a very valuable vegetable, with high 

nutritional value and taste. It is a source of vitamins B, C, 

K, beta-carotene and minerals (calcium, magnesium, iron 

and phosphorus). In addition, it contains lutein necessary 

for the proper functioning of eyes [8, 15]. A separate 

valuable class of compounds contained in healthy 

kohlrabi are glucosinolates, whose main role is 

detoxification [6, 13, 14]. Kohlrabi as a vegetable belongs 

to the group rarely causing allergies, and so is suitable for 

administration to children from six months of age. 

Kohlrabi is especially recommended for diabetics, 

patients with hypoglycemia and atherosclerosis, due to the 

slow process of raising blood sugar levels, while having 

low calorific value [11, 20]. 

The studies of kohlrabi, in addition to the high 

cognitive value, are also significant for practical 

applications.  

The aim of the study was to determine the 

mechanical properties of the kohlrabi parenchyma 

samples taken from particular places with clearly different 

structure and compressed along the longitudinal and 

transverse orientation of the fibers. 
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MATERIALS AND METHODS 

 

The raw material used for the study was kohlrabi of 

Kossak variety. The research material was taken from the 

second day after the date set for the seventh day. The 

vegetables were stored in a ventilated place at the 

temperature of 4°C and  relative humidity of 95%. The 

shape of the stalk was similar to round of an average size 

of 9 ± 0.5 cm. 

Due to the different and heterogeneous structure of 

kohlrabi, the cutting of samples for testing was performed 

in a specific way. 

Figure 1 shows the appearance of the structure of 

vegetables after cutting a) along the length and b) across 

the fibers and the place of samples' cutting. 

 

 

a) 

 

b) 

                                             

Fig. 1. Structure of kohlrabi tissue after cutting: a) along the length, b) across the fibers 

 

It was assumed that kohlrabi stem is symmetric along 

the y-axis. The figure above shows that the structure of 

the raw material is heterogeneous. The vegetable has 

coriaceous fiber layers which are separated by a soft 
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parenchyma. In the illustrated kohlrabi longitudinal 

section (Fig. 1a) the high density of fibers in the lower 

layer and the cross-section is evident, which is illustrated 

by the radial fiber distribution (Fig. 1b) in the middle of 

the vegetables and the rind. 

The samples were prepared in the following way: 

each vegetable was partitioned into three layers (upper, 

middle and lower) with the thickness of 15 mm. Then, 

from each layer  cuboids were cut out with the dimensions 

of 45x15x15 mm, which were partitioned into three zones 

A, B and C (15 mm wide). This resulted in the  cubes of 

15 mm sides. To ensure the accuracy of cutting, the 

samples were prepared by means of a metal plate with 

four parallel-spaced knives with 15 mm spaced blades. In 

order to be able to carry out mathematical statistical 

analyses, the location of the centers of respective samples 

was located. The coordinate system x-y was assumed, 

which crossed at the point 0. The y-axis coincided with 

the vertical axis of the zone A, the x-axis with the 

horizontal axis of the middle layer. Vertical axis tests were 

located in the zone B and C of y-axis, spaced respectively 

15 and 30 mm, and the horizontal axes samples from 

upper and lower layers were spaced  15 -15 mm from the 

axis x. Coordinates x and y were related to the middle of 

cubes. 

The double compression test TPA was conducted in 

the texturometer TA.XT plus Stable Micro Systems, 

cooperating with a computer having the Texture Exponent 

32 software, using the nine samples in the form of cubes 

with the side length 15 mm of the ten roots at the 

longitudinal (sample a) and the transverse (sample b) fiber 

arrangement (Fig. 2). 

Each tested specimen was compressed by a 25 mm 

cylindrical tester up to 50% of its initial height. The test 

speed was 0,83 mm s
-1

. 

 
Fig. 2. The layout scheme of  TPA testing 

 

The analysis of the measurements in the form of 

texturograms in two coordinate force deformations 

allowed to determine the parameters of texture (Fig. 3). 

Following the example of part of the research work 

[9, 12, 18, 21] and the popularity of units used in the 

processing industry, the following determinants of 

textures and units were determined: 

- hardness H (N): first compression 

maximum force, 

- springiness (-): expressed as the 

material's ability to regain its initial dimensions, which is 

described as second-to-first deformation ratio 

(Spr=L2/L1), 

- cohesiveness (–): characteristics of 

product integrity expressed by internal cohesive forces, 

which is described as deformation work at second-to-first 

cycle ratio (Coh=W2/W1). 

- chewiness Ch (N): expressed as the force 

needed to chew a piece of particular food structure to the 

form which is ready to swallow, which is described as 

multiplication of hardness, cohesiveness and springiness. 

The graphic presentation of double compression test is 

shown in Fig. 3. 

 

 

Fig. 3. Example of a graph obtained in the double compression test (TPA)
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The results were statistically analyzed using the 

statistical package Statistica 8.0. In order to investigate 

the significance of differences between the site and 

download the various determinants of texture, the 

multivariate ANOVA test was conducted. Inference was 

made with the significance level of 0.05. A detailed 

analysis of medium confidence intervals was made using 

Tukey's test. Using the regression analysis, equations 

were derived that describe the texture parameters 

depending on the place of sampling and arrangement of 

fibers. 

RESULTS AND DISCUSSION 

 

The results of measuring the impact of the kohlrabi 

parenchyma sampling obtainment place on the 

determinants of texture are shown in Figures 4 - 7. 

Various letters included in the average values in the 

graphs indicate the occurrence of significant differences 

between them. 

a) b) 
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Fig. 4. Dependence of kohlrabi parenchyma hardness on the place of sampling at: a) the longitudinal  

b) transverse fibers orientation 

 

One of the parameters determined by the 

compression tests was the kohlrabi parenchyma hardness 

(Fig. 4). The conducted statistical analysis showed a 

significant effect of obtainment sites on the hardness of 

the samples arranged along and across the fibers. The 

highest hardness was observed in samples taken from the 

lower layer of parenchyma in the zone A, the maximum 

value of the determinant was 215.61 N. The hardness of 

the samples  from the upper layer of the zone B was about 

68% lower. It was also significantly influenced by the 

direction of the fibers in the kohlrabi parenchyma (Fig. 5). 

At the same measurement sites but for the raw material 

arranged across the fibers it was observed that the 

differences in the values were much smaller. The largest 

and lowest values amounted to 155.77 N and 115.66 N. 

This is due most likely to a different arrangement and the 

course of the fibers in the kohlrabi parenchyma. The 

obtained results clearly show that in each case the raw 

material had the highest hardness in the zone A, which is 

located in the vegetables core. 
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Fig. 5. The Tukey significance of differences between the hardness of the kohlrabi parenchyma samples taken from 

specific places along the longitudinal and transverse direction of the fibers 
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a) b) 

 
 

Fig. 6. Dependence of kohlrabi parenchyma springiness on the place of sampling at: a) the longitudinal b) transverse 

fibers orientation 

 

Another characteristic determined during 

compression testing was springiness of the material (Fig. 

6). The highest value of the parameter was observed in 

the samples placed along the fibers in the upper kohlrabi 

layer. The measurement results were as follows: for the 

samples taken from the core (zone A) the value of 

springiness amounted to 0.55, zone B - 0.6 and for the 

material placed the closest to the kohlrabi peel (zone C) - 

0.54. Arrangement of parenchyma samples across the 

fibers caused a reversal of the trend in changes in the 

springiness of  kohlrabi tissue. The values of this 

parameter for the samples located in the upper layer 

ranged from 0.57 - 0.58. The highest springiness was 

observed in transversely arranged samples, obtained from 

lower layer parenchyma of the vegetables. The values 

determined for zones A, B and C were, respectively, 0.59, 

0.65 and 0.64. Figure 7 shows the average values of 

springiness of the fibers according to the indication of 

homogeneous groups (p ≤ 0.05). The results of 

calculations indicate that, in most cases, the parameter 

values do not differ significantly. 
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Fig. 7. The Tukey significance of differences between the springiness of the kohlrabi parenchyma samples taken from 

specific places along the longitudinal and transverse direction of the fibers 
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a) b) 

  
Fig. 8. Dependence of kohlrabi parenchyma cohesiveness on the site of sampling at: a) a longitudinal  

b) transverse fibers orientation 

 

It was observed that the cohesiveness (Fig. 8) 

kohlrabi parenchyma was highest for samples coming 

from the lower layer of the zone A. The value of the 

determinant of the longitudinal orientation of fibers 

kohlrabi was 0.16, and the transverse was 11% lower. The 

lowest value of the properties observed during 

compression of the parenchyma arranged across the fibers 

of the upper layer zone B. Cohesiveness of the 

parenchyma samples taken from this location amounted 

0.08. The results shown in Figure 9, which shows the 

mean values cohesiveness with their associated 

homogeneous groups (p ≤ 0.05) indicates that the 

orientation significantly influence its cohesiveness. The 

greatest difference in the values observed for the raw 

tissue taken from upper layer of the zone A. The 

cohesiveness average value of the parenchyma samples 

arranged in the longitudinal direction was 0.16 and 0.11 in 

the transverse direction. 
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Fig. 9. The Tukey significance of differences between the cohesiveness of the parenchyma kohlrabi samples taken 

from specific places along the longitudinal and transverse direction of the fibers 
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a) b) 

  

 

Fig. 10. Dependence of kohlrabi parenchyma chewiness on the place of sampling on: a) the longitudinal  

b) transverse fibers orientation 

 

The chewiness of kohlrabi parenchyma (Fig. 10) 

located along fibers showed the highest values for the 

lower layer in zone A - 19.82 N, and the lowest in the 

upper layer of the zone B, where the value was 75%. In 

all the cases, the lowest chewiness was observed for zone 

B. The lowest value (4.9 N) of the determinant was 

observed in the upper layer, at the longitudinal orientation 

of fibers. Using the significance of differences Tukey test 

the values were calculated for most of the resulting 

statistically significant differences between  kohlrabi 

tissues arrangement in the longitudinal and transverse 

orientation (Fig. 11). For the samples of material taken 

from zone A of the upper layer (sample compression 

along the fibers) the determinant value was12.88 N, 11.82 

N for the middle layer and for the samples from the 

lowest layer kohlrabi - 19.82 N. At the transverse 

orientation of the fibers the parameter's values were lower 

by, respectively, 33%, 12% and 35%. 
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Fig. 11. The Tukey significance of differences between the chewiness of the parenchyma kohlrabi samples taken from 

specific places at the longitudinal and transverse direction of the fibers 
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Table 1 shows the regression equation describing the 

effect of the measurement place on the various texture 

determinants of kohlrabi parenchyma.  

The distance from the x and y had a significant 

impact on the value of individual texture determinants. 

 

Table 1. The regression equations and coefficients of determination R
2
 describing texture determinants of kohlrabi 

parenchyma of the longitudinal and transverse fibers orientation depending on the place of sampling 

Texture 

parameters 

Fiber 

laying 
Regression equation 

Coefficients of 

determination R
2 

Hardness  

[-] 

longitudina

ll 
H= 0,21 x

2
+0,098 y

2
− 6,918x−2,553 y+158,632  

❑❑2,553 y+173,425  

0,868 

transverse H= 0,073 x
2
− 2,5 x− 0,754 y+147,778  0,592 

Springiness 

[-] 

longitudina

l 
Spr=−0,000183 y

2
+0,606  0,725 

transverse Spr=−0,003 y+0,573  

 

0,742 

Cohesiveness 

[-] 

longitudina

l 
Coh= 0,000067 x

2
+0,0001 y

2
−0,0027 x− 0,00038 y+0,132

 

 

0,699 

transverse Coh= 0,000079 x
2
− 0,003x− 0,001 y+0,124  

 

0,79 

Chewiness  

[N] 

longitudina

l 
Ch= 0,02 x

2
+0,013 y

2
−0,707 x− 0,249 y+12,929  

 

 

0,872 

transverse Ch= 0,01 x
2
− 0,319x− 0,173 y+10,648  

 

0,772 

where: x - distance measuring point from axis of ordinates [mm], and y - distance measuring point from abscissa [mm]. 

 

The equations are valid for the values of x (in the 

range of 0 ‚ 30 mm) and y (in the range of -15 to 15 mm) 

and are designated at the level of significance of 

differences α≤ 0.05. 

 

CONCLUSIONS 

 

1. Place of the sampling and orientation of the 

kohlrabi parenchyma fibers had a significant impact on 

the value of texture determinants. 

2. Hardness and chewiness of kohlrabi parenchyma 

were the highest in the lower layer and the lowest in the 

upper layer. In the case of samples compression, higher 

values of hardness and chewiness were observed at the 

transversal than the longitudinal fiber section. 

3. Kohlrabi cohesiveness showed the lowest value 

in the zone B and they were higher during the 

compression od fibers placed in the longitudinal direction 

than of the transverse ones. 

4. Morphological heterogeneity of kohlrabi cause 

variation of mechanical properties during the compression 

test. 
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Abstract. Communication infrastructure of vehicles 

sub-assemblies has undergone three phases of 

development. The first phase was initiated by the need to 

reduce emission levels. The function of vehicle sub-

assemblies health monitoring was introduced 

simultaneously. This phase took place in the 70s and 80s 

of the 20
th

 century. The second phase was focused on the 

elimination of redundant sensors and implementation of 

new functions of the vehicle. This phase has been 

particularly noticeable since the beginning of the 21
st
 

century. At the moment, there are 2 directions of 

development. On the one hand, the works are being 

continued in the scope of autonomous movement of 

vehicle and, on the other hand multimedia solutions are 

being introduced in order to make the time spent in a 

vehicle more attractive (multimedia, the Internet, …). 

The present study is focused on the mechanisms of 

protection applied in communication protocols used in 

vehicles. Furthermore, it contains the classification of 

communication methods, characteristics of the basic 

methods of protection incorporated in the described 

protocols and the practical cases of security breach. 

Therefore, it is possible to answer the question why it is 

possible for third persons to interfere into the 

communication network of a vehicle and to indicate 

potential methods of protection against the functioning 

disturbance in such communication networks. 

Keywords: Vehicle Communication Protocol, 

Protocol Safety. 

 

INTRODUCTION 

 

Communication systems of vehicles sub-assemblies 

have undergone three phases of development. The first 

phase was initiated by the United States Congress which 

approved „Clean Air Act‖ and established Environmental 

Protection Agency (EPA) in 1970. The principal goal of 

legislator was to reduce emission levels. As a result of 

introduction of „Clean Air Act‖ two new functions have 

been introduced by motor vehicles manufacturers. On the 

one hand, the manufacturers commenced to provide motor 

vehicles with controllers ensuring reduction of emission 

levels. Simultaneously, they also commenced to install the 

sockets enabling the diagnostics of vehicle condition in a 

manner independent on the manufacturer. 

The second phase of communication networks 

development was focused on the elimination of redundant 

sensors and implementation of new functions. As a result 

of the elimination of redundant sensors, it was possible to 

reduce the costs of motor vehicle production. Another 

effect is the introduction of multiple driver assistance 

systems e.g. Anti-Lock Braking System (ABS), Electronic 

Stability Program (ESP) or Acceleration Slip Regulation 

(ASR). Increased performance of electric and electronic 

systems (micro-controllers) combined with reduced prices 

resulted in the introduction of new functions, i.e. 

temperature measurement in multiple points of vehicle 

cabin, introduction of several airbags, possibility to adjust 

the settings of air-conditioning, seats or mirrors by means 

of pushbuttons.  

Currently, 2 directions of development are visible. On 

the one hand, the works are continued in the scope of 

autonomous movement of a vehicle and, on the other 

hand multimedia solutions are introduced in order to 

make the time spent in a vehicle more attractive 

(multimedia, the Internet, …). The commonly used 

parking assistant enables parallel parking without 

touching the steering wheel. The scope of other driver 

assistance systems encompasses forward collision 

warning, lane depth warning, auto steering road edge or 

pedestrian detection [20]. Less known is the more 

advanced BMW solution „Remote Valet Parking 

Assistant‖ enabling autonomous travel of a parked vehicle 

to the driver or automatic parking without the driver 

presence in a motor vehicle [10, 37]. Complete or partial 

hands-off solutions are applied in Google and Audi motor 

vehicles. At the time of this writing, autonomous travel of 

Audi vehicle on highways was equal to almost 1000 km 

[10]. The travel of autonomous Google motor vehicle has 

been equal to about 2 million kilometers [18]. Google 

motor vehicle seems to be the closest to introduction to 

everyday use. Mr. Stanley from Stanford University, a co-

author of the autonomous vehicle, was the first manager 

of the autonomous vehicle construction project. Stanley 

vehicle won the first competition for the autonomous 

vehicle construction arranged by United States 

Department of Defense (DARPA). The first winner of 

DARPA competition in the year 2005 and Google motor 

vehicle in the year 2016 is illustrated in Fig. 1 [28]. As a 

result of dynamic development, communication networks 

previously dedicated for various applications are applied 

in the same motor vehicle. 
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Fig. 1. The first model (2005) and actual prototype Google motor vehicle (2016) [16, 28] 

 

AUTOMOTIVE NETWORKS AND PROTOCOLS 

 

Before the introduction of data bus communication 

into a motor vehicle, data exchange was carried out on the 

basis of simple cable connections between sensors and 

actuators of the vehicle as well as signaling devices and 

switches accessible to the driver. Initially, 3 classes of 

protocols (A, B, and C) were introduced by SAE J1850 

standard which were dedicated to various applications 

between 10 Kbps and 1 Mbps [6, 24, 36]. As early as at 

the start of the 21st century, the protocols with higher 

complexity and data baud rate marked as C+, D or 

Infotaiment began to be used [3, 6, 22, 32, 34]. The 

structures of every currently manufactured vehicle 

incorporate simple A class networks (LIN – Local 

Interconnect Network), as well as D class networks 

(Medium Oriented System Transport), as illustrated in 

Fig. 2. 

 

 
Fig. 2. Conventional communication infrastructure of 

motor vehicle sub-assemblies [3] 

 

The diagram of communication infrastructure of 

higher class vehicles is shown in Fig. 3. The diagram 

illustrates the majority of conventional communication 

networks from Fig. 2 and additional communication 

systems. The additional communication systems can be 

subdivided into two groups. The first group is represented 

by FlexRay protocol. This group consists of protocols 

dedicated for automotive sector applications. The 

representatives of the second group are show in Fig. 3 in 

the vicinity of Telematics Head Unit (THU). Often, they 

are solutions associated with typical IT technology i.e. 

Ethernet network, WLan (Wireless LAN), USB 

(Universal Serial Bus). This group is supplemented with 

the solutions enabling the access to mobile telephony 

networks or to Global Navigation Satellite Systems e.g. 

GPS (Global Positioning System). Their task is to make 

vehicle use more comfortable through facilitated vehicle 

driving (GPS), communication (mobile telephony 

networks and Bluetooth), multimedia data exchange and 

entry into motor vehicle from portable devices and the 

Internet. 

 

 
Fig. 3. Example of an advanced communication 

infrastructure of vehicle sub-assemblies [3] 

 

Elements of communication structures illustrated in 

Fig. 2 and Fig. 3 are characterized by a high variety of 

communication methods. A single motor vehicle contains 

„slow‖ protocols enabling an exchange of small messages 

between a precisely defined number of motor vehicle sub-

assemblies (e.g. LIN protocol). On the other hand, the 

multimedia devices can communicate with unknown 

external multimedia sources (e.g. Wireless LAN) in a fast 

and wireless mode. The vehicle communication structure 

integrates the systems dedicated for motor vehicle sub-

assemblies control (e.g. FlexRay protocol) and general 

type systems (e.g. Universal Serial Bus). 

The dynamic development in the scope of networks 

and protocols dedicated for various applications is 

reflected in the diversified architecture of protocols. Fig. 4 

illustrates the basic layer structure based on ISO-OSI 

model and accompanied by selected structures applied in 

case of MOST (Medium Oriented System Transport), 

CAN (Controller Area Network) and Bluetooth protocols. 

In case of protocols it is not necessary to specify and  use 

all the layers. In case of a protocol serving a single and 

separated network segment, there are no communication 

problems between modules regardless the incomplete 

description of protocol. A diversified structure of many 

motor vehicles network would require consistency 

between the protocols, for instance consisting in similar 

security levels to be ensured in individual layers. Stacks 

of protocols illustrated in Fig. 4 confirm that various 

solutions are applied in practice. There are protocols 

defined in all the 7 layers of ISO-OSI model (e.g. MOST) 



THE SAFETY OF MODERN AND TRADITIONAL COMMUNICATION PROTOCOLS IN VEHICLES    21 

as well as protocols defined in only one physical layer 

(e.g SAE J1850 PWM - Pulse Width Modulation and 

SAE J1850 VPW - Variable Pulse Width) or in several 

layers – physical layer and data link (e.g. CAN). 

Diversified communication methods within a motor 

vehicle are caused by the absence of any technical 

guidelines in the scope of communication in the initial 

period of data bus development; only expected emission 

levels and types of data accessible by means of diagnostic 

equipment were determined by the legislator. The current 

problems result from the necessity to make the product, 

i.e. a motor vehicle, more attractive and to immediately 

introduce digital technique solutions which could be 

unsuitable for motor vehicles. Software errors in 

―household‖ computers can be eliminated through 

corrections of successive program versions but software 

errors in motor vehicle controllers may lead to collisions 

and accidents. 

 

 
Fig. 4. Layers in the ISO-OSI model and layers in selected communication methods [13, 34] 

 

Examples of communication structures of motor 

vehicles information network illustrated in Fig. 3 and 4 

are associated with more than ten protocols and networks. 

The characteristics of the 3 selected data buses and 

protocols representative for networks in A, B and C 

classes are presented below. 

 

LIN Bus. LIN bus/ protocol (Local Interconnect 

Network) depending on the baud rate (between 1 and 20 

Kbps) can be classified in A or B protocols class. Its first 

practical implementation took place in 2001. LIN is 

applied in BCM (Body Control Module) as illustrated in 

Fig. 3. It is also applied in control and adjustment systems 

for windows, seats, doors and mirrors [34, 38]. 

 
Fig. 5. Single-wire implementation of LIN cluster [23, 

32] 

 

LIN bus is operated in single-wire implementation 

configuration. Maximum 16 nodes can be attached to a 

single wire bus. The bus should not be longer than 40 

meters. Single-wire implementation incorporates a master 

node and up to 15 slave nodes. Such an arrangement is 

called cluster (Fig. 5). 

The functioning of the whole cluster is based on one 

or more‖schedule tables‖. A ‖schedule table‖ contains the 

list of successive orders including the time and conditions 

of their transmission by the master node. Communication 

of cluster nodes is initiated by the master node in 

accordance with the ―schedule table‖. The cluster nodes 

use messages (frames) with the structure shown in Fig 6. 

The frame is divided into two parts. The first part called 

the header contains an identifier i.e. a number to which 

slave node activity is assigned. Responding to the 

identifier, the slave node may: a) receive and complete the 

order of master node which is contained in „response‖ 

part, b) send data determined by means of the identifier in 

„response‖ part to the master node, c) receive the data 

determined by means of the identifier from another slave 

node. 

 
Fig. 6. LIN message frame [23, 34] 

 

Commands of a master node contained in the 

identifier in the header are secured by means of two 

additional check bits. Data transmitted to and from a slave 

node in response are secured by means of an additional 

byte of checksum. In later protocol versions it is possible 

to enter an additional bit confirming the correctness of 

data receipt. There are no advanced mechanisms of data 

protection in the course of a normal operation of LIN 

network cluster. In case of identifier or data bytes error 

detected in the frame, such frame is ignored. In case of 

lack of declared additional checking procedures, the 

headers and data with incorrect checksums will not be 

identified by the cluster. The cluster area does not contain 

any mechanisms verifying whether the received frame has 

really originated in the master node. Each node which is 
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physically connected to the bus line is able to generate 

messages disturbing the operation of the whole cluster. An 

external device connected to the diagnostic port is able to 

generate messages for LIN cluster by means of a gateway. 

The lack of nodes authentication is one of the reasons of 

LIN bus use in the systems in which high security level is 

not required. 

CAN Bus. Currently, Controller Area Network shall 

mean the communication protocol, data bus, 

communication method. Originally, CAN was developed 

as the communication protocol. It has been introduced for 

the first time in the year 1991. CAN protocol specification 

describes Data Link Layer only (Fig. 4). Due to its 

common application on the market, multiple CAN 

specifications occurred in the physical and application 

layer. Therefore, CAN can be applied as B and C class 

protocol. Unless significant transmission rate is required, 

it is possible to use the CAN described in ISO 11898-3. In 

such case, the bandwidth is lower than 250 Kbps. High 

Speed CAN described in ISO 11898-2 is used in the 

systems with the bandwidth reaching 1 Mbps. Additional 

descriptions introduced by ISO standards mainly relate to 

the physical layer requirements enabling to achieve the 

required rate of data exchange [3, 30, 31, 36,38]. On the 

other hand, CAN has been extended by the description of 

functioning in the application layer and DeviceNet, 

CANOpen and CAN Kingdom specifications have been 

created. 

In most cases, CAN bus is built in the form of 

double-wire implementation (Fig. 7). Linear and star 

topology is applied. Linear bus topology is commonly 

used in motor vehicles (Fig. 7). The number of nodes 

connected to the bus is limited by electric parameters 

only. The bus is operated in a multi-master mode i.e. the 

priority of all the nodes is identical. There are no master 

and slave nodes like in the case of LIN bus. All the nodes 

can commence transmission at the same time. All the 

nodes can access the data transmitted by the bus.  

 

 
Fig. 7. Double-wire implementation of CAN Bus [13, 32] 

 

Access to data is controlled by arbitration field of 

CAN message frame (Fig. 8) [33]. In case of 

simultaneous start of transmission by several nodes, the 

transmission is continued by the node with greater 

number of prevailing bites in the arbitration field of CAN 

message frame. Such a mechanism of the access to CAN 

bus makes it possible to easily attach new nodes. When 

entering new messages and new frames, it is only required 

to avoid collisions with previously used messages. 

 

 
Fig. 8. CAN message frame [3, 31] 

 

There are several mechanisms ensuring security 

within CAN network. Two methods are used to reduce 

errors level in the physical layer. Node transceivers are 

capable to check the bits emitted and present on the bus. 

In case of non-conformity of the bit emitted and present 

on the bus, transmission error is detected. In order to 

avoid bus saturation condition, „bit stuffing‖ mechanism 

has been introduced. When five identical bits are 

transmitted to the bus successively, the sixth bit is 

automatically transmitted as an opposite bit and 

automatically eliminated by the receivers. The occurrence 

of six identical bits despite destuffing will automatically 

result in the detection of transmission error. Frame 

structure makes it possible to introduce four additional 

methods of errors detection (Fig. 8). DLC field indicates 

the length of data contained in Data Field. CRC field 

makes it possible to enter checksum consisting of 15 

fields for data from Data Field. Inconsistency of sums in 

the transmitting node and receiving node will result in the 

transmission of CRC error to the bus. The acknowledging 

of a bit in ACK field transmitted by the frame recipient 

will assure the sender that the transmission has been 

effective. CAN protocol frame has a constant format 

(equal sizes of fields in the frame). In case of a non-

conformity of the bits number with the assumed ones, 

―frame error‖ will be generated by any frame recipient. 

Presented characteristics of CAN bus and protocol 

may indicate a high CAN resistance to errors. The 

estimated number of non-detected errors in relation to the 

number of bytes transmitted included between 10
-11

 and 

10
-6 

[35, 35]. The presented mechanisms do not protect 

against the introduction of any unknown nodes and 

additional messages to the bus if the new messages will 

conform to the required frame format. We could easily 

imagine that there is a node which will monopolize the 

bus through continuous transmission of top priority 

messages.  

 

FlexRay Bus. FlexRay bus is the latest solution 

dedicated to motor vehicles communication networks 

which has been applied in practice. The purpose of 

FlexRay Consortium established in the year 2000 was to 

develop a solution enabling the communication with a 

rate higher than in the case of CAN bus and 
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simultaneously ensuring higher security. The bus is 

mainly dedicated for the supporting of driving systems 

and active safety systems [3, 38]. 

The bus can be operated in point – to point topology, 

star topology, active star topology and hybrid topology, 

constituting the combination of 3 preceding topologies. 

Each node can support 2 communication channels. 

Depending on the applied interface, data transmission is 

possible by means of 2 wires or fibre optic link. Each 

channel supports a bandwidth from 10 Mbps. Therefore it 

is possible to achieve data exchange rate of 20 Mbps or to 

have a reserve communication channel. The connection 

between the nodes should not exceed 24 meters. 

The nodes communicate by means of frames with the 

structure presented in Fig. 9. This structure is similar to 

CAN protocol frame structure. In this case it is also 

possible to detect errors at the frame structure level. 

Frame ID indicates frame location in communication 

cycle. „Payload length‖ field contains the information on 

utility data. The header and data are secured by means of 

checksums.

 

 
Fig. 9. FlexRay frame format [8] 

 

In case of FlexRay, the control of access to the bus 

combines the methods applied in LIN and CAN buses. 

The communication cycle can be subdivided into 4 

segments: static, dynamic, symbol window and network 

idle time. Fig. 10 illustrates a communication cycle 

without „symbol window‖. In the static part, the nodes 

can transmit data in time slots precisely determined for 

them (like in case of LIN). In the dynamic part, the nodes 

communicate depending on their priorities (like in case of 

CAN). This communication method enables a 

deterministic data transfer, simultaneously ensuring quick 

support in case of unexpected events. 

 

 

 
Fig. 10. Bus guardian communication schedule with static and dynamic segment [7] 

 

Bus Guardian module presence in the bus controllers 

is essential for security assurance [7]. The task of this 

module is to permit the controller to communicate only in 

the slots assigned to this controller in communication 

cycle. Therefore, the possibility of communication 

disturbance by a single controller on the whole bus is 

excluded. Additionally, in case of active star topology, it 

is possible to cut off nodes or network segments 

generating interfering signals. Owing to these features, 

FlexRay bus is the fastest and most secure communication 

bus from among the buses described herein. 

 

PRACTICAL VIOLATION OF SECURITY 

 

The three most common data buses used in motor 

vehicles and described in the preceding chapter are based 

on protocols which seem to be resistant to errors to a 

various degree. The present chapter contains the 

descriptions of practical experiments consisting in 

cracking into communication systems in vehicles, 

descriptions of methods used to disturb the operation of 

sub-assemblies being the elements of the communication 

network of a motor vehicle. 

Disturbance of motor vehicle functioning by OBD 

diagnostic port. OBD diagnostic port is an element 

installed in each manufactured vehicle. Pursuant to ISO 

15031-5, diagnostics tester connected to this port can be 

operated in 9 modes. Most frequently, modes 3 and 4 are 

most commonly used in vehicle servicing. The modes 3 

and 4 consist in reading and deleting permanent defects 

recorded in the controller. Simultaneously, there are 

operation modes making it possible to obtain the 

information on the current parameters of the driving 

assembly and to take over the control in order to check 

the correctness of its operation. Additionally, SAE J2534 

and ISO 23248 standards define the manner of controllers 

reprogramming by means of diagnostic protocols [38]. 

This property is used by a person who wants to disturb 
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motor vehicle operation. False data frames supplied by 

means of a diagnostic port are not distinguished from 

frames generated by the vehicle network nodes. 

Obviously, there is a problem of physical access to the 

vehicle in order to make the connection to OBD 

diagnostic connector. Therefore, malice reprogramming is 

possible only in the case of the vehicle owner's absence. It 

is unnecessary to use any special diagnostic tester for 

reprogramming. It is possible by means of software 

running on PCs communicating with OBD system by 

means of RS, USB port, Bluetooth network and WiFi. A 

potential impact on the functioning of motor vehicle 

controllers has been reported many times [4, 15, 19]. It 

was also possible to modify the controllers functioning in 

the course of a vehicle's motion [19]. 

Software change by means of multimedia system 

elements. One of the elements of Medium Oriented 

System Transport shown in Fig. 2 and Fig. 3 is often used 

as CD or more frequently DVD player. In order to 

improve the functionality of players, their manufacturers 

make it possible to update firmware. A properly prepared 

CD or DVD disc makes it possible to change the player 

software without the awareness of user. As in the case of 

―household‖ players, in selected models update process is 

triggered by pressing of indicated combination of buttons 

or updating is carried out automatically [25, 26]. The 

compromised player constituting an element of MOST 

bus is still able to affect the multimedia system elements 

which are frequently used to establish phone, Internet and 

Bluetooth connections. Changed software can disturb on-

board networks systems if it is permitted by multimedia 

network gate. 

Local and remote breaking into vehicle. Variable 

coding is applied in the central lock systems of vehicles. 

Therefore it is impossible to open the motor vehicle by 

means of a known intercepted code. „Man-in-the-middle‖ 

attack carried out by an expert in the scope of IT security 

proved that all the locks with radio pilots are insufficient 

protections [9]. Samy Kamkar built RollJam device (Fig. 

11). RollJam incorporates three antennas. Two antennas 

are used to disturb the key fob (remote control) signal and 

the third antenna intercepts this signal at each button 

pressing. The first key fob signal is intercepted and 

recorded but not received by the receiver in the vehicle. 

When the second signal is transmitted, the first recorded 

signal opening the locks is transmitted by the device. The 

second recorded signal can be used for locks opening in 

future [9, 12]. Remote attack methods are based on 

Telematic systems of exclusive vehicles. The thief 

knowing the vehicle data and the manner of owner’s 

verification can establish phone connection with vehicles 

fleet management centre and enforce the vehicle opening 

in remote mode. Another method of vehicle protection 

consists in keyless systems and immobilizers based on 

RFID technology. Practical tests proved that it is possible 

to build a device effectively simulating RFID transponder 

operation. In executed tests, apart from the immobilizer 

blocking removal from the vehicle, it was possible to 

make the payments verified by means of the device using 

RFID transponder [1]. 

 

 
Fig. 11. Universal ―remote control‖ – RollJam (on the 

left) [11]. Hardware platform for the false GPS transmitter 

(on the right) [15] 

 

Attack on Bluetooth network. Bluetooth Network 

support is included in Infotaiment and Cockpit 

Electronics system (Fig. 3) of each currently 

manufactured vehicle. The task of Bluetooth interface is 

to ensure short range wireless communication for 

personal devices. The present version of standard 1.0 with 

the bandwidth of 15 Kbps has been upgraded to version 

4.2 in December 2014. Multi-functionality of Bluetooth 

has been reflected in the complex structure of protocols 

stack illustrated in Fig. 4 and consequently in increased 

sensitivity to external attacks. The following types of 

attacks have been reported in the course of Bluetooth 

development: 

- Bluebug – establishing of connections, sending of 

SMS messages, acquisition of information from the 

device (e.g. directory) without the user’s awareness [29]; 

- Bluesnarf – acquisition of information e.g. address 

directory, photos, schedule from a device with Bluetooth 

interface [14]; 

- Bluejack – spam transmission / received in the form 

of visit cards from the devices within radio range after the 

receipt of properly prepared visit card [29]; 

- Car whispering – voice interception and sending to 

car kits or audio devices [14, 27, 29]. 

The described attacks has been eliminated by later 

version of protocols in Bluetooth protocols stack, 

authentication mechanism has been corrected and PIN 

codes have been made longer. However, it is still possible 

to listen to a non-encrypted transmission or to record an 

encrypted transmission in order to decrypt this 

transmission later. An active Bluetooth interface will be 

exposed to „Big POLL‖ attack consisting in continuous 

responding to POLL packages transmitted by an attacker 

preventing the devices switchover to low power sleep 

mode [29]. 

Attack on satellite navigation system.  GPS system 

considered the first generally accessible navigation 

system achieved its full functionality in the year 1993. 

This navigation system facilitates motor vehicle driving 

performing the role of dynamic chart, facilitates vehicles 

fleet management and supports the localization of stolen 

vehicles. Navigation signal disturbance practically makes 

the vehicle motion impossible. The disturbance of satellite 
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signal seems to be impossible. In practice, GPS receiver 

prefers the strongest satellite signal. However, a portable 

transmitter built in the year 2008, is capable to generate 

information about erroneous position (Fig. 11) [5, 15]. 

Such device is not capable to disturb the signal for fast 

moving car but is capable to affect the determination of 

the route for a parked autonomous vehicle. The presence 

of such transmitter sending ―own‖ GPS signal can 

mislead the systems localizing stolen vehicles. It is hard 

to determine the behaviour of Web VANET network in 

case of occurrence of a vehicle with deformed position 

coordinates [17]. 

Remote taking control over vehicle. Charlie Millerand 

Chris Valasek are the leading specialists in the scope of 

intrusions into voice and data transmission networks of 

motor vehicles [9]. Initial attempts of such intrusions 

required cable connection with vehicle network. In case 

of later attempts it was possible in remote mode. A 

documented attack was carried out to Jeep vehicle. This 

vehicle was connected with the Internet via UConnect 

system. Physical connection of UConnect is possible by 

means of mobile telephony services provided by Sprint 

company. On the basis of query directed by means of 

browser it was possible to localize IP address of motor 

vehicle in Sprint network. Due to a gap in vehicle 

software it was possible to change firmware of a chip in 

the vehicle entertainment system. After chip 

reprogramming to was possible to complete remote 

commands and to take the control over a majority of a 

vehicle's sub-assemblies i.e. steering and breaking system, 

air – conditioning and central lock  [9, 11]. In this case, 

the attack was possible thanks to erroneous software. 

Therefore it can be classified as the attack to application 

layer. Remote attack was possible via the link of Spring 

mobile telephony and Wi-Fi network. This gap has been 

eliminated from 1.4 million vehicles through software 

updating. 

 

CONCLUSIONS 

 

Owing to the solutions reducing emission levels, 

improving safety and comfort of the driver and 

passengers, the problems associated with vehicle failures 

are concentrated on electronic systems as well as data 

processing and transfer systems. Striving for higher 

comfort and autonomous vehicle motion will intensify the 

problems associated with on-board computer systems 

installed in motor vehicles. On the basis of presented 

functioning analysis for selected communication buses 

and documented cases of the influence on data exchange 

influence in vehicles, the following conclusions can be 

drawn: 

1. Protocols and data buses of motor vehicles are 

characterized by functionality assumed by their authors. 

The protocols ensure transmission security and rate in 

accordance with the corresponding classes. They have not 

been designed in terms of intentional interferences caused 

by third persons.  

2. Newer communication protocols (e.g. FlaxRay) are 

provided with mechanisms increasing their reliability and 

security of use (redundant communication channels, 

increased bandwidth, bus access control by Bus Guardian 

module). 

3. Dynamic development of automotive industry is 

the source of potential disturbances in data exchange 

systems operation. Therefore, several electronic, 

mechatronic and computer sub-assemblies characterized 

by diversified complexity levels and diversified resistance 

to disturbances and intrusions and originating from 

various manufacturers are integrated in the same vehicle. 

4. Increased vulnerability of the whole system to 

disturbances and intrusions is caused by a mix of 

solutions from various fields of life (automotive industry, 

consumer electronics, mobile telephony, IT). 

5. In most cases, physical vehicle access is required 

(ODB port, DVD player, Bluetooth communication 

activating  …) to reduce vehicle use safety.  

6. The cases of attacks reducing vehicle user safety, 

analyzed and presented above, require comprehensive 

theoretical knowledge and research facilities. Attacks are 

carried out as multi-phase attempts. There is no hazard of 

fast popularization of effective attacks to computerized 

vehicles. 
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Abstract. Volkswagen model launched in 1968 is 

deemed as the first motor vehicle provided with on-board 

diagnostics functions. However, the introduction of 

systems for the monitoring of vehicle sub-assemblies 

contributing to emission levels in all vehicles was 

enforced by  environmental protection requirements. The 

California Air Resources Board (CARB) introduced the 

necessity to use the basic functions of on-board 

diagnostics (OBD) in all the motor vehicles sold in 

California since 1991. 

The article presents the results of practical tests in the 

scope of on-board diagnostics for “premium” class 

vehicle. The tests were carried out by means of 4 

diagnostic interfaces. Data volume obtained from motor 

vehicles varied depending on the applied device, although 

OBD II standards should be introduced in an identical 

manner by the manufacturers of motor vehicles and 

diagnostic devices. 

Key words: On-board Diagnostics, Diagnostic 

Trouble Codes DTC. 

INTRODUCTION 

The introduction of on-board diagnostics systems is 

necessary due to air quality standards. This case has been 

expressed in regulation issued by the California Air 

Resources Board (CARB) introducing the necessity to use 

the basic functions of on-board diagnostics (OBD) in all 

the motor vehicles sold in California since 1991 [10]. The 

beginnings of OBD implementation encountered the 

problems in the form of non-uniform communication 

protocols, diversified diagnostic links and diversified 

interpretation of errors. The use of on-board diagnostics 

systems compliant with OBD II standard (increased 

number of monitored parameters, increased number of 

indicated and recorded data) has been mandatory since 

1996. Since 2003 a similar standard, i.e. European On-

Board Diagnostics (EOBD), has been mandatory in 

Europe. 

The development of OBD standard commenced in 

the mid-eighties of the 20th century has additionally 

resulted in the development of communication networks 

in motor vehicles. The networks have been transformed 

from slow diagnostic networks with  bandwidths lower 

than 10 Kbps (e.g. ALDL - Assembly Line Diagnostic 

Link) into reliable fibre optic solutions with bandwidths 

close to 150 Mpbs (e.g. MOST – Medium Oriented 

System Transport) [24, 25]. Simultaneously, data transfer 

security has been significantly improved [23]. Motor 

vehicle sub-assemblies have been transformed into 

mechatronic systems providing access to information 

about their condition, following the instructions or being 

reprogrammed. They can also establish the connections 

between vehicles, often characterized by different security 

levels [12, 13, 21]. 

The functions of on-board diagnostics systems are 

performed on electronic and mechatronic sub-assemblies 

installed in motor vehicle and connected by numerous 

communication networks. The manufacturers of sub-

assemblies, motor vehicles and diagnostic testers shall 

ensure the support of non-uniform network environment. 

As a result of almost 30 years of development in the 

scope of networks, buses and data buses, there is no 

universal diagnostic tool which could be used for all types 

of motor vehicles. This study presents practical problems 

occurring in course of diagnostic procedures performed 

by means of diagnostic testers delivered by various 

manufacturers. 

ON-BOARD DIAGNOSTICS 

The variety of communication and diagnostics 

protocols applied in motor vehicles results from the long 

term evolution of OBD I and OBD II systems. Fig. 1 

illustrates selected standards applicable in the scope of 

vehicle sub-assemblies diagnostics. 

 
Fig. 1. Selected standards of diagnostic protocols [28] 
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A failure defined in accordance with OBD II standard 

will be indicated by means of DTC code consisting of a 

letter and four digit number e.g. P0484  Cooling Fan 

Circuit Over Current [19]. DTC codes values use generic 

and manufacturer-specific codes e.g. C0xxx or C3xxx- 

generic codes, C1xxx or C2xxx - manufacturer-specific 

codes (Fig. 2). 

  

 
Fig. 2. Hexadecimal and useful representation of DTC 

error code [28] 

 

Simultaneously, the vehicle manufacturer can define 

its own codes nonconforming with OBD standard 

provided that these codes are not colliding with standard 

requirements. The scientists and service personnel focus 

their attention not only on DTCs but on algorithm used 

for execution of repairs and for data acquisition [8, 20]. 

Wireless solutions are used in communication 

networks. Originally they have been used for motor 

vehicles protection (GSM, GPRS, GPS) [6]. Wireless 

solutions are also frequently used in OBD diagnosis. The 

connections between measurement interfaces installed in 

motor vehicle and the computer with testing software by 

means of Bluetooth and WiFi are standard solutions. The 

other solution consists in Bluetooth diagnostic 

communication of fleet motor vehicles when driving 

through the company gate or in sending messages on 

vehicle condition by means of GPRS network. Diagnostic 

data acquisition and processing in computing cloud seems 

to be the most interesting idea [11, 14]. The vehicle 

network itself is also regarded as a distributed system [2, 

18, 26]. The efforts are still being made in order to find 

faster and reliable detection methods e.g. based on an 

additional database [7, 16].  

Diagnostic network itself regarded as technical 

device can be also damaged which will affect the 

communication of motor vehicle subassemblies and 

diagnostics. Research works are carried out in the scope 

of detection of errors in communication networks e.g. by 

means of fuzzy logic [7, 27]. 

Problems with detection of trouble and with 

representation of error code are possible on several levels: 

tester – vehicle physical connection, a protocol in 

communication protocols stack, manufacturer – specific 

error code; method of determination by ECM whether the 

object status is incorrect. 

 

PRACTICAL TESTS 

 

Upper class vehicle manufactured in 2010 has been 

used as the object for checking the testers functionality. 

The vehicle was equipped with Diesel engine with the 

power of 150 kW (204 HP) and capacity of 3,0 litres. 

There are two reason of such choice. Firstly, it is the 

vehicle from premium segment with hybrid type network. 

Gateway integrates all types of networks from A class 

networks (Local Interconnect Network), typical B class 

solutions (Controller Area Network) and fast reliable C 

class networks (FlexRay) up to multimedia MOST 

network (Medium Oriented Systems Transport). Another 

reason of such choice was the period of 5 years elapsed 

after motor vehicle launch. This period is sufficient for 

the testers manufacturers to consider motor vehicle 

support in their devices. 

Fig. 3 illustrates the engine compartment of motor 

vehicle. The engine system has been subjected to three 

modifications which should be indicated as errors in 

powertrain system. After disconnection of sensors, the 

engine was running for more than ten minutes. The errors 

generated by motor vehicle ECU shall be indicated in 

OBD diagnostic network because introduced troubles 

contribute to emission levels. In order to simulate real 

errors, the following sensors have been disconnected from 

engine controller: 

- turbocharging pressure sensor (A); 

- air flow sensor (B), 

- air temperature sensor (B), 

- intake manifold flap position sensor (C). 

 

 
Fig. 3. View of the engine compartment 

 

Practical test 1. X431 tester applied in the tests was 

manufactured in 2011 i.e. in the same period during which 

the vehicle under tests was manufactured (Fig. 4). On the 

basis of information published on websites of its 

distributors, the tester supports about 50 vehicles makes. 

Simultaneously, BMW and OBDII / EOBD standards are 

specified (Fig. 5). The following tester functions are 

specified: reading of controller version and system, 

cancelling of errors, reading of current parameters, 

actuators; systems encoding and programming, 

programming of keys and immobilizers; cancelling of 

service inspection; cancelling of crash data airbag. 

 

 
Fig. 4. Launch X431 GX3 tester view with starting 

screens [15] 

 

In course of tests, it was possible to connect the tester 

to motor vehicles, to select the brand and controllers 
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group of vehicle to be tested. Message informing about 

the lack of communication with the controller was the 

result of performed tests (Fig. 5). Similar negative result 

was obtained from general OBD test of motor vehicle. 

Despite declaration of vehicle manufacturer concerning 

the presence of vehicle diagnostic network conforming 

with OBD and despite of tester manufacturer declaration 

concerning OBD diagnostics support, it was impossible to 

establish communication between vehicle and tester. 

Tester communication is possible by means specified 

contacts of diagnostic socket (socket conforming with 

SAE 15031-3 standard): 2, 7, 10 and 15. Such 

configuration allows only the communication by means of 

protocols conforming with SAE J1850 (contacts 2 and 10) 

and K data bus (contacts 7 and 15) in accordance with 

ISO 9141-2 and 14230-4. 

 
Fig. 5. X432 screens of: choice of car type (on the left); 

error message (on the right) 

Practical test 2. Mobile tester Asian Gold is regarded 

by many employees working in independent service 

centres as a reliable device in case of the necessity to 

carry out the tests of motor vehicles originating from Far 

East markets. The tester incorporates built – in OBD II 

diagnostics function and supports the protocols 

conforming with SAE J1587, KWP-2000, OBD-II (ISO 

9141-2 and SAE-J1850) as well as CAN Bus [17]. The 

device supports more than 40 makes of vehicles. In many 

cases, the access is possible to service functions 

accessible to authorized service centres only. The 

manufacturer ensured access to non-standard service 

connectors e.g. 20-pin BMW diagnostic conductor, 20-pin 

PSA diagnostic conductor or 20-pin Ford diagnostic 

conductor. Tester screens in course of successive steps of 

vehicle type declaration are presented in Fig. 6. 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6. Sequence of steps during the work with tester 

 

The power supply to the tester was possible from 

diagnostics connector. The brand of vehicle being tested 

was present in the database. During next steps, it was 

possible to declare the type of motor vehicle (525), 

controllers group (powertrain) and to select diesel engine 

controller (diesel DDE) (Fig. 6). In connection with the 

wide range of additional equipment, it was necessary to 

select the type of conductor connecting the tester with 

vehicle (Fig. 7) before the commencement of diagnostics. 

However, the running of diagnostic scanning failed and 

message informing about the necessity to connect 

Gateway was displayed (Fig. 7). Similar attempts to 

establish communication with body and chassis systems 

were also unsuccessful. Motor vehicle scanning without 

indicating its type, on the basis of general OBD 

diagnostics also failed. 

 

 
Fig. 7. Tester screens: choice of cable type (on the left), diagnosis effect (on the right) 
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Practical test 3. Solus Pro diagnostic scanner is 

characterized by functionality similar to two testers 

specified previously. Software provides vehicle-specific 

trouble codes for various vehicle control systems such as 

engine, transmission, antilock brake system (ABS), 

selected functional tests and troubleshooting information 

[22]. The scanner supports diagnostic protocols 

conforming with OBD-II/EOBD e.g. SAE J1850 (VPW), 

SAE J1850 (PWM), ISO 9141-2, ISO 14230-4 (KWP 

2000), ISO 15765-4 (CAN). In the groups of vehicles 

service professionals, the device is equated with the tool 

necessary for servicing American, Japanese and Korean 

vehicles. A specific scanner feature consists in the use of 

memory cards dedicated for motor vehicles to be 

diagnosed. The cards are installed on the diagnostic 

conductor connector. 

In the course of diagnosis, the scanner displayed 

information about the support of the type of vehicle 

identical to the type of vehicle connected to scanner. A 

card corresponding to the type of vehicle connected to 

scanner was included in the set of memory cards. 

Unfortunately, as in the previous tests, it was impossible 

to establish communication with any vehicle controller 

(Fig. 8). 

 

 
Fig. 8. Solus Pro tester - communication error  

 

The scanner makes it also possible to carry out 

diagnostic procedure in a general manner based on OBD 

diagnostics. It is possible to select communication 

protocol manually or to use all the built – in protocols 

automatically (Fig. 9a). 

 

 
Fig. 9. Screen of tester in ODB mode 

 

As a result of OBD diagnosis in automatic mode it 

was possible to establish communication between scanner 

and tester by means of ISO 15765-4 protocol (Fig. 9b). It 

is a significant progress in comparison with the two 

previous tests when it was impossible to establish 

communication with vehicle network. Message on lack of 

errors (Fig. 9b) was displayed as a result of further 

diagnosis. This message is non-conforming with real 

status because the signals from 4 sensors (turbocharging 

pressure sensor, air flow sensor, air temperature sensor, 

intake manifold flap position sensor) are not transmitted 

to the engine controller. Additionally an information has 

been received about disconnection of MIL (Malfunction 

Indicator Lamp). This message is non-conforming with 

real status because MIL lamp on the dashboard indicated 

errors presence in motor vehicle. In summary, like in the 

previous tests, it was impossible to establish correct 

communication with any vehicle controller. 

Practical test 4a. Bosch KTS 540 tester with 

ESI[tronic] software package installed on a PC was used 

as diagnostic device. KTS 540 is not a stand – alone 

device but constitutes communication interface with 

motor vehicle. Diagnosis and signals interpretation is 

carried out by means of PC in programmed mode. 

The diagnostics device incorporates additional 

multimeter functions. Therefore it is possible to perform 

voltage measurements up to 200V, current measurements 

up to 600A (with an additional shunt) and resistance 

communication is possible by means of the following 

protocols: ISO 9141-2 (K and L lines), SAE J1850VPW, 

SAE J1850PWM, CAN ISO 11898, ISO 15765-4 (OBD) 

(CAN-H and CAN-L lines), CAN Single Wire and CAN 

Low Speed [4]. KTS 540 diagnostic interface was 

supported by ESI[tronic] software package 2.0.  Its 

structure consists of modules. The following [Bosch 

2013] elements have been used in described case: 

- SD – motor vehicle controllers diagnosis module; 

- SIS – errors and failures finding module; 

- M – repair activities sequence module; 

- P – electric diagrams for selected vehicle systems.
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Fig. 10. Printscreens of ESI[tronic] software during diagnosis: a) starting communication; b) general vehicle 

information; c) list of diagnostic trouble codes 

 

In the course of tests, KTS 540 interface with 

ESI[tronic] software was operated in two modes. In the 

first described case, KTS 540 interface with ESI[tronic] 

software performed typical diagnostic tests conforming 

with OBD II standard. The effects of tester operation 

should be identical to the effects of tests performed by 

means of other testers. Despite procedure followed in case 

of KTS interface identical to procedure applied for Solus 

Pro, Asian Gold and X431 interfaces, obtained effect was 

different: 

- communication with ECU engine module has been 

established correctly. The same protocol (ISO 15765-4) 

has been effectively used in communication. Its 

functioning with Solus Pro (Fig. 9b, Fig. 10a) tester was 

possible in part only;  

- reading of MIL control lamp status was incorrect 

(Fig. 9d, Fig. 10b). This reading made by Solus Pro tester 

was also incorrect; 

- reading of DTC errors number (Fig. 9c, Fig. 10b) 

was incorrect. The errors number identified by Solus Pro 

tester was also incorrect; 

- despite indicated lack of DTC diagnostic errors they 

are identified as sporadic errors. 

 

The sporadic errors detected by KTS 540 interface 

set with ESI[tronic] software 2.0 have been correctly 

interpreted as (Fig. 10c): 

- P0237 - turbo charger boost - sensor A circuit low, 

- P0101 - mass or volume air flow circuit range, 

- P0113 - intake air temperature sensor 1 circuit high, 

- P2016 – unknown trouble. No description 

introduced at P2016 error code. The trouble 

corresponding to description „Intake Manifold Runner 

Position Sensor/Switch Circuit Low” has been correctly 

interpreted by P2016 value. 

Practical test 4b. In the second vehicle testing mode, 

the type of motor vehicle being tested was directly 

defined by means of Bosch KTS 540 tester with 

ESI[tronic] software. The obtained results were marked 

by means of error codes from out of OBD (Fig. 11). 

Thanks to indication of vehicle type, it was also possible 

to display information about other errors occurring in 

engine system. Spark plugs glowing time control error 

(not displayed before) has been presented. This error 

occurred in controlled system in Local Interconnect 

Network cluster. 

 
Fig. 11. Final screen of ESI[tronic] software after diagnosis 
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The appearance of list of errors marked with internal 

manufacturer’s codes was as follows: 

- 28CE00 - glow control LIN data bus missing, 

- 25D100 = P0237 - turbo charger boost - sensor A 

circuit low, 

- 28D600 = P0101 - mass or volume air flow circuit 

range, 

- 25F500 = P0113 - intake air temperature sensor 1 

circuit high, 

- 264100 = P2016 - intake manifold runner position 

sensor/switch circuit low. 

After selection of error code field it is possible to 

commence service procedures. It is possible to familiarize 

with information about damaged systems, to perform 

measurement of actual values, to familiarize with typical 

methods of trouble elimination.  

In order to perform measurement of current values 

associated with P0101 error (28D600), it is possible to 

directly enter to measurement screen as illustrated in 

Fig. 12.

 

 
Fig. 12. Measurement of real values connected to DTC P0101 

 

CONCLUSIONS 

 

It is impossible to perform a full and error-free 

diagnosis in case of currently manufactured vehicles by 

means of a standard diagnostic tester. Unexpected 

situations could be faced as a result of tester design as 

well as vehicle communication network organization. 

Executed tests demonstrated that potential reasons of 

diagnosis failure could be as follows: 

1. Impossibility of physical connection of the tester – 

lack of pins in diagnostics plug of the tester which 

correspond to protocol used for communication with 

vehicle (practical test 1). 

2. Lack of built–in diagnostics protocol conforming 

with protocol supported by motor vehicle (practical test 

2). 

3. Manner of DTC errors interpretation by the tester. 

Sporadic errors can be interpreted as non-existing errors 

(practical test 3). 

Simultaneously, the following conclusions were 

drawn by the experiments participants in the course of 

tests: 

1. Up–to–date software of the testers makes it 

possible to access to information and service functions 

included in the scope of OBD (practical test 4a). 

2. Application of „dedicated” software for motor 

vehicle combined with the use of “standard” tester 

extends service capabilities beyond OBD standard 

(practical test 4b). 

3. In case of the necessity to access to selected 

communication networks (e.g. MOST networks in case of 

BMW make) it is necessary to apply dedicated diagnostic 

heads /interfaces (e.g. GT1 or OPS head). 

4. Currently, the capabilities of Electronic Control 

Units (ECUs) are much higher than only making 

diagnostic data available. It was demonstrated in 

Volkswagen group scandal in 2015. Thanks to the 

extended capabilities in the scope of engine ECU 

reprogramming, the values of emission levels were 

underestimated in the course of stationary tests. This 

problem occurred in diesel engines with the capacity of 2 

litres manufactured in the years 2009–2015 [1, 9]. 
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Abstact. The paper is an analysis of the suitability of 

oat grains for energy purposes. The comparison covered 

two types of grain oats, hulled (Krezus variety) and naked 

(Polar variety), using varied nitrogen fertilization. The 

calorific value of the grains, including their ash content 

was determined. The study helped to demonstrate that oat 

grains exemplified excellent parameters, which advances 

its use for fuel purposes in power generation. The average 

calorific value obtained was 18.4 MJ kg
-1

, while the ash 

content was 2.28% of dry mass. Although increasing 

nitrogen fertilization restricted the grain’s calorific value, 

it did not lead to increases in the level of ash content. The 

Polar variety of naked oats was characterized by better 

suitability for energy purposes than the Krezus variety of 

hulled oats. The results obtained support the claim that oat 

grains can compete with other sources of raw materials 

for energy purposes.   

Key words: biomass, nitrogen fertilization, calorific 

value, ash content, hulled and naked oat grains 

 

INTRODUCTION 

Poland holds large potentials and possibilities for 

biomass production for energy purposes. This potential 

may be put to use to meet the EU obligatory Directive of 

17 December, 2008, which mandates the attainment of 

15% share of renewable energy sources in total energy 

consumption by 2020 and a 20% threshold by 2030. The 

percentage share of power from renewable sources in 

overall energy consumption in 2013 in Poland was 

11.3%, with 80.3% of it coming from biomass [7]. The 

Minister of Economy's regulation of 14 August 2008 

defines biomass to be ―any solid or liquid substance of 

plant or animal origin that is biodegradable, derived from 

products, waste and residues of agricultural and forestry 

production and allied companies as well as kinds of waste 

products that are biodegradable including grain cereals 

that do not meet quality requirements of corn for 

intervention buying‖ [5].  

The introduction of energy crops cultivation may 

provide alternative use for degraded and fallowed lands.  

Such cultivation, however, needs regulations and 

monitoring as it is capable of impacting on biodiversity 

and the preservation of potential for food production. The 

use of agricultural biomass for energy purposes is, to a 

large extent, antagonistic with farming that has remained 

the key source  of food so far [3, 18]. 

Farms occupy 16.3 million hectares of land in 

Poland. The total cultivated land amounts to 10.8 million 

hectares, with the largest area of 69.9% being taken by 

cereals [8]. One of the possible uses of cereals is for 

energy purposes. Oats, in particular, could be a useful 

source of renewable energy due to its high fat and low ash 

content. This use of oats is popular in several other 

countries, including Sweden. Arguments in favour of such 

raw material include, among other things, its small size, 

high specific weight, less complicated transport and 

storage requirements when compared to straw and wood, 

low soil quality requirements, wide availability of 

cultivating and harvesting machines, long farming 

traditions, the introduction of burners for oats, and the 

possible use of ash as fertilizer in fields. The grain can 

also be subjected to various technological processes. A 

positive aspect of this is the country’s independence from 

non-reliance on external energy supply inputs. The only 

hindrance is psychological, being the result of the high 

esteem accorded to grains, especially nutritious quality 

grains. [6, 9, 11, 13, 4, 28].  

The objective of the study was to determine and 

compare the calorific value of two types of oats grains 

with regards to varying nitrogen fertilization.  

The adopted research hypothesis assumes that 

naked oats is a better-suited type for energy purposes than 

hulled oats, and that increased nitrogen fertilization will 

result in different ash content in grains, including its 

calorific value.  

 

MATERIALS AND METHODS 

The research material consisted of two oat 

varieties namely, the naked variety, Polar and the hulled 

variety, Croesus [Krezus].  

The field trials were conducted at the Teaching 

and Research Station of the Faculty of Biology and 

Agriculture of the Rzeszow University in Krasne, near 

Rzeszow in 2010-2012.  It was established in randomized 

block form with sub-blocks in four replications. The oat 

grains were sown from 1
st
 to 20

th
 April in the study 

period. The following rates of nitrogen fertilization were 

applied during the vegetative period: 

— N0 — a plot without nitrogen fertilization 0kg N⋅ha
-1

 

(control);  

— N1 — a plot fertilised with 40 kg N⋅ha
-1

 (post sowing); 
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— N2 — a plot fertilised with 80 kg⋅N⋅ha
-1

, (post sowing 

and post emergence with a dose of 40 kg N⋅ha
-1 

each 

stage); 

— N3 — a plot fertilised with 120 kg N⋅ha
-1

 (post 

sowing, post emergence and during propagation phase at 

a rate of 40 kg N⋅ha
-1 

each).  

The research was carried out on brown soils from 

loess, composed of mechanical particles of medium soils, 

belonging to good wheat complex and IIIrd soil class 

quality. The soil was characterized by a neutral pH ratio 

(pH KCl of 6.1 – 7.2). The content of digestible 

components at the 0-25 cm soil layer in mg·kg
-1

 was: 

phosphorous -138.3; potassium -161.4 and magnesium – 

48.2. The microelement content was at a medium level, 

reaching: B – 1.6; Mn – 149.1; Cu – 4.6; Zn – 8.6 and Fe 

– 988.3. 

Weather conditions during the oats vegetative period are 

illustrated in Table 1. 

  

Table 1. Weather conditions in Krasne, near Rzeszow in 2010-2012. 

  

Month 

Precipitation [mm] Air temperature [
0
C]  

2010 2011 2012 1995-2009     2010 2011 2012 1995-2009     

III 22,3 20,0 28,5 32,1 2,7 2,8 4,19 2,7 

IV 49,9 50,0 26,1 50,6 8,9 10,3 9,73 8,7 

V 177,0 49,2 56,0 80,8 14,3 13,9 14,79 13,9 

VI 126,1 88,5 83,6 82,00 17,9 18,1 18,39 17,0 

VII 200,2 233,7 53,5 88,2 20,8 18,6 21,34 19,0 

VIII 98,6 28,6 56,3 68,8 19,5 19,0 19,04 18,2 
Source: authors' own research, according to data from the Meteorological Station in Jasionka, near Rzeszow. 

 

 

Oats grains were harvested at full maturity with 15% 

humidity. Study samples were collected for laboratory 

analysis to determine its calorific value and ash content. 

The analysed material was reduced to particle sizes 

of less than 1 mm using a lab mill, thus obtaining a 

homogeneous material. Next, 1 gram tablets were derived 

from the total sample using an automatic tableting 

machine for a direct analysis of its calorific value. The 

calorific value was determined using the calorific testing 

apparatus LECO AC500. The heat of combustion was 

determined by burning the sample in an oxygenated 

pressurized container surrounded in water jacket from all 

sides to ensure the monitoring of heat transfer. A 8 cm 

long wire was used to ignite the sample. No additional 

catalysts were applied for the analysis. Measurements of 

the water temperature was monitored using an electronic 

thermometer, with the accuracy of 0,0001°C. The heat 

exchange was continually measured using a measuring 

gauge.  The calorific value of the analysed material was 

determined based on the amount of heat generated.  

 The ash content was determined by burning the 

sample in a muffle furnace at 600 
0
C [PN-EN 

14775:2010]. 

The results obtained were statistically analysed using 

the variation analysis method at the significance level of 

α= 0.05 . The statistical analysis was conducted using the 

Statistica 10 software. 

RESULTS AND DISCUSSION 

Solid biofuels include varied materials such as energy 

crops, wood, straw and grains. These are primary energy 

resources, which besides the environmental and economic 

benefits offer opportunities for agricultural development 

[17]. Cereal grains, especially oats and maize, are 

increasingly being used for energy purposes in Poland and 

globally, especially in Scandinavia and the USA. It is a 

raw material that is easy to transport, store and the 

process of feeding the fuel to boiler is easily automated 

[13, 17, 28]. Most modern heating devices are adequately 

fitted for biomass combustion. They come with 

interchangeable burners and grates, hence the heating 

device can be adapted  to burning grains at a very low 

cost [14, 28]. Such devices are characterized by low 

exploitation costs, simplicity and rather little time 

consuming operations. Modern boilers are designed to 

burn several types of fuels, for example, coal, pellets, 

grain or oils [14]. 

 

Fig. 1. Flow chart of biomass production 

Source: Own calculations, based on Roszkowski 2013

 

The biomass applied for energy uses could be used 

for direct burning or further processing. Subjecting the 

solid biomass to thermochemical, biochemical and 

thermal processes yields liquid, solid and gaseous fuels. 

The liquid fuels consist of ethanol, biodiesel, bio-oils and 

methanol [24]. Oat grains with their low fat content in the 
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range of 3-6% when compared to rapeseed (about 40%) 

are not suitable for liquid fuel production but can be used 

for solid fuels. Biomass has the best conversion 

efficiency, while the highest direct combustion, which 

reaches up to 90%,  has been associated with bio-gas [23, 

26]. The form with the least difficulties (Fig 1) but the 

most efficient combustion (Table 2) is when grains are 

used for direct combustion. 

 

Table 2. Efficiency of biomass conversion into energy 

(the conversion of biomass in a processing plant)  

Kind of product [%] 

Biogas (electric energy)  10-15 

Esters (biodiesel) 30-40 

FC lignocellulose (electric energy) 30-40 

FT (fuels, electric energy) 30-50 

Gasification (electric energy) 40-50 

Ethanol, methanol 40-50 

Ethanol of II generation LC 50-60 

Biomass pyrolysis  60-70 

Combustion (heat) 70-90 

Source: de WIT, FAAIJ 2010,  Roszkowski 2012, 

Roszkowski 2013 

A key indicator in assessing the energy use of the 

analysed energy resources was their calorific value [1]. 

The different types of biomass material are characterized 

by varying calorific values (Table 3). The lowest, 

amongst those tested, was shown by meadow hay, whilst 

the highest was found for beech wood pellets, which was 

comparable to oat grains in terms of energy value. The 

difference was in the range of 0,2 MJ kg
-1

. When 

compared with the most popular source of energy in 

Poland, coal, the result can be considered as very 

satisfying. Low quality coal has a lower calorific value 

than biomass, including oat grains (Table 3). Oat grains as 

a biomass material, according to Roszkowski [22, Table3] 

display high suitability for energy purposes from physical, 

technical and technological perspectives.   

Table 3. Average calorific value for selected energy raw 

materials 

Type of plant materials 
Calorific value of the dry 

state, MJ kg
-1 

Pelet – beech wood 18,6 

Pelet – pine wood 17,7 

Wheat straw 16,8 

Rye straw 17,1 

Maize straw 17,5 

Rape straw 17,3 

Meadow hay 16,6 

Oat grains 18,4 

Black coal 14,7-29,3 

Source: Own calculations,  based on Roszkowski 2012, 

Bajcar 2014, Niedziółka, Szpryngiel 2014, and 

Niedziółka 2015 

Table 4 illustrates the calorific value of oat grains 

obtained over the three-year research period, using four 

levels of nitrogen fertilization for the two varieties of oats. 

It was observed that the level of nitrogen fertilization 

resulted in varied levels of calorific values of the grains. 

High levels of nitrogen fertilization of up to 120 kg·ha
-1 

had negative impacts on the grain’s calorific value in each 

year of the study. Both varieties, namely Krezus (hulled 

oats) and  Polar (naked oats) attained higher values at the 

lowest levels of fertilization. The observed differences 

may have arisen from the fact that nitrogen fertilization 

has a negative impact on fat content but a positive impact 

on protein content of cereal grains, a fact that has been 

corroborated in researches by various authors [2, 10, 12, 

19]. 

  

 

Table 4. Calorific value of oat grains relative to the nitrogen fertilization and grain variety [MJ kg
-
1] 

 Cultivar (I) Nitrogen Fertilization (II) 2010 2011 2012 2010-2012 

Krezus 0 18,608 18,154 18,270 18,381 

 40 18,538 17,826 17,793 18,182 

 80 18,441 17,884 18,106 18,163 

 120 18,425 17,903 18,697 18,164 

Polar 0 18,373 18,935 19,091 18,654 

 40 18,389 18,770 18,909 18,580 

 80 18,749 18,280 18,369 18,514 

 120 18,770 17,808 18,639 18,289 

NIRα=0,05 (I x II) r.n. 0,362 0,412 0,071 

Mean  

Krezus  18,503 17,942 18,217 18,223 

Polar 18,570 18,448 18,752 18,509 

NIRα=0,05 (I) 0,021 0,362 0,462 0,236 

  

0 18,491 18,544 18,680 18,518 

40 18,464 18,298 18,351 18,381 

80 18,595 18,082 18,238 18,339 

120 18,598 17,856 18,668 18,227 

NIRα=0,05 (II) 0,101 0,231 0,132 0,261 

Total mean 18,537 18,195 18,484 18,366 

r. n. – non significant differences; Source: own calculations
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Increasing the fat content of grains is most desired, 

judging from the energy perspective. The combustion of 1 

gram of fat releases twice more energy than the 

combustion of equivalent amount of protein. The naked 

oat (cv Polar) types are known to contain higher fat 

content in the grain in comparison to the hulled types [19, 

20]. This relativity was confirmed in the studies. The 

Polar variety that contained more fat in the grain in 

comparison with the Krezus variety (Table 3) achieved 

higher calorific value irrespective of the level of nitrogen 

fertilization. The calorific value of grains from the studied 

oat varieties, 18,4 MJ kg
-1

 , is indeed a very good result 

when compared to results obtained from other types of 

biomass designated for energy purposes.  Both pine and 

beech woods are known to have similar calorific values as 

oat grains. They can without doubt compete successfully 

with low quality coal, which additionally contains several 

harmful pollutants that it emits into the atmosphere. Oat 

grains are also very competitive when compared to 

meadow hay whose calorific value is estimated at 14 MJ 

kg
-1

 from the first swath [27] through to 16.2-16.6 MJ kg
-1

 

from the third swath
 
[1, 15, 16].  

The grain’s ash content also impacts on the calorific 

value of the raw material (Table 5). The lower the 

content, the more suitable the raw material is for energy 

purposes. The ash content of biomass is decisively lower 

than in traditional fossil fuels, which makes biomass a 

more attractive energy source [1]. 

 

Table 5. Ash content in selected energy raw materials 

Type of plant materials 
Ash content (% s. 

m.) 

Pelet – beech wood 2,7 

Pelet – pine wood 5,6 

Wheat straw 7-11 

Maize straw  3,7-4 

Rape straw  5,0 

Meadow hay 5,3-9 

Oat grains 2,28 

Black coal 8-34 

Source: own calculations, based on Roszkowski 

2012, Bajcar 2014, Niedziółka, Szpryngiel 2014, and 

Niedziółka 2015  

The combustion of clean biomass releases 

insignificant quantities of ash (Table 5), that is devoid of 

harmful substances [17]. Such ash is suitable for use as 

mineral fertilizer as it contains large amounts of 

potassium and calcium oxides (lime-potassium fertilizer) 

[13, 14]. Given the advantageous properties of biomass in 

terms of ash content, its content in oat grains relative to 

the level of nitrogen fertilization (Table 6) was also 

analysed in the studies. The popular opinion is that higher 

nitrogen fertilization increases the ash content of oat 

grains [21, 25]. 

 

Table 6. Ash content in oat grains [% dry mass] 

Cultivar (I) Nitrogen Fertlization (II) 2010 2011 2012 2010-2012 

Krezus 0 2,55 1,36 2,78 2,55 

 40 2,57 1,32 2,96 2,57 

 80 2,62 1,62 2,86 2,62 

 120 2,75 1,72 2,83 2,75 

Polar 0 1,86 1,16 2,73 1,86 

 40 1,88 1,11 2,93 1,88 

 80 1,88 1,22 2,45 1,88 

 120 2,11 1,44 3,02 2,11 

NIRα=0,05 (I x II) r. n. 0,13 r. n. r. n. 

Mean 

Krezus 2,62 1,51 2,62 2,62 

Polar 1,93 1,23 1,93 1,93 

NIRα=0,05  (I) 0,24 0,14 0,32 0,50 

  

  

  

  

0 2,21 1,26 2,76 2,21 

40 2,22 1,21 2,94 2,22 

80 2,25 1,42 2,65 2,25 

120 2,43 1,58 2,93 2,43 

NIRα=0,05 (II) 0,19 r. n.  r.n. r. n 

Total mean 2,28 1,37 2,82 2,28 

r. n. – non significant difference; Source: own calculations 
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This claim was not, however, confirmed in the course of 

these studies (Table 6). Nitrogen fertilization did not 

result in increased ash content in the grains of oats over 

the three-year period, except for 2010 with extreme 

weather conditions, namely huge rainfalls in May and 

June (Table1). Significant differences amongst the 

varieties were observed. Due to its content of hulls the 

Krezus variety was shown to have about 0.7% more dry 

mass than the Polar variety. The average ash content, 

however, in both the varieties at different levels of 

fertilization during the three years amounted to 2.2% dry 

mass, which from the perspective of calorific value was a 

very good result. 

CONCLUSIONS 

1. The calorific value of 18.4 MJ kg
-1

 and average ash 

content of 2.3% of dry mass obtained for oats is 

competitive in relation to other energy sources derived 

from biomass, which confirms its suitability for use in 

power industries for heating purposes.    

2. Higher doses of nitrogen fertilization, namely, 80 and 

120 kg N∙ha
-1

hampered the calorific value of oats, but had 

no influence on the ash content of grains. 

3. The naked variety of oats, Polar, was characterized by 

better suitability for heating purposes than the hulled, 

Krezus, variety. Its grain had a higher calorific value and 

contained less ash.  
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Abstract. Torrefaction is the process of drying 

biomass at high temperatures in order to transform it into 

biofuels with properties and composition resembling 

carbon. The impact of high temperature breaks the chains 

of hemicellulose, lignin and cellulose and degrades the 

biomass to simpler organic compounds. The aim of this 

publication was to specify the impact of the duration of 

the heat treatment on the stability of biomass structures 

such as lignocellulose illustrated with examples of 

selected species of conifers. The research material 

consisted of shoot tips of Junniperus sabina and Picea 

abies. The material used in the process was air-dried, 

dried at 150
o
C and torrefied at temperatures of 200, 250 

and 300
o
C in a LECO camera –  TGA 701 apparatus for 

30 minutes. Fresh needles and their torrefied products 

were measured spectroscopically using FTIR Vertex 70v 

made by Bruker. Microscopic photographs of samples 

were taken in the scales 10 µm, 20 µm, and 50 µm using 

the TESCAN VEGA3 scanning electron microscope. The 

unprocessed plant material did not differ significantly 

from one another – the FTIR spectra of both plants 

exhibited the same functional groups. The biomass heat 

treatment led to significant changes in its chemical 

composition and topographic changes in the obtained 

biochars. 

Key words:  torrefaction, biomass, FTIR spectra, 

changes, biochars 

INTRODUCTION 

Torrefaction is the thermal processing of biomass to 

the form of solid fuel, the so-called biochar [2, 6, 24, 25,]. 

Torrefaction occurs at temperatures of approximately 200 

– 300°C in pressure close to atmospheric and with no 

access to oxygen [2, 3, 4, 25]. The impact of high 

temperature leads to the decomposition of polymeric 

structures and breaking of the biomass fibrous structures 

as it loses its mechanical resistance [19]. Hemicellulose is 

the first to decompose [20]. De-carbonated biomass 

densifies and obtains hydrophobic properties and more 

favourable energy parameters in comparison with the 

untreated biomass, e.g. it is more carbonated and has a 

higher calorific value [2, 18, 8, 28]. 

The duration of the process and residence of the 

material in the reactor depends primarily on the 

conditions of the process and the nature of the input 

material [1, 5, 11]. Although the concept of torrefaction is 

not new, there is still much to be done in terms of 

accurate analyses of the transition process at the level of 

chemical bonds in the constituent structures of the input 

material. Therefore, the following publication arises out 

of the necessity to complete these studies [20]. The 

research on the process may allow to eliminate the surplus 

of plant residues from the agricultural sector, whereas the 

resultant biochar may be used for fertilisers or as fuel 

(charcoal replacement), which will reduce the use of 

traditional fertilisers or energy fuels.  

 The basic components of lignocellulosic biomass 

are: cellulose, hemicellulose and lignin, which differ 

significantly from each other in terms of energy 

efficiency. Cellulose, a structural component of the cell 

wall of plants, constitutes, depending on the species and 

type, 40-60 percent of the dry lignocellulosic mass and is 

a linear polymer of cellobiose (glucose polymer). An 

important structural component in terms of energy values 

is hemicellulose constituting 20-40 percent of dry 

biomass and containing bonded short chains of various 

carbohydrates; pentoses: xylose, and arabinose, as well as 

hexoses: galactose, glucose and mannose. Lignin, whose 

content in the lignocellulose biomass of a plant amounts 

to 10-15 percent, is a complex polymer built out of 

phenylpropane and polyphenol derivatives [7, 17, 27].  

Hemicellulose decomposes more easily than cellulose 

[14, 15, 16, 20, 21]. Lignin is a product of the 

condensation of three phenolic monomers [29]. Lignin 

decomposition is a complex process mainly due to the 

numerous carbon C-C and ether bonds [9, 10]. The 

biomass "resistance" to degradation depends on the 

relation of lignin to celulose quantities, specific properties 

of the plant species (molecular organization of cellulose 

and lignin polymers, presence of sclerenchyma, structure 

of epidermis, cuticle) [10]. The thermal (pyrolytic) 

distribution of biomass is a complex process in which the 

following reactions mutually overlap: dehydration (at 

approx. 155-200°C), isomerisation, aromatisation, 

coalification, oxidation (200-280°C) and others [12, 13]. 
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During the thermolysis of biomass, at the stage of 

torrefaction, biochar is obtained (torrefied products) – a 

substance with properties similar to charcoal [2, 3, 6].   

 

MATERIAL AND METHODS 

 

The research material consisted of shoot tips of two 

species of conifers: juniper (Junniperus sabina) and 

spruce (Picea abies). The process of high temperature 

drying was conducted with the use of a thermo-

gravimetric TGA 701 analyser made by LECO under 

pressure close to atmospheric and at temperatures: 150, 

200, 250 and 300°C for the period of thirty minutes in 

nitrogen atmosphere with the purity of 99.99% and flow 

of 10l/min in eight iterations. The samples for the drying 

process and torrefaction were collected and prepared in 

accordance with the following standards: PN-EN 

14778:2011 and EN 14780:2011. The surplus amounted 

to 6g. The process parameters are as follows: 30 minutes 

of residence time, change time: 8 minutes, total time: 38 

minutes. 

The spectroscopy measurements of fresh plant shoots 

tips and torrefied products were performed using FTIR 

spectroscope (Fourier transform infrared spectroscope) 

Vertex 70v by Bruker. Each sample was measured in 

eight iterations, then using the OPUS programme and the 

"calculate spectrum" function, the spectra were added up 

and averaged. The number of scans amounted to 32, 

resolution - 2cm 
-1

. The region of the average infrared 

(400-4000 cm 
-1

) - biological materials' function groups 

vibrate within these regions [26]. ATR (Attenuated Total 

Reflectance) technique was applied. The amount of 

particular compounds was determined with the help of the 

OPUS programme, determining the absorbance value that 

was assigned to the relevant peak. Microscopic 

photographs of samples for scale 10 µm, 20 µm, 50 µm 

were taken using a TESCAN VEGA3 scanning electron 

microscope.  

 

RESULTS 

 

The jupiter FTIR spectrum exhibits wave numbers 

corresponding to the vibration of groups typical of 

chemical compounds such as polysaccharides, nucleic 

acids and phospholipids, amines, aromatic rings, 

secondary amides, fats, alcohols and phenols. Drying at 

150°C does not cause major chemical changes in the 

analysed material; the nature of the spectrum is slightly 

different but the chemical bonds in organic compounds 

remain unchanged. The increase in temperature to 200°C 

causes the loss of C-C group characteristic of aromatic 

rings (wave numbers 1450 and 1500
-1

). Operating with 

temperature of 250°C leads to the breaking of C-N bonds 

(amines), and the raising of temperature to 300°C 

eliminates vibration for PO
2-

group (nucleic acids, 

phospholipids). The FTIR spectra of fresh material from 

juniper shoot tips and their torrefied products are listed in 

Figure 1. 
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Fig 1. The FTIR spectra of fresh juniper and the products of its torrefaction 
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Table 1. Types of vibrations for function groups together with the assigned wave number - juniper 

No. 
Wave number (cm

-

1
) 

Type of vibration 
Fresh needles 

of juniper 

Needles of 

juniper 300
o
C 

1 750 

Vibration of –C=C 

group 

(polysaccharides) 

PRESENT PRESENT 

2 1045 

Symmetrical vibrations 

for PO
2-

 group (nucleic 

acids and 

phospholipids) 

PRESENT ABSENT 

3 1200 
Vibrations of C-N 

group (amines) 
PRESENT ABSENT 

4 1370 

Vibrations of C-H 

group (polysaccharides, 

proteins) 
ABSENT ABSENT 

5 1450 
Vibrations of C-C 

group (aromatic rings) 
PRESENT ABSENT 

6 1500 
Vibrations of  C-C 

(aromatic rings) 
PRESENT ABSENT 

7 1650 

Secondary amide 

(bending vibrations of 

N-H group and 

stretching vibrations of 

C-N group) 

PRESENT PRESENT 

8 2830 
Symmetrical vibration 

of  CH2 group (fats) 
PRESENT PRESENT 

9 2920 
Asymmetric vibrations 

of  CH3 group (fats) 
PRESENT PRESENT 

10 3610 

Vibrations of  O-H 

group (alcohols, 

phenols) 

PRESENT PRESENT 

11 3700 

Vibrations of  O-H 

group (alcohols, 

phenols) 

PRESENT PRESENT 

 

The FTIR spectrum of spruce exhibits wave numbers 

corresponding to the vibration of groups typical of the 

following chemical compounds: polysaccharides, nucleic 

acids and phospholipids, amines, proteins, aromatic rings, 

secondary amides, fats, alcohols and phenols. Drying at 

150°C causes the loss of vibration with the wave number 

equal to 1200
-1

 corresponding to the vibrations of C-N 

group (amines). The increase in temperature by further 

50°C does not effect in breaking consecutive bonds. 

Torrefaction at 250°C marks the disintegration of 

aromatic rings, whereas a complete loss of C-C groups is 

observed when the temperature increases by 300 °C. At 

this temperature vibrations responsible for nucleic acids 

and phospholipids also disappear. FTIR spectra for fresh 

material from spruce shoot tips and their products of 

torrefaction are listed in Figure 2. 
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Fig. 2. The FTIR spectra of fresh spruce and the products of its torrefaction 
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Table 2. Types of vibrations for function groups together with the assigned wave number - spruce. 

No. 
Wave number 

(cm
-1

) 
Type of vibrations 

Fresh needles 

of spruce 

Spruce needles 

at 300
o
C 

1 750 
Vibration of –C=C group 

(polysaccharides) 
PRESENT PRESENT 

2 1045 

Symmetrical vibrations 

for PO
2-

 group (nucleic 

acids and phospholipids) 

PRESENT PRESENT 

3 1200 
Vibrations of C-N group 

(amines) 
PRESENT ABSENT 

4 1370 
Vibrations of  C-H group 

(polysaccharides protein) 
PRESENT PRESENT 

5 1450 
Vibrations of  C-C group 

(aromatic rings) 
PRESENT ABSENT 

6 1500 
Vibrations of  C-C group 

(aromatic rings) 
PRESENT ABSENT 

7 1650 

Secondary amide 

(bending vibrations of  N-

H and stretching 

vibrations of  C-N group) 

PRESENT PRESENT 

8 2830 
Symmetrical vibrations of 

CH2 group (fats) 
PRESENT PRESENT 

9 2920 
Asymmetric vibrations of 

CH3 group (fats) 
PRESENT PRESENT 

10 3610 
Vibrations of  O-H group 

(alcohols, phenols) 
PRESENT PRESENT 

11 3700 
Vibrations of  O-H group 

(alcohols, phenols) 
PRESENT PRESENT 

 

The wave number of 750 cm
-1 

corresponds to the 

vibration of C=C function group characteristic of 

polysaccharides and present in both plants. The wave 

number of 1045 cm
-1 

is assigned to the symmetrical 

vibrations of PO 
2-

 group – these are nucleic acids and 

phospholipids. 1200 represents vibrations of the C-N 

(amines) group, 1370 represents C-H (polysaccharides 

protein) group, whereas 1450 and 1500 – are vibrations of 

C-C group typical of aromatic rings. With 1650 cm
-1

 

wave number bending vibrations are observed for N-H 

and stretching vibrations for C-N (typical of secondary 

amides) and with 2830 – symmetrical vibrations of CH2 

group and assymetrical vibrations of CH3 group, typical 

of fats. Wave numbers 3610 and 3700 correspond to the 

vibration of O-H group (alcohols and phenols). 

Unprocessed needles of spruce contain a greater 

amount of amines, whereas juniper has a greater amount 

of lipids. There is a difference in the absence of C-H 

group (indicating the presence of polysaccharides and 

proteins) in the spectrum of juniper at wave number equal 

to 1370 cm
-1

. Tips of spruce shoots show greater 

resistance to temperature compared with the material 

from juniper. The argument is that there is a greater 

number of function groups typical of fresh needles in the 

spruce FTIR spectrum than in juniper's after the process 

of torrefaction. At 150
o
C only spruce needles exhibited 

chemical shifts (such as no vibration of amine function 

groups at 1200 cm
-1

), however at 200
o
C and above greater 

resistance to high temperatures was seen in the needles of 

spruce. The temperature of 200
o
C broke function groups 

originating from the vibration of aromatic rings (1450 cm
-

1
, 1500 cm

-1
) only in the needles of juniper. A further 

increase in temperature by 50
o
C broke amine vibrations 

(1200 cm
-1

) in the material from juniper and from that 

moment on, the observations show that a greater number 

of juniper’s function groups were broken under high 

temperature than it was in the case of spruce. The 

torrefaction process at 200
o
C completely destroyed the 

aromatic rings in the material from the juniper, while in 

the case of spruce a complete loss of vibration was 

observed only at 300
o
C. The comparison of temperature 

impact on both materials is shown in Table 1. 

 

Table 3. The juxtaposition of chemical compounds 

degrading at different temperatures during the process 

based on the material from the juniper and spruce 

Temperature The elimination of compounds 

Junniperus sabina Picea abies 

150
o
C - amines 

200
o
C aromatic rings - 

250
o
C amines aromatic 

rings 

300
o
C nucleic acids, 

phospholipids 

aromatic 

rings, nucleic 

acids, 

phospholipids 

Source: Own design 

 



THE IMPACT OF HEAT TREATMENT ON THE COMPONENTS OF PLANT BIOMASS                  47 

In addition to chemical shifts, the torrefaction process 

also brings about topography changes in the processed 

biomass. In the case of spruce needles high temperature 

also brought about deep pores with thin boundaries. The 

surface of needles became more porous. The surface of 

juniper needles became rougher under high temperature; 

the smooth structure weakened. The changes were shown 

in Figures 7 and 8. 

 

 

 

 
Fig. 7. Torrefied products from juniper needles produced at 300

o
C – microscopic view at the magnification of 10, 20 

and 50 µm. 
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Fig. 8. Torrefied products of spruce needles produced at 300
o
C –microscopic view at the magnification of 10, 20 and 

50 µm 

 

CONCLUSIONS 

1. Drying at 150
o
C does not cause major changes 

and damage in the analysed plant biomass. 

2. Together with the increase in temperature, 

further bonds in biomass break and simpler organic 

compounds are created.  

3. Various chemical compounds undergo 

degradation at different temperatures and in juniper the 

compounds degrade as follows: aromatic rings, amines, 

nucleic acids, phospholipids. In spruce material the 

compounds degrade as follows: amines (at a lower 

temperature), aromatic rings (at higher temperatures), 

nucleic acids, phospholipids. 

4. The type of biomass significantly affects the 

process of torrefaction and its products. 

5. After torrefaction at 300
o
C the following 

compounds remain intact: polysaccharides, secondary 

amines, fats, alcohols and phenols (lignin components). 

6. By becoming familiar with the exact mechanism 

of the torrefaction process, one may obtain products of 

desirable properties and chemical composition. 
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Abstract. Magnetic field may be applied as a physical 

factor to improve germination capacity as well as growth 

and development of plants. In order to investigate the 

influence of stimulation with magnetic field and 

fertilization on the yield and quality of sugar beet roots, a 

field experiment was carried out in 2015 and it was 

designed to examine three cultivars of sugar beets, two 

variants of magnetic stimulation applied to seeds: 

stimulation in the magnetic field of 40 mT, and control 

conditions (no stimulation), as well as two variants of 

mineral fertilization: optimal, based on the contents of 

nutrients in soil, and control conditions (no fertilization). 

Observation of the plants’ growth and development was 

conducted during the vegetation period. The examined 

values included yield of roots and leaves, as well as 

contents of heavy metals, macro- and micro-elements and 

sugar. The observations carried out during the experiment 

and following harvest showed that the applied variable 

factors used in the experiment, i.e. the pre-sowing 

stimulation with magnetic field as well as properly 

designed fertilization, positively affect the parameters of 

the plants germination, growth and development as well 

as the contents of sugar in the examined sugar beet roots. 

Key words: magnetic stimulation, fertilization, sugar 

beet, yield. 

 

INTRODUCTION 

 

In Polish climate sugar beet is the only feasible raw 

material for production of sugar. It has been cultivated for 

over 150 years and during this time there have been 

numerous developments in both sugar beet culture and 

breeding which led to refinement and enhancement of the 

plant. Due to the increasing competition in sugar industry 

and the decreasing profitability of sugar beet cultivation, 

growers are forced to reduce costs of production, and to 

look for ways to increase the yield and to improve 

technological quality of the crop. The yield and the 

qualitative characteristics largely depend on the optimal 

farmland cultivation and rational mineral and organic 

fertilization [12]. 

Population growth poses a demand for constant 

increase in food production. In order to meet people’s 

nutrition-related needs, in terms of both quantity and 

quality, it is necessary to improve crop yields. Measures 

of progress in biology mainly include the rate and 

stability of yield in new cultivars, as well as immunity of 

plants to diseases and environmental stressors [14]. In 

recent years there has been growing interest in organic 

and integrated cultivation methods with focus on 

sustainable methods of enhancing the quality and health 

of seeds [8]. High demand for organic produce and the 

overall increase in the demand for plant material for food 

manufacturing have led to research into methods enabling 

production growth [6]. Seeds germination capacity and 

plant growth are positively impacted by cleaning and 

selection of seeds for their physical qualities as well as 

treatment with temperatures, irradiation with light of 

various wavelengths and intensity as well as treatment 

with alternating magnetic field [5]. Today we know that 

the use of magnetic fields with extremely low frequencies 

positively affects the characteristics of plants as well as 

processes occurring in them. The observed effects include 

improved germination capacity, faster development, 

increased length of seedlings and higher quantity of raw 

mass [3, 7]. Plants are exposed to the operation of 

constant, variable, oscillating [11] and pulsed magnetic 

field [1]. Physical methods are recognized as safe for the 

environment, therefore they are important from the 

standpoint of ecological farming [10]. The relevant 

physical methods may definitely  supplement chemical 

methods, yet they cannot replace them [1]. Earlier studies 

conducted both in laboratories and at micro-fields have 

demonstrated positive influence of stimulation with 

variable magnetic field on germination, growth and yield 

in selected cereals, pulses, root crops, vegetables and 

flowering plants [2, 4, 9].  

Moreover, the use of fertilizers is of great importance 

as the basic treatment in agriculture impacting both plants 

productivity and quality of crops. It is estimated that in 

the conditions defined by Polish soils and climate, 

treatments with fertilizers account for 40-50% of crops 

productivity. At the same time inadequate use of 

fertilizers decreases the quality of soils by stimulating 

acidity, disturbing ionic equilibrium of the elements, 

reducing microbiological activity, introducing harmful 
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substances/elements and inducing salinity. Fertilization 

may also lead to eutrophication of surface waters and 

contamination of ground waters with nitrates and nitrite 

[Wójcik2014]. 

MATERIAL AND METHODS 

A field experiment carried out in Gać near Przeworsk 

in 2015 was designed to identify the influence of pre-

sowing stimulation of seeds with magnetic field and 

treatment with mineral fertilizers on the yield of sugar 

beet and the quality of its roots. The field experiment was 

established in split-block/split-plot design, in three 

repetitions. The assessment was carried out for three 

common sugar beet cultivars, in two variants: seeds 

magnetically stimulated and seeds without stimulation. 

Likewise, two variants of fertilization were applied: 

treatment with and without mineral fertilizers. The factor 

of fertilization was also used in combination with the 

factor of pre-sawing stimulation of seeds, which resulted 

in the total of 4 experimental variants in three block 

repetitions. The seeds were exposed to magnetic field of 

50 mT, generated by air-spaced coil with inner diameter 

of 11 cm and length of 15 cm, powered from a source of 

single-phase alternating current.  The coreless coil 

consisted of 13 layers, with 115 turns per each layer 

(Fig. 1.).

 

 

Fig. 1. Station for inducing large slow-changing magnetic field.

Calculations of such coil parameters as: resistance, 

inductance, reactance, impedance, intensity of current 

flowing in the coil, and the strength of the magnetic field 

in the central point of the coil were performed with the 

use of technical method of computing based on Ampere’s 

law. To facilitate theoretical considerations a special 

application was developed to enable automatic computing 

of the required parameters in LabView environment.  

Sample calculations for magnetic field induction at 

the level of 50 mT, at the frequency of 50 Hz are shown 

in Fig. 2.  

 

 

Fig. 2. The system parameters at specific induction of magnetic field   

U [V] – voltage on coil clamps; f [Hz] – frequency of the magnetic field; l [m] – coil length; r1 and r2 [m] – 

internal and external coil radius; d [mm] – coil wire thickness; isolation thickness [µm]; number of layers; turns per 

layer; n – total number of turns in the coil; total wire length [m] 
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Duration of exposition was defined as 60 seconds, 

taking into account temperature coefficient and 

stimulation was performed each time on the day the seeds 

were planted: 

 

where: [Ω] – resistance at temperature T, 

 [Ω] – resistance at temperature 0°C 

  temperature coefficient of resistance 

(Table 1). 

 

Table 1. Values of temperature coefficient of resistance for selected materials [13] 

Iron Tungsten Aluminium Copper Silver 

     
 

For example, with a change in temperature 

amounting to 10 K, coil resistance changes by 4.3%, 

which leads to change in the current strength, at the 

constant voltage of 100V by approx. 0.1A (nominal 

current in this case is approx. 2.5A).  

Taking that into account, a model of magnetic field 

distribution around the applied solenoid was drawn 

(Fig. 3.) 

 

 
Fig. 3. Model distribution of magnetic field in the applied 

solenoid 

 

Soil samples were collected in the year preceding the 

start of the experiment, i.e. in the 4th decade of October 

2014. More specifically, 30 single samples were collected 

from the surface of the field in order to identify the 

average sample. The single samples were collected with 

Egner’s stick, from the arable layer 0-20 cm, along the 

diagonals of the field designated for the experiment. The 

soil samples collected this way were subjected to analyses 

in Stacja Chemiczno-Rolnicza (Chemical and 

Agricultural Research Laboratory) in Rzeszów. The 

assays were performed to identify soil pH, and salinity as 

well as the contents of nitrogen, phosphorus, potassium, 

calcium, magnesium and chlorine. The findings were used 

to elaborate recommendations regarding fertilizer 

treatments to be used during the field experiment. Then, 

in November 2014 a specific amount of fertilizers was 

distributed, in compliance with the recommendations. The 

field was ploughed before the winter. In spring (late 

March/early April) 2015, after seedbed preparation, which 

included application of more fertilizers to meet the 

guidelines, on 15 April 2015 the field experiment was 

established in an area of 14 ares. Sugar beets were 

cultivated in compliance with agricultural technologies. 

Winter wheat was used as a forecrop.  

Observation of the plants’ growth and development 

was conducted during the vegetation period. Harvest was 

conducted in the 4th decade of October. The yield of roots 

and leaves was determined. Then samples of roots and 

leaves were collected from each plot in order to examine 

chemical composition. The contents of water, ash, carbon, 

nitrogen and volatile substances were measured with 

TGA701 Thermogravimetric Analyzer, and 

concentrations of macroelements were examined with ICP 

OES iCAP Dual 6500. The contents of sugar were 

measured with liquid chromatography system Thermo 

Dionex Ultimate 3000. Additionally calculated, the 

harvest index reflected the ratio of root yield to the overall 

yield of leaves and roots.   

 

RESULTS AND DISCUSSION 

 

Field emergence was significantly related to the 

factors applied during the field experiment. Moreover, 

variety-specific characteristics and pre-sawing stimulation 

with magnetic field affected that property in all the 

examined sugar beet cultivars. Significantly higher field 

emergence, compared with the other cultivars, was found 

in cultivar No. III (88.9%). The seeds of Cultivars I and II 

germinated at the rates of 85.5% and 81.3%.  Pre-sowing 

seeds stimulation with the magnetic field of 50 mT 

significantly influenced field emergence, on average 

improving seeds germination capacity by 7.2 %. On the 

other hand, optimal fertilization was not related to seeds 

germination capacity, yet later it affected the speed of 

growth, development and the ultimate crop yield. 

 Both the yield of roots and the yield of leaves 

were related to the applied variable factors. The yield of 

roots on average ranged from 53.9 t/ha for the control 

sample, for stimulated seeds on average 58.4 t/ha, for the 

variable factor, i.e. magnetic stimulation and fertilization 

62.4 t/ha up to 71.9 t/ha for cultivars treated with optimal 

fertilization. The applied optimal fertilization improved 

yield of roots in Cultivar No. I by 15.2 t/ha, Cultivar II by 

23.4 t/ha and Cultivar III by 15.5 t/ha compared with the 

control sample. Combination of the variable factors, i.e. 

magnetic stimulation and fertilization led to the increase 

in the mean yield in the investigated cultivars by 8.5 t/ha.  

Pre-sowing stimulation of seeds improved the yield from 

roots in each of the examined cultivars. In comparison to 

the control sample, the increase in the yield of Cultivar 
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No. I amounted to 3.9 t/ha, Cultivar II – 5.6 t/ha, and 

Cultivar  III – 4.1 t/ha.  

 The yield of leaves ranged from 33.0 t/ha to 52.8 

t/ha. Pre-sowing stimulation, regardless of the cultivar, 

increased the yield of leaves on average by 6.8 t/ha 

compared with the control sample. In terms of the yield of 

leaves, positive response to the stimulation was observed 

in the cultivars; the yield of leaves in Cultivar I increased 

by 5.0 t/ha, Cultivar II by 8.3 t/ha and Cultivar III by 7.5 

t/ha. The applied variable factors, i.e. optimal fertilization 

and optimal fertilization combined with magnetic 

stimulation increased the yield of leaves on average by 

16.0 t/ha and 9.9 t/ha, respectively. There was a similar 

response of all the cultivars to pre-sowing seeds 

stimulation with magnetic field and optimal fertilization 

in terms of increased yield of roots and leaves. 

 Harvest index was used to assess plants 

productivity, and expressing the relation of utility index to 

biological yield, it is in the range of 0.57-0.61 and 

matches the limit values adopted in the available 

literature.   

 

Table 2. Field emergence, yield of roots and leaves as well as harvest index  

Cultivar 

 

 

 

Type of applied variable factor 

 

 

Field emergence 

 

[%] 

Yield of roots 

 

[t
.
ha

-1
] 

Yield of 

leaves 

[t
.
ha

-1
] 

Harvest index 

 

 

I Control 81.5 54.5 35.5 0.61 

Stimulation 50 mT 89.4 58.4 40.5 0.59 

Stimulation 50 mT + optimal 

fertilization 

89.2 62.1 44.0 0.59 

Fertilization 81.7 69.7 51.5 0.58 

Mean 85.5 61.2 42.9 0.59 

II 

 

Control 78.0 49.8 33.0 0.60 

Stimulation 50 mT 85.5 55.4 41.3 0.57 

Stimulation 50 mT + optimal 

fertilization 

84.2 60.9 43.5 0.58 

Fertilization 77.5 73.2 49.4 0.60 

Mean 81.3 59.8 41.8 0.58 

III Control 85.0 57.3 37.0 0.61 

Stimulation 50 mT 91.7 61.4 44.5 0.58 

Stimulation 50 mT + optimal 

fertilization 

92.7 64.2 47.9 0.57 

Fertilization 86.0 72.8 52.8 0.58 

Mean 88.9 63.9 45.6 0.59 

Mean Control 81.5 53.9 35.2 0.61 

Stimulation 50 mT 88.7 58.4 42.1 0.58 

Stimulation 50 mT + optimal 

fertilization 

88.7 62.4 45.1 0.58 

Fertilization 81.7 71.9 51.2 0.58 

Pre-sowing stimulation of seeds and fertilization 

resulted in higher accumulation of sugar in the sugar beet 

roots. Compared to the control sample, sugar contents in 

the investigated cultivars increased on average by 0.98 % 

for the sample exposed to magnetic field of 50 mT. The 

increase in the case of Cultivar I was by 0.91 %, for 

Cultivar II – 1.03 % and Cultivar III by 1.00 %.  The 

biological yield of sugar was higher as a result of 

magnetic stimulation. In comparison to the control 

sample, the variable factor of stimulation led to the mean 

increase in biological yield of sugar by 1.40 t
.
ha

-1
. Taking 

into account the mean sugar yield, the best result was 

observed in Cultivar No. III, at the level of 12.64 t of 

sugar per one hectare. The other applied variable factors, 

i.e. fertilization combined with magnetic stimulation, and 

fertilization alone, significantly improved the biological 

yield of sugar in sugar beet roots. The mean increase in 

this value in the case of fertilization combined with 

magnetic stimulation was found at the level of 2.7 t
.
ha

-1
 in 

the investigated cultivars of sugar beet, in comparison to 

the control sample. On the other hand optimal fertilization 

increased the yield of sugar on average by 5.12 t
.
ha

-1
 

compared with the control sample. 

      



EFFECTS OF MINERAL FERTILIZATION AND PRE-SOWING MAGNETIC STIMULATION…       55 

Table 3. Biological yield of sugar, and selected items of chemical composition of sugar beet roots  

Cultivar 

 

Type of applied variable 

factor 

Sugar, 

[%] 

Biological yield of 

sugar, [t
.
ha

-1
] 

Contents of 

water, [%] 

Soluble ash, 

[%] 

I Control 19.54 10.65 75.42 0.47 

Stimulation 50 mT 20.45 11.94 77.37 0.63 

Stimulation 50 mT + 

optimal fertilization 

20.60 12.79 77.81 0.53 

Fertilization 21.02 14.65 77.15 0.43 

Mean 20.40 12.51 76.93 0.52 

II 

 

Control 17.97 8.95 76.44 0.57 

Stimulation 50 mT 19.00 10.53 76.94 0.68 

Stimulation 50 mT + 

optimal fertilization 

19.67 11.98 77.35 0.63 

Fertilization 21.03 15.39 76.87 0.52 

Mean 19.41 11.71 76.90 0.60 

III Control 18.03 10.33 76.41 0.60 

Stimulation 50 mT 19.03 11.68 77.43 0.61 

Stimulation 50 mT + 

optimal fertilization 

20.67 13.27 77.08 0.62 

Fertilization 20.97 15.27 77.42 0.55 

Mean 19.67 12.64 77.08 0.60 

Mean Control 18.51 9.98 76.09 0.54 

Stimulation 50 mT 19.49 11.38 77.24 0.64 

Stimulation 50 mT + 

optimal fertilization 

20.31 12.68 77.41 0.59 

Fertilization 21.00 15.10 77.14 0.50 

 

Statistical analysis did not show a significant effect 

of pre-sowing stimulation, fertilization, and combination 

of these two variable factors in the contents of dry matter 

and ash. Nonetheless, there is a visible positive impact of 

the applied variable factors on the contents of water and 

soluble ash in the roots of the examined cultivars. There 

was a noticeable tendency for growth in water contents 

after the variable factors were applied; in the stimulated 

sample by 1.15 %, for fertilization combined with 

stimulation by 1.32 % and for fertilization alone by 1.05 

% compared to the control. The aforementioned tendency 

was observed in all the relevant cultivars. Likewise, there 

was an increase in ash contents following magnetic 

stimulation (on average by 18.50%) and combined 

stimulation and fertilization (on average by 9.25%) 

compared to the control sample. Application of optimal 

fertilization led to a decrease in ash contents, on average 

by 7.40%. The above trend was observed in all the three 

cultivars of sugar beet.  

Based on a study on two cultivars of sugar beets, 

Wójcik [15] showed that pre-sowing stimulation with the 

value of 75 mT significantly modified the yield of roots, 

in comparison with the control sample, on average by 6 

t/ha. Moreover, she reported that pre-sowing stimulation 

of seeds led to an increase in the contents of sugar in the 

roots, on average by 0.65%. It was also demonstrated that 

pre-sowing exposition to magnetic field resulted in 

increased field emergence in the investigated cultivars, on 

average by 6%.    

 

Table 4. Biometric characteristics of the plants at harvest, depending on the cultivar and the applied variable factor 

 

Cultivar 

 

Experimental factors 

Control sample Pre-sowing 

stimulation 50 mT 

Pre-sowing stimulation 50 

mT + optimal fertilization 

Optimal fertilization 

Raw mass of root (g) 

I 605 650 688 766 

II 544 611 667 811 

III 633 677 711 800 

mean 594 646 688 792 

Raw mass of leaves and petioles (g) 

I 393 448 481 559 

II 359 452 473 543 

III 405 487 526 576 

mean 385 462 493 559 
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Each of the applied variable factors positively 

impacted the investigated biometric properties. As a result 

of magnetic stimulation, the raw mass of roots increased 

in each of the examined cultivars, on average for all the 

three cultivars by 52 g. Application of such variable 

factors as fertilization and fertilization combined with 

magnetic stimulation produced increase in root mass by 

198 g and 94 g, respectively.  

In the case of leaf petioles and blades the tendency 

was the same as in sugar beet roots. The variable factors 

applied in the experiment produced higher yield of leaves 

in all the cultivars. Raw mass of leaf petioles and blades 

of sugar beets ranged from 385 g in the control sample, to 

as much as 559 g in the sample treated with optimal 

fertilization. Magnetic stimulation resulted in an increase 

in leaf mass by 77 g, compared to the control. 

 

 

Fig. 4. Mean contents of heavy metals in the roots of the examined sugar beet cultivars 

 

Fig. 4. shows mean total contents of heavy metals, 

i.e. aluminum, cadmium, chromium, copper, nickel, 

strontium, titanium, and zinc in raw mass of sugar beet 

roots, for Cultivars  I, II and III. The findings show that 

magnetic pre-stimulation led to a decrease in the contents 

of heavy metals in the examined roots by 13.5%, 

compared with the control.  On the other hand there is a 

visible relationship between the applied optimal 

fertilization and the increase in heavy metals contained in 

sugar beet roots of all the cultivars. In all the cases the 

combined treatment with magnetic field and optimal 

fertilization resulted in 23.9% reduction in the contents of 

heavy metals in sugar beet raw mass, in comparison to 

treatment with a single variable factor of optimal 

fertilization.

 

 

Fig. 5. Mean contents of microelements in roots of the examined sugar beet cultivars 
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Fig. 6. Mean contents of macroelements in roots of the examined sugar beet cultivars 

 

Figure 5 presents mean contents of microelements, 

i.e. manganese, molybdenum, selenium, iron and barium 

in raw mass of sugar beet roots, for Cultivars I, II and III.   

On the other hand, Fig. 6 shows mean values for 

macroelements, i.e. calcium, potassium, sodium, 

magnesium, phosphorus and sulphur, in raw mass of 

sugar beet roots, in Cultivars  I, II and III. Like in the case 

of heavy metals, for micro- and macroelements there is a 

visible relationship between the pre-sowing magnetic 

stimulation and a decrease in the contents of the examined 

elements in raw mass of the examined cultivars of sugar 

beet. The use of magnetic field in the examined cultivars 

on average led to a decrease in the quantity of 

microelements by 24.6 %, and macroelements by 5.05 % 

compared with the control samples. On the other hand the 

applied well-designed fertilization increased the mean 

contents of microelements by 60.43 % and macroelements 

by 39.21 % in the examined raw mass of sugar beet roots 

of all cultivars, compared with the control samples.  

 

CONCLUSIONS 

 

1. The applied optimal mineral fertilization 

positively influenced the contents of micro- and 

macroelements, the biological yield of sugar and the yield 

in all of the examined cultivars of sugar beet, while also 

increasing the contents of heavy metals in raw mass of 

beetroots. 

2. The applied magnetic field of 50 mT 

significantly enhanced field emergence of sugar beet, and 

by synergic effect with yield rates, it improved the 

contents of sugar and biometric properties.  

3. The applied magnetic field, acting alone and in 

combination with fertilization significantly reduced 

accumulation of heavy metals in the harvested sugar beet 

roots.   
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Abstract. This article present selected issued of the 

analysis of the computer modelling of the tiller’s sprocket 

with the Solid Edge ST software. The geometry presented 

in the article was prepared so that they may be used to 

perform simulation presenting the influence of the loads 

generated by the ground work on the distribution and 

values of the stress forces within the tiller’s sprocket - 

Finished Element Method. The analysis covered the 

sprockets subjected to the forces of: 200N, 400N, 600N, 

800N and 1000N. Geometric models were developed 

based on the available catalogue materials and the Polish 

Standard PN+92/R-58051-1. The FEM analyses 

performed allowed suggesting solutions to optimise the 

whole geometry in terms of the strengths. 

Key words: tiller’s sprocket, geometry, modelling, 

optimization, agriculture 

INTRODUCTION 

The farms, irrespective of their cultivation area [23], 

ate equipped with various machinery and tools for plant 

cultivation and maintenance. The tools used for 

cultivating the soil and fertilizing it play one of the main 

roles in farms - they influence the soil quality directly 

with their specific stricture and purpose [16, 22]. One 

shall bear in mind that they are classified as the most 

energy-consuming machines due to the characteristics of 

their operating conditions and the intensity of their ability 

to influence the soil quality [8, 17]. 

They may be used for agrotechnological processes in 

the farms to obtain and provide both correct and as 

effective as possible growth of the crops thanks to the 

additional soil breaking as well as its unification and 

levelling [3]. What is more, they may affect the soil 

humidity, as well as disturb or inhibit further growth of 

weeds. Which tools are used and how they work, as well 

as the number of procedures performed, depends on 

various factors requiring previous planning od the 

agricultural production in a given farm [21]. Planning the 

above one shall consider the following data: plant kind 

and variety, their current condition, precrops. An 

important factor in selecting the procedures comprises the 

condition of the soil, its type and selecting the appropriate 

working depth of the tools to be used [4]. 

It may be noticed within the recent years, that the 

increasing number of the tools used for agrotechnological 

processed in the farms are not individual machines by 

multifunctional aggregates (e.g. tooth harrow and cage 

rollers). Their main function is to provide the crop 

cultivated with the best possible growth conditions with 

the lowest number of machinery passes over the soil 

cultivated. Multiple machinery passes over the soil 

cultivated affects it significantly [26]. This is particularly 

visible when using the multifunctional aggregates, whose 

weight with the tractor is heavier, hence the influence is 

more negative [19]. Therefore, despite the fact that 

cultivation tools are combined into aggregated and despite 

their advantages, the above-mentioned solutions has also 

disadvantages, therefore individual tools (not combined 

into cultivation aggregates) are still common. An example 

of such action is the use of a tiller, that is perfect for 

procedures improving the soil quality due to its properties 

based on its construction and operating principle, but at 

the expense of its reduced energy consumption compared 

to other tools. 

To consider the aspects of the strength of a tiller’s 

sprocket during its operation in the soil, one may apply 

the Finite Element Method. However, before this is 

possible, one shall properly prepar.e the geometry of the 

elements under analysis 

 

TILLERS 

Tillers are one of may tools available used for 

agrotechnological procedures, previously performed by 

ploughing as the main procedure aimed at improving the 

soil quality. What is more, contrary to the ploughing, 

using the tools for no-tillage cultivation, such as disc 

cultivators or tillers instead of the ploughs, what 

positively influences the crop energy and economic 

efficacy [5].  

However, the main objective of the tillers used as the 

tools in agriculture is to improve the soil condition and 

quality following the preceding procedure of ploughing, 

to fertilize the soil better following ploughing and to mix 

the fertilized with the soil properly. Thanks to its 

construction, cultivating ensures deeper agitation and 

aeration of the soil following the preceding ploughing, 

and the soil itself is broken up and mixed. Using the 

proper type of the sprocket, tillers may be used for 

various purposes. A tiller with spring sprocket may for 

example be used to dig elymus and other weeds in the



60  K. Tucki, M. Sikora 

plowed ground. What is more, due to its working depth 

and the strive for cost minimization, agrotechnological 

procedures with the tillers may be used for stubble 

cultivation instead of the ploughs. Tiller may also be used 

before the ploughing itself to destroy the turf and 

facilitate plough embedding, what may improve the 

energy efficacy of the ploughing itself. 

Also subsoilers may be found on the farm, the so-

called heavy tillers composed of rigid chisel components 

for deep soil agitation. This is performed to destroy the 

plough pan. The nature of the tool’s structure and 

operation principle results in the working depth of 70 cm. 

Tillers used in agriculture are equipped with working 

units called sprocket. Depending on the type of soil and 

the conditions in which the tiller is used, three types of 

sprocket fixed on the tillers are distinguished: spring 

sprockets, composed of a single spring or supported with 

an additional soring in its upper part, semi-rigid sprocket 

and rigid sprocket, with individual protection if the 

sprocket would hit a rock [1]. The so-called shear pin or 

spring fuse constitute the protection referred to above 

[10]. 

 

3D modelling of a tiller’s sprocket 

Computer 3D modelling is an example how the IT 

development facilitated the production processes [6].  

Thanks to the technology, not only the design stage 

(design philosophy), but also the time necessary to have 

the final product from the design changed [14, 24, 25]. 

Solid Edge ST6 software allows preparing a 3D 

digital prototype of individual components in the Część 

[Part] menu, and then creating the final tool out of 

multiple individual components in the Złożenie [Fitting] 

menu of the Solid Edge software [7, 20].  

The following actions are necessary to perform a 3D 

model of a tiller’s sprocket in the Solid Edge software: 

 selecting the main reference plane with the shape 

drawing (Figure 1) of the tiller’s sprocket; 

  placing new reference planes on the sprocket 

drawing with Normalna do krzywej [Normal to curve] to 

create the sprocket model with a specific cross-section 

(Figure 2); 

 using the cross-sections placed on the reference 

planes (Figure 3) one may move forward from the 

drawing to the three-dimensional model of the sprocket to 

be designed with the Wyciągnięcie po krzywej [Extrude 

along the curve]; 

 having defined the input parameters - the path 

and the cross-sections - the three-dimensional model of 

the sprocked is generated (Figure 4). 

 

 

 

 
Fig. 1. The drawing with the tiller’s sprocket curvature dimensions - 28x11 [Own elaboration] 

 

 
Fig. 2. 28x11 Tiller’s sprocket cross-sections [Own elaboration] 
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Fig. 3. Drawing together with drawings                     Fig. 4. Three-dimensional model of 

of the tiller’s sprocket cross-section – 28x11      tiller’s sprocket with the function 

[Own elaboration]                                         [Own elaboration] 

                                                                              

Despite the use of the Wyciągnij po krzywej option, 

two openings were provided - in the top to fix the tiller’s 

sprocket to the frame and on the bottom to fix the tip. 

Similarly, three other components composing the sprocket 

under analysis were modelled, namely the tip (Figure 5 

and 6) and the bolt with the nut fixing the tip to the 

sprocket.  

                                            
Fig. 5. Drawing of the tip base                       Fig. 6. Three-dimensional model of the tiller’s 

with the cross-section drawing [Own          sprocket tip following the option  [Own 

elaboration]                                         elaboration] 

 

With all the components of the sprocket, namely the 

sprocket base, the tip and the bolt with the nut, one may 

forward to the Złożenie menu. There, using the Biblioteka 

części [Parts’ library] option one shall select the sprocket 

base as the first component. It shall be the reference plane 

in placing thee remaining components The remaining 

components are transferred similarly as the first 

component. Then the components are combined together 

with the option Składaj [Fix] on the Main tools toolbar 

and by providing the appropriate relations to the 

individual components.  

When the components are provided with the proper 

relations, the model so generated (Figure 7) may be saved 

as a separate file. The default saving format of the Solid 

Edge software is *.asm, but since the files will be used by 

other software, such models shall be saved in more 

multifunctional format of Parasolid *.x_t. 
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Fig. 7. 28x11 Tiller’s sprocket fixing [Own elaboration] 

 

Taking into consideration the soil conditions in which 

the spring tiller’s sprockets work, as well as different soil 

condition, its different firmness and humidity, one may 

see different solutions for developing the sprockets. 

Starting from the sprockets made of single S-shaped steel 

piece by combining two components - the top and the 

bottom one, up to spiral (screw) sprockets. 

Similarly to the above-mentioned sprocket (28x11), 

the other spring tiller’s sprockets were designed, namely: 

60x11 (Figure 8); 32x10 (Figure 9); 45x11 (Figure 10); 

45x11 (Figure 11); 

                                        
Fig. 8. Three-dimensional model of the tiller’s                Fig. 9. Spring tiller’s sprocket –  

32x10 sprocket  [Own elaboration]                      60x11   [Own elaboration]    

                             
 

Fig. 10. Spring tiller’s sprocket - 45x11               Fig. 11. Spring tiller’s sprocket -                   

[Own elaboration]                                                 spiral 35x35 [Own elaboration]                    
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Despite the modern and most complex agricultural 

machines and tools available, the tillers still play an 

important role in the crop growing process due to their 

simplicity, strong influence on the soil and reduced 

energy consumption. The designing of a tiller’s sprocket 

without the state-of-art professional software facilitating 

the designer to prepare comprehensive technical 

documentation together with detailed technical analyses is 

complicated. The possibility to verify the selected model 

in 3D, automatic generation of the component layouts and 

the ability to perform comprehensive strength analyses 

combined with the user-friendly nature of such state-of-

art professional software suggest its quick popularization. 

Using the computing numerical codes for 

computer simulation with the Finite Element Method 
Using the state-of-art computer software, the 

engineers may perform the analyses of computer models 

described with mathematical equations [20].  

The Finite Element Method is one of the basic 

components used in the computer aided technological 

calculations. This is one of the partitioning methods, 

striving for dividing the continuous geometric layouts into 

components with a limited number of subsections [12]. 

The method may be applied for both individual parts and 

highly complex structures. The main assumption of the 

method described is to divide the continuous geometric 

layout into the so-called finite components combined in 

the nodes, resulting in the creation of a discrete geometric 

model, hence the layout with unlimited number of the 

degrees of freedom is transformed into a layout with a 

limited number of the degrees of freedom. When solving 

various issues such as. e.g. material strength, also the 

issue of the so-called layout boundary conditions shall be 

considered. 

Five models of the tiller’s sprocket varying in terms 

of their geometric construction were subjected to 

simulations in the numerical computing software. The 

analysed tiller’s sprockets were made of the spring steel 

compliant with the Polish Standard PN-74/H-84032 [19], 

namely the 50S2 low alloy silicon steel [15]. That steel is 

dedicated for thermal processing purposes. Therefore the 

assumed flexible material models with the following 

parameters is typical for the computer models of the 

sprockets: 

 Young’s Module E=200 GPa; 

 Poisson’s coefficient v = 0.3; 

 Yield strenth Re = 1080 MPa; 

 Tensile stresses Rm = 1280 MPa. 

 It was assumed that the soil resistance affecting 

the tip is directed downwards at 15 degree angle [2]. It is 

assumed that the average soil resistance is applied to the 

tip at the height of h = 0.2a (Figure 12), measured from 

the blade’s tip. The value og the resistance components 

affecting the sprocket with the tip increases with the 

tool’s working depth. The loads applied to the sprockets 

in the simulation are provided in the table below. 

 

Table 1. Distribution of the forces applied to the tiller’s sprocket pursuant to the parameters assumed 

200 400 600 800 1000 
Load [N] 

51.8 103.5 155.3 207.0 258.8 Z component [N] 

193.2 386.4 579.5 772.7 965.9 Z component [N] 

Own elaboration based on [2] 

 

 
Fig. 12.  The interdependence of the resistance of the tiller’s sprocket on the working depth: a - sprocket with the tip,     

b - sprocket with the duckfoot share, Kx – resistance of the sprocket with the tip [2] 

 

With the above information given, one may move 

forward to the next step, namely applying the structure 

support conditions simulating its actual operation, namely 

the border conditions and the load on the structure [9, 13]. 
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Fig. 13. 28x11 Tiller’s sprocket - border conditions. A - model’s load, B - model’s fixed joint  [Own elaboration] 

 

The point B (Fig. 13), the sprocket is fixed to the 

frame, therefore both translation and rotational degrees of 

freedom has been eliminated there. In point A, on the 

other hand, the forces were applied on the sprocket. The 

above assumptions of the border conditions refers to all 

the tiller’s sprocket models used in this analysis. 

The next step in analysing the tiller’s sprocket is to 

generate the finite elements network. To minimise the 

number of FEM network components, the geometry was 

divided into smaller areas (Figure 14) with Virtual 

Topology tool; in consequence the model under analysis 

contained more optimized node and finite element 

network for analysis. Such action not only reduced the 

time required to perform the full analysis ordered by the 

user and the load and fixed joint conditions given by the 

used, but also reduces the load of computer workstation 

where the analysis is being performed. Additionally, 

excessive number of components may affect the 

simulation result. Therefore the user may optimize the 

simulation with the above-mentioned actions comprising 

the use of the Virtual Topology tool and selecting the 

method of generating the finite element network. 

                                                          
Fig. 14. 28x11 tiller’s sprocket following        Fig. 15. FEM network of the 28x11 Tiller’s  

the application of the Virtual Topology           sprocket developed manually [Own elaboration] 

tool [Own elaboration] 

 

In result of the previous actions, the finite element 

network composed mainly of tetrahedrons is generated 

manually (Figure 15). As a rule, using the FEM network 

composed of triangles is avoided. 
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Identical procedure is applied for the remaining tiller’s sprockets used in this analysis. 

Strength analysis of the tiller’s sprockets 
Due to the nature of its structure and its operation principle, tillers are subject to large mechanical loads when 

operating, in particular the tiller’s working parts - the sprockets - are mostly subjected to such loads. The sprockets shall 

therefore be resistant to multiple intense folding. The analysed spring tiller’s sprockets vibrate strongly in the soil, 

therefore the intensity of their influence on the soil is improved. In result the soil id broken up and mixed. 

Most frequent damage to the sprocket due to the working conditions is its breaking. Therefore various geometric 

variants of the sprockets were selected for analysis. This allowed to present the differences between them in the case of 

the same loads. In the simulation we mostly expected feedback in the following aspects: 

 Huber-von Mises’ stresses ecting; 

 total displacement; 

 safety coefficient. 

Having entered all the necessary input data and used the FEM network, the figures below (Figures 16-18) present 

the result of the strength simulations for the tiller’s sprockets. The initial load of 200N was applied as assumed 

previously. 

              
Fig. 16. Huber von Mises’ reduced                                      Fig. 17. Total displacement; 28x11 tiller’s 

stress; 28x11 tiller’s sprocket [Own elaboration]               sprocket [Own elaboration] 

              

              
Fig. 18. Safety coefficient; 28x11           Fig. 19. Huber von Mises’ reduced  

tiller’s sprocket [Own elaboration]                         Huber von Mises’ stress 32x10 tiller’s sprocket   

                                                                                  [Own elaboration]
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With the same load, the results for 32x10 sprocket (Figure 19-21) differ significantly, despite the appearing less 

flexible structure. 

                         
Fig. 20. Total displacement;                     Fig. 21. Safety coefficient; 

tiller’s sprocket – 32x10 [Own elaboration]                      32x10 tiller’s sprocket [Own  elaboration] 

 

 

In view of the above results and the information 

resulting, the solutions with  better strength properties of 

the whole geometry were sought. Two possible 

modifications were noted, presented on the figures below. 

The first option was to increase the width of the top 

sprocket’s cross-section, which is the place where the 

largest stresses were present, as presented on the figures 

(Figure 22-24), meaning that this is the weakest point of 

the tool. That action significantly reduced the stresses 

present there, prolonging the life of that sprocket and its 

usefulness. 

                       
Fig. 22. Huber von Mises’ reduced                        Fig. 23. Total displacement; 

Stress; 45x11 tiller’s sprocket           45x11 tiller’s sprocket 

[Own elaboration]                                                 [Own elaboration]



3D DESIGN PROCEDURE, FEM ANALYSES AND OPTIMIZATION OF THE TILLER’S SPROCKET    67 

 
Fig. 24. Safety coefficient; 45x11 tiller’s sprocket [Own elaboration] 

 

The other solution noted when searching the solution of that problem, allowing the prolonged tool’s life is making 

the sprocket of two separate components, as presented below (Figure 25-27): 

 

                 
Fig. 25. Huber von Mises’ reduced                        Fig. 26. Total displacement; 

stress; 60(35)x11 tiller’s sprocket           60(35)x11 tiller’s sprocket 

[Own elaboration]                                                  [Own elaboration] 

 

 
Fig. 27. Safety coefficient; 60(35)x11 tiller’s sprocket [Own elaboration] 

 

On the basis of the above illustrations one may pose a 

hypothesis that the stress id related to the width of the top 

part of the tiller’s sprocket. 

Another example of seeking the solution allowing for 

reducing the stresses applied to the sprocket is the spiral 

model, presented on the figures below (Figure 28-29): 
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Fig. 28. Huber von Mises’ reduced                        Fig. 29. Total displacement; 

stress; 35x35 tiller’s sprocket           35x35 tiller’s sprocket 

[Own elaboration]                                                [Own elaboration] 

 

 

 

The above figures present the distribution of the 

reduces stresses and the total displacement for the tools 

loaded with the force of 200N. Below the same models 

are presented (Figure 30-33), subjected to the force od 

800N together with the stress distribution throughout their 

geometry. 

                       
Fig. 30. Huber von Mises’ reduced                        Fig. 31. Huber von Mises’ reduced 

stress; 28x10 tiller’s sprocket           stress; 32x10 tiller’s sprocket 

[Own elaboration]                                                [Own elaboration] 
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Fig. 32. Huber von Mises’ reduced                        Fig. 33. Huber von Mises’ reduced  

stress; 45x11 tiller’s sprocket          stress; 60(35)x11 tiller’s sprocket  

[Own elaboration]                                [Own elaboration]       

 

As presented on the figures above, having applied 

four times the force to the tool under analysis, one may 

note that the area of the largest stress is greatly the same, 

despite large difference in the forces applied. 

As stated above, the analysis covered the sprockets 

subjected to the forces| of: 200N, 400N, 600N, 800N and 

1000N. The tables below (Table 2 and 3) present the data 

on the maximum reduced stresses and total displacements 

for all the sprockets under the strength analysis: 

 

Table 2. Summary of the maximum Huber von Mises’ reduced stresses [Own elaboration] 

Sprocket model 200 400 600 800 1000 Force [N] 

     
28x11 

M
A

X
 

178.54 357.08 535.53 714.07 892.61 

S
tr

es
se

s 
[M

p
a]

 

32x10 136.22 272.44 408.59 544.81 681.03 

45x11 110.24 220.5 330.69 440.95 550.76 

60(35)x11 130.66 261.96 392.89 523.85 654.85 

35x35 27.706 55.413 83.105 110.81 138.52 

 

Table 3. Summary of the maximum total displacements [Own elaboration] 

Sprocket model 200 400 600 800 1000 Force [N] 

28x11 

M
A

X
 

38.36 76.72 115.06 153.42 191.77 

T
o

ta
l 

d
is

p
la

ce
m

en
t 

[m
m

] 

32x10 20.41 40.83 61.23 81.65 102.06 

45x11 28.01 56.03 84.02 112.04 139.94 

60(35)x11 19.77 39.57 59.31 79.08 98.9 

35x35 7.35 14.7 22.05 29.4 36.75 

Despite the fact the the spring tiller’s sprocket work 

at the working depth of up to 8 cm, and the resistance of a 

single sprocket may reach 55-N [18, 19], the sprockets 

were subjected to the load of up to 1000N. This suggests 
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that the machines working in the soil such as the tiller 

may during their work hit e.g. rocks, and in result the 

resistance then generated is much higher than the 

resistance of the soil itself. 

 

CONCLUSIONS 

 

The computer simulations perform allow to present 

on the early design stage, which parts of the tiller’s 

sprocket are mostly exposed to the largest stress, and 

hence to the damage to the sprocket as a whole. The data 

provided above shall launch the process of seeking 

solutions aimed and eliminating the stresses and reducing 

their value. The easiest solution allowing improved 

strength properties of a sprocket is the extension of the 

sprocket’s cross-section in the flat section of the sprocket, 

where it is fixed to the tiller’s frame, or, as in the case of 

the 60(35)x11 sprocket, assembling the sprocket from two 

separate components. The obtained results of the analysis 

additionally allowed to determine, how a given structure 

may behave in the soil when operating and evaluate the 

influence of the working depth on the tool. 
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Abstract. The paper presents findings showing the 

influence of amending soil with biochar and biomass ash 

on the germination rate of Virginia mallow. Comparative 

analyses examined the relationship between the applied 

dosage of the natural fertilizers and the effectiveness of 

seed germination as well as mass of the plants at the 

initial stage of growth. The obtained plant material was 

also examined for the contents of selected macro-

elements (phosphorus, potassium and calcium). The study 

shows that biochar applied as a fertilizer, at specific 

dosage, may enhance germination rate of Virginia mallow 

seeds. Addition of biomass ash into the soil, at certain 

doses, significantly impacts the growth of mass in 

Virginia fanpetals at the initial stage of development. It 

has been determined that addition of biochar, or biomass 

ash or their mixtures into the soil alters the concentration 

of phosphorus, potassium and calcium in above-ground 

parts of the plants. 

Key words: Virginia mallow, germination rate, 

biochar, biomass ash, macroelements. 

 

INTRODUCTION 

 

Virginia mallow (Sida hermaphrodita R.), also 

known as Virginia fanpetals, is a perennial, polycarpic 

plant native to North America [5]. Virginia mallow may 

be cultivated in Poland, in all types of soils, including 

lands which have been set aside and degraded, provided 

they have sufficient moisture content [22]. The plant 

develops a strong and deep-seated root system able to 

penetrate deeper substrate layers, which is a determining 

factor for the ability to accumulate toxic compounds. 

Therefore, the plant is widely used in reclamation of 

polluted areas. Virginia mallow is resistant to various 

types of soil contaminants, which is an advantage in 

production of biomass for energy-related purposes in 

degraded areas [21]. In addition to its application as an 

energy crop, the plant is also used as a herb, in production 

of fibre, honey and as a raw material in cellulose and 

paper production. Virginia mallow plantation can be used 

for a period ranging from 15 to 20 years, and the yield of 

the obtained raw mass may be as high as 25t ha
-1 

[22]. 

Virginia fanpetals reproduce from seeds which are 

characterized by low germination capacity – they sprout 

unevenly and at a low rate. Application of seeds 

conditioning may lead to a higher pace of germination 

and to increased percentage of the sprouting seedlings [9]. 

Quality of seeds is a challenge for dynamic and effective 

development of cultivation of this plant. Seeds obtained in 

Poland are characterized by the maximum germination 

capacity in the range of 45 – 70% [6]. 

Biochars are heavily carbonized materials acquired in 

the process of pyrolysis, and containing aromatic and 

aliphatic compounds as well as oxidized carbon 

compounds [15]. They also contain stable organic carbon, 

eluted carbon and ash. The mineral fraction of biochars 

consists of macro- and microelements which may be the 

source of mineral substances for microorganisms living in 

soils [17]. Biochar introduced into soil is highly resistant 

to degradation and decay caused by activity of 

microorganisms, which affects the stability of their 

chemical composition. Porous structure is a characteristic 

feature of pyrolyzates and it determines water 

absorbability and sorption capacity of soil [1, 3]. 

Biochar positively affects soil fertility and 

productivity and may protect plants against disease-

causing infections [18]. Introduced into soil, it may lead 

to an increase in water capacity of the land, and a 

decrease in soil acidity [12]. Due to its physicochemical 

properties it may be used in sequestration of carbon in 

soil, production of fertilizers and in soil reclamation [16]. 

Biochars also have the capacity to retain and exchange 

nutritional substances, which results in a better 

availability of nutrients to plants and improved properties 

of the soil [10, 16].  

By-products of biomass combustion include ash with 

highly alkaline pH and significant content of macro-

elements. The material, treated as waste, may be used as 

soil amendment, provided that it does not contain 

pollutants, e.g. heavy metals [13]. Notably, application of 

biomass ash for purposes related to fertilization is a 

sustainable method of its neutralization, or utilization 

[24]. 

The present study was designed to investigate the 

relationship between soil treatment with the use of 

biochar and biomass ash and germination capacity of 

Virginia mallow seeds.  
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MATERIAL AND METHODS 

 

The study used biochar and ash obtained from 

agricultural waste biomass and applied as a natural soil 

amendment as well as commercially available seeds of 

Virginia mallow (Sida hermaphrodita R.). The experiment 

was carried out in planters, each with the volume of 0.5 

litre, with the use of MLR-352 phytotron. For this 

purpose 200g portions of soil were weighed and 

transferred to 30 planters. In the study we used universal 

soil based on peat, pH = 6 and salinity up to 1.9 g 

NaCl/dm
3
. The soil contained a starting dose of 

compound fertilizers NPK (14-16-18): 0.6 kg/m
3
. The 

planters were divided into two groups: the control sample 

(with no biochar or ash in the substrate), and the 

experimental sample, and then the same number of seeds 

were inserted in each planter. 9 variants of fertilization 

were applied, in three respective repetitions: addition of 

biochar at the level of 10, 15, 20 g; addition of ash at the 

level of 10, 15, 20 g and addition of biochar and ash 

mixture, at the levels of 20 and 10g; 20 and 15g; 20 and 

20g, respectively. Throughout the experiment the planters 

were kept in climatic chamber and the same quantity of 

demineralized water was used daily in each variant. After 

20 days of growth in constant conditions, i.e. temperature 

of 25°C, air humidity of 90% and stable lighting, the 

above-ground parts of the plants were collected for further 

examinations. Percentage of germinating seeds was 

calculated and then the plants were weighed. The 

collected plant material was carefully rinsed in 

demineralized water in order to remove soil residues. 

Subsequently, the plant samples were subjected to 

microwave mineralization with condensed nitrogen acid, 

at elevated pressure, in Teflon vessels in ETHOS ONE 

microwave digestion system from Milestone. 

Mineralization of the examined material was performed in 

three corresponding repetitions. The contents of the 

selected macro-elements in the samples were determined 

with the method based on inductively coupled plasma 

atomic emission spectroscopy (ICP-OES) with the use of 

iCAP Dual 6500 apparatus from Thermo Scientific. The 

contents of elements were calculated with the use of 

calibration curves based on the models of the examined 

compounds. 

Before they were used in the experiment, biochar and 

biomass ash were evaluated for their pH in KCl and 

examined in TrueSpec apparatus for the contents of 

carbon and nitrogen (CHN module) in accordance with 

PN-EN 15104:2011(U) [26]. The analysis performed with 

the True Spec apparatus for simultaneous identification of 

carbon and nitrogen was based on the principles of 

Dumas Method, which is a method of high-temperature 

combustion in the presence of oxygen. As a result it was 

possible to identify the elements in the time which did not 

exceed 4 minutes. The total contents of phosphorus, 

potassium, magnesium and calcium as well as heavy 

metals (Cd, Pb, Ni) in the samples were determined with 

the use of iCAP Dual 6500 apparatus from Thermo 

Scientific. Table 1 shows the results of biochar and ash 

analyses. The contents of cadmium, lead, and nickel in 

biochar and ash were below the threshold of detectability, 

defined as 1 µg*g
-1

. 

 

Table 1. Contents of carbon, nitrogen, phosphorus, magnesium, and pH values for biochar and ash used in the 

experiment 

 

 

The obtained findings were subjected to statistical 

analysis with the use of Statistica 10 software. Mean 

values were compared with the use of Duncan’s test, at 

significance level p = 0.05, for n = 3. 

 

RESULTS AND DISCUSSION 

 

Fig. 1 presents germination rates observed in Virginia 

mallow seeds in the control sample and depending on the 

quantity of biochar and biomass ash added into the soil 

(experimental sample). Germination capacity in the 

control sample was at the level of 66.7%, and in the 

examined fertilization variants ranged from 29.2 to 

86.1%. Addition of processed plant material (biochar and 

biomass ash) affected the quantity of sprouting seeds. 

Biochar added at the quantity of 10 g to 200 g of soil 

increased germination rate in the seeds by nearly 20%. 

Higher dosage of biochar as a fertilizing material did not 

significantly influence seeds germination capacity. 

Addition of biomass ash as well as biochar and ash 

mixture did not affect the number of sprouting seeds. 

Interestingly, when ash was applied to the substrate at the 

rate of 20 g per 200 g of soil, there was a decrease in 

germination capacity of the seeds, from 66.7 to 29.2%. 

Biochar favourably affects soil productivity and is a good 

source of macro- and microelements. Grzesik et al. [8] 

argue that effective methods of enhancing seeds in terms 

of their germination capacity include hydro-conditioning, 

osmo-conditioning and matri-conditioning. The same 

authors also report that by providing soil with phosphorus 

it is possible to enhance seeds germination and growth of 

sprouting plants, while potassium improves vitality of 

seeds and protects them against deformations. Uzoma et 

al. [23] believe that due to its properties, biochar may 

contribute to increased crop yield. 

 

  

pH (KCl) 
Carbon Nitrogen P K Mg Ca 

% mg*100g
-1

 

Biochar 6.59 ± 0.21 74.3 ± 0.20 0.93 ± 0.02 138 ± 2 501 ± 19 128 ± 5 1824 ± 60 

Biomass ash 12.89 ± 0.32 1.22 ± 0.02 0.17 ± 0.01 1517 ± 42 7059 ± 16 2720 ± 32 12335 ± 198 
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Fig. 1. Germination rates in Virginia mallow seeds in the control sample and depending on the quantity of biochar and 

biomass ash introduced into the soil. Different letters show statistically significant differences between the mean values 

(for p ≤ 0.05). 

 

Fig. 2 presents the effect of adding biochar and 

biomass ash to soil in the total mass of the plants obtained 

after the experiment continued for 20 days. The highest 

values of 9.78; 9.65; 8.26 g were observed in soils 

previously supplemented with 10 g biochar as well as 10 

and 15 g of biomass ash, respectively. Further increase in 

the quantity of biochar and ash added to the soil led to 

progressive and significant decrease in the obtained total 

mass of plants – the lowest value was observed in the case 

of ash fertilizer applied at the rate of 20 g. The present 

findings also show that addition of biomass ash at the 

rates of 10 and 15 g per 200g of soil did not improve 

seeds germination capacity, yet it led to a significant 

increase in the mass of the obtained plants, in comparison 

to the control sample. Piekarczyk et al. [20] have reported 

that ash acquired from agricultural biomass (barley straw) 

may be applied as a fertilizer. These authors conducted an 

experiment whereby they demonstrated that application of 

biomass ash led to an increase in the soil pH and in its 

contents of macro- and microelements available to plants. 

Numerous studies have demonstrated positive effects of 

applying ash biomass as a soil amendment. For instance, 

Phongphan and Mosier [19] reported improved yield of 

rice as a result of treatment with rice hull ash; Ikpe and 

Powell [11] observed positive change in the yield of 

millet following addition of ash into the soil. 

  
Fig. 2. Total mass of plants in the control sample and depending on the quantity of biochar and biomass ash introduced 

into the soil, after 20 days of the experiment.  Different letters show statistically significant differences between the 

mean values (for p ≤ 0.05). 
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Fig. 3. presents the results showing the total contents 

of phosphorus and calcium in above- ground parts of 

Virginia mallow, in the control sample and depending on 

the quantity of biochar and biomass ash added into the 

soil, after the experiment continued for 20 days. The 

maximum values of P and Ca , at the level of 164.4 and 

262.9 mg*100g
-1

, respectively, were identified in the 

plants which grew in the substrate supplemented with a 

mixture of biochar and ash (20/10g). The lowest 

concentrations of phosphorus and calcium, at the levels of 

93.9 and 159.9 mg*100g
-1

, respectively, were observed in 

the variant where the soil was supplemented with 10 g 

biochar. The dose of biochar applied at the rate of 10g per 

200g of soil, which improved germination capacity of 

Sida seeds, at the same time led to a decrease in the 

contents of P and Ca in the obtained plants in comparison 

to the control sample. At the early stage of plant 

development phosphorus plays an important role as it 

enables appropriate growth of roots, while calcium plays 

a structural function and is a universal information carrier 

[2, 25]. According to Borkowska and Lipiński [4] the 

contents of chemical elements in biomass depend on 

genetic determinants which are modified by 

environmental factors, such as soil property (richness, 

pH), availability of water as well as by fertilizing. 

 

Fig. 3. Total contents of phosphorus and calcium in above-ground parts of Virginia mallow, in the control  sample and 

depending on the quantity of biochar and biomass ash introduced into the soil, after 20 days of the experiment. Different 

letters show statistically significant differences between the mean values within the group x, x’ (for p ≤ 0.05). 

 

 

Fig. 4 shows the results for the total contents of 

potassium in above-ground parts of Virginia mallow 

plants, in the control sample and depending on the 

quantity of biochar and biomass ash introduced into the 

soil, after 20 days of the experiment. The present findings 

show that the highest contents of potassium –1636.6 

mg*100g
-1

 were characteristic for plants obtained in soil 

substrate amended with a mixture of biochar and ash 

(20/20g). Treatment of soil with the use of either biochar, 

or biomass ash or their mixture produced an increase in 

the contents of potassium in above ground parts of plants, 

compared to the control sample.   Concentration of 

potassium in plants grew successively with an increase in 

the dosage of the supplements added to the soil. This 

chemical element is recognized among the essential 

nutrients for plants, and together with nitrogen, 

phosphorus, calcium, magnesium and sulphur it plays a 

crucial role in plant nutrition, enabling proper growth and 

development of plants [7]. Potassium is an element which, 

after nitrogen, is absorbed by plants most rapidly, 

particularly by young plants with fast growing meristem 

responsible for development of roots and stalks [14]. 
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Fig. 4. Total contents of potassium in above-ground parts of Virginia mallow plants, in the control sample and 

depending on the quantity of biochar and biomass ash introduced into the soil, after 20 days of the experiment.  

Different letters show statistically significant differences between the mean values (for p ≤ 0.05). 

 

 

CONCLUSIONS 

 

1. The present study shows that by supplementing 

soil with biochar it is possible to increase germination rate 

in Virginia mallow seeds by up to 20%. 

2. It was observed that biomass ash introduced at 

the rate of 10 and 15 g per 200g of soil led to a significant 

increase in the mass of the obtained plants at the early 

stage of their development. 

3. It was determined that the optimal dosage of 

biochar (supplement of 10g biochar per 200g soil), 

enhancing effectiveness of seeds germination, resulted in 

reduced contents of phosphorus and calcium in the 

obtained plants. 

4. The findings show that addition of biochar, 

biomass ash or their mixture into soil leads to increased 

contents of potassium in above-ground parts of plants 
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Abstract. In the elaboration, levels of supply voltage 

at the ends of loaded low-voltage lines were statistically 

evaluated, describing them using basic statistical 

measures and examining the frequency distributions. 

Levels of voltages and time of their occurrence on the 

background of current regulations were also assessed. It 

was found out that in spite of the fulfilment of statutory 

requirements electricity consumers complained about the 

poor, in their opinion, quality of the voltage. 

Key words: low voltage networks, supply voltage 

quality 

 

INTRODUCTION 

 

Among the parameters characterizing the quality of 

the electric power supply the value of the supply voltage 

has the basic impact on the work of electric receivers. Too 

low voltage level translates to malfunctioning of most 

electronic devices, deterioration of lighting conditions, 

problems with the operation of induction motors, heating, 

etc.  

Receivers most sensitive to voltage deviations 

include a electric light sources. For bulbs changing of this 

parameter affects, among others, the value of the 

luminous flux (the relationship of the power of 3.5), 

efficiency (the relationship in the power of 2), changes in 

power consumption (the relationship in the power of 1.6), 

and with the rapid changes can cause flickering lights [1 - 

4].  

The second group of receivers very sensitive to the 

value of the supply voltage is IT equipment, including 

control systems. Lowering of the supply voltage may lead 

to malfunctions, commonly used to control, 

microprocessors and uncontrolled interruption of the 

process and even damage the equipment. Microprocessor 

systems after return of the voltage to the rated value are 

unable very often  to continue working because of lost or 

erroneous data, and they must be reprogrammed [5 - 9].  

The switchgear is also sensitive on the supply voltage 

value, in particular contactors and relays, which, when the 

voltage drops, can switch off the controlled device in an 

uncontrolled manner [8, 9].  

Another group consists of induction motors whose 

the main parameter, which is the torque, is dependent on 

the square of the supply voltage. So, reducing the supply 

voltage by 10% means that torque will be only ~80% of 

its value occurring at the nominal voltage. With a 

significant voltage drops may even unplanned stop it. The 

reduced supply voltage results also in a reduction in 

engine speed and increasing the value of the input current, 

which in extreme conditions, through a significant 

increase in operating temperature, will shorten the life of 

the winding insulation and the insulation between the 

sheets of magnetic circuits [3, 8 -11].  

The reduction of the supply voltage adversely affects 

also the performance of the heating units and prolongs its 

work, thus increasing costs [10, 12, 13].  
Fluctuations in voltage supply work negatively not 

only on the work of receivers, but also on the distribution 

network, from which they are powered. In power lines 

voltage variations affect the present in them power losses 

and voltage drops. In the case of transformers, voltage 

deviations increases the risk of damage to the insulation 

and can cause an unfavourable change in the operating 

point of the transformer, as well as the impact on the 

increase of losses for the idle state [14 -15].  

On the level of voltage in the power network 

technical characteristics (mainly the length and cross-

sections of the line) have decisive influence, in addition to 

the load by apparent power. It is therefore recommended 

that the length of low voltage circuits leaded from 

transformer stations will not exceed 500 m, and in 

exceptional situations 1000 m. Unfortunately in 

distribution networks, especially in rural areas, often there 

are circuits of considerable length and small cross-section 

wires [16 - 20]. In this situation ensuring the legally 

required level of the supply voltage is very difficult. Costs 

of poor power quality, which can be a big, burden for 

both suppliers and consumers of electricity.  

 

OBJECTIVES 

 

The purpose of the elaboration was to evaluate the 

statistical levels of voltage at the ends of loaded low-

voltage lines. In particular, basic statistical parameters 

were designated and frequency distributions were 

analysed for the tested variable. In the elaboration levels 

of voltages and time of their occurrence on the 

background of current regulations were also assessed.  
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TEST METHOD 

 

Studies of the voltage quality were performed on 

rural areas of the South Poland. They consist of the 

registration of voltage levels in the three transformer 

stations selected and at ends of the loaded low-voltage 

lines leaded out from these stations. Tested transformer 

stations were columnar stations, equipped with 

transformers having power ratings from 100 kVA to 160 

kVA. Low voltage lines leaded from these stations are 

made of AL cables (flat) and AsXSn (twist) with a 

diameter of 25 - 70 mm
2
, and their average length is 530 

m. In contrast, measurements of supply voltages are 

limited only to the beginnings and ends of the longest 

circuits whose length contained in the range of 1550 to 

2250 m.  

Own studies were conducted in the winter period not 

less than one week using the network analyser REM-370. 

This analyser recorded, among others, momentary and 

averaged 1 and 10-minute supply voltage.  

 

RESEARCH RESULTS 

 

The effective value of the voltage is the main 

parameter that characterizes the quality of the supply 

voltage. According to the regulations being in force in 

Poland, every week 95% of a set of 10-minute averages of 

effective voltage at the point of delivery of electricity 

from the low-voltage network must be within the 

tolerance band of ± 10% of rated voltage [21, 22].  

The supply voltage level in the power network is 

subject to change. These changes may be the nature of the 

planned (deterministic) or random changes. The first are 

the result of the voltage adjustment using the transformer, 

aiming to provide appropriate voltages for receivers, the 

second - random power flow as a consequence of random 

changes of the power consumed by receivers. The value 

of the current flowing in networks is related with the size 

of the consumed power.   The current flowing in the 

network causes voltage drops. The voltage value supplied 

the recipient at any time is dependent on the voltage value 

in the power source and the total voltage drop across all 

components of the supply network. Lowest supply 

voltages are present at the ends of circuits, so for the 

purpose of assessing the quality of power supply voltage 

measurements are performed in these places.  

Figure 1 shows waveforms of changes for the 10-

minute effective values of the voltage recorded at the end 

of the longest circuits leaded out from the tested 

transformer stations. For purposes of statistical analysis 

parameters describing these voltages in a systematic way 

were determined [23], and in particular the calculated 

measures of association, dispersion, asymmetry and 

concentration, the size of some of which are presented in 

Table 1. In addition, Figure 2 shows the frequency 

distributions of voltage levels at the ends of analysed 

lines.

  

 
Fig. 1. Waveforms of average 10-minute voltage values at ends of the low-voltage lines 

 

Table 1. Statistical parameters describing average 10-minute supply voltage values at ends of the low-voltage lines 

 

Specification Parameter 
Ua [V] V [%] A K 

Station 1 235.88 64.78 -0.15 -0.68 
Station 2 234.42 58.87 - 0.15 -0.67 
Station 3 237.80 59.95 -0.16 -0.24 

where: Ua - average value, V - coefficient of variation, A - skewness, K - kurtosis 

 

   

Histograms shown in Figure 2 illustrate the 

qualitative properties of the actual distribution of voltage 

levels at the end of low-voltage lines, taking into account 

the adjustment of voltages using the transformer, and the 

asymmetry of the phase currents and voltage drops in the 

low-voltage lines. Voltage drops in low-voltage lines 
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causes the asymmetry of distribution of voltage levels at 

the end of the line. As is apparent from Figure 2 and 

Table 1 this is the negative asymmetry. Distributions for 

the negative asymmetry are less researched than those 

with the positive asymmetry, however, in the analysis of 

voltage levels at the end of low-voltage lines the 

distribution of the right-hand skewness can be obtained 

through a simple linear transformation [24].   

Having regard to the distributions shown in Figure 2 

that the normal distribution is the best suited for the 

description of information on the change of the voltage at 

the ends of low-voltage lines, the distribution of the 

analysed variable gets closer to normal when moving 

from the ends to the beginnings of low-voltage lines. 
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Fig. 2. The frequency distribution of voltage levels at ends of the low-voltage line leaded out from transformer 

stations: a) 1, b) 2, c) 3  

 

 
Fig. 3. Waveforms of average 10-minute voltage values at the begin and end of the longest low-voltage line; where: 

Un - nominal voltage 
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For the analysis of the quality of the power voltage 

the knowledge not only waveform at the end, but also at 

the beginning of the circuit is needed. Figure 3 shows 

such waveforms for the line having the worst voltage 

conditions. From Figure 3 it shows that the recipients 

exceeded the lower allowable voltage range. However, it 

also can be seen that the exceedances could not might be 

for the suitable adjustment of the voltage under the load 

using transformers.  

The evaluation of the voltage quality in terms of its 

effective values at the point of supply of the electricity 

(Table 2) were carried out separately for each phase of the 

tested circuits, taking into account also, according to 

current requirements, time in which the voltage is within 

the specified range. 

 

Table 2. The statistics of average 10-minutes voltage values at ends of the low-voltage line in measuring periods 

Specification Parameter Voltage [V] 
L1 L2 L3 

Station 1 Minimum 

(95% of week) 

214.0 219.0 221.0 

Maximum 

(95% of week) 

237.0 236.0 238.0 

Minimum  

(100% of week) 

186.0 201.5 206.0 

Maximum 

(100% of week) 

244.0 239.5 243.0 

Station 2 Minimum 

(95% of week) 

216.7 207.1 228.2 

Maximum 

(95% of week) 

229.1 227.5 239.5 

Minimum  

(100% of week) 

210.1 197.2 220.3 

Maximum 

(100% of week) 

232.1 234.9 244.9 

Station 3 Minimum 

(95% of week) 

217.8 213.6 224.6 

Maximum 

(95% of week) 

233.4 231.6 239.9 

Minimum  

(100% of week) 

203.4 205.4 212.0 

Maximum 

(100% of week) 

240.0 235.2 244.3 

 
 

As can be seen from the Table 2 requirements for 

voltage levels at receiving points of the electricity and 

time of their occurrence are met. Despite that electricity 

consumers have complained about the poor quality of 

power supply and the associated nuisance and incurred 

losses. This is because the majority of the currently 

operated electricity receivers is apparently sensitive to 

even short-term reduction of the supply voltage exceeding 

the limits by law. So it seems that being in force in the 

assessment of the quality of electricity, a 10-minute 

period of voltage averaging is too long.  

In power quality analysers commonly available on 

the market one minute is the shortest possible averaging 

time.  The Table 3 compares the results of the voltage 

measurement at the end of the longest low-voltage line at 

various averaging. Taking into account the average 1-

minute supply voltage it can be seen that the number of 

registered exceedances of the allowable voltage range in 

the L2 phase is over 100 times higher than for 10-minute 

averaging. 

 

 

 

Table 3. Number of observations exceeding by ± 10% the 

nominal supply voltage at the end of the longest line 

leaded out from the station 2, depending on the 

measurement averaging time 

 

Phase For supply voltage value Number of 

observations 
L1 average 10-minute 0 

average 1-minute 6 
L2 average 10-minute 57 

average 1-minute 600 
L3 average 10-minute 0 

average 1-minute 0 
 
Customer complaints on the poor quality of power, 

despite the fulfilment of statutory requirements, however, 
should encourage distribution companies to take measures 
to improve the voltage conditions of their clients. The 
modernization of the network which consists of 
increasing cross-section of power cables, leading the 
additional track or shorter circuit by mounting a 
transformer station is the typical way to solve problems of 
voltage drops [25, 26]. Commercially available voltage 
adjusters of the low-voltage network can be also used [27, 
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28]. The latter solution is much cheaper than actions of 
modernizing of the network. Since the voltage adjustment 
by means of these devices is carried out independently for 

each phase, voltage adjusters symetrise simultaneously 
the distribution of phase voltages. 

 
CONCLUSIONS 

 
Distributions of  voltage levels at ends of loaded low-

voltage lines is characterized by negative asymmetry, and 
for the description of this variable, from well-studied 
theoretical distributions, the normal distribution is best 

suited. The distribution of supply voltage levels  for 
receivers gets closer to normal when moving from the end 
of the line to buses of the transformer station.  

The fulfilment of statutory requirements in relation to 

the effective values of the voltage at the point of delivery 
of electricity from the low-voltage network is not the 
same with the satisfactory, perceived by receivers, quality 
of the voltage. Most electric receivers currently in use is 

in fact sensitive to even short-term reduction of the 
voltage exceeding 10% of the nominal value. So it seems 
that being in force in the assessment of the quality of 
electricity, a 10-minute period of voltage averaging is too 
long. 
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Abstract. We consider a sequence of projects of 

independent activities; each project composed of activities 

available for realization at the same time. It is assumed 

that the activities are continuous dynamical systems 

whose dynamics depend continuously on the allotted 

amounts of the resource, and the initial and terminal states 

are fixed. The problem is to allocate a renewable, 

continuously divisible resource (e.g., power, fuel flow, 

money per time unit, approximate manpower) to the 

activities in order to minimize the performance time of 

the sequence of projects under the assumption that the 

allowable level of the total usage of the resource is 

constant. Although the solution to this problem is known 

in the literature, nevertheless there is a lack of effective 

computational algorithms for the time-optimal resource 

allocation, especially in the case of really large projects. 

In this paper a decentralized two-level control scheme 

using the time-decomposition is proposed to find the 

time-optimal resource allocation in a sequence of projects. 

The price mechanism is applied to coordinate the lower 

level tasks of the optimal resource allocation in the 

successive time intervals determined by the moments at 

which the successive projects are available for realization. 

Necessary and sufficient conditions to ensure the 

determination of the optimal resource allocation 

according to the method proposed are stated. The 

problems connected with the numerical realization of the 

scheme are discussed and the resulting computer 

algorithm is outlined.  

Key words: project of activities, resource allocation, time-

optimal control, dynamical system, decentralized control 

 

INTRODUCTION 

 

 The concept of the control of a project of activities 

was introduced by Burkov [4] and Lerner and Tejman 

[20] as a special approach to resource allocation in PERT 

networks. Its distinctive feature is that the activities are 

continuous dynamical systems relating at any time the 

performance speeds of the activities to the allotted 

amounts of a resource, and that the initial and terminal 

states are fixed. By optimal control of a project of 

activities we shall mean an assignment of constrained 

resources to activities such that to minimize  

a performance index of the whole project, e.g. time or 

cost. The approach naturally employs the fact that every 

activity is characterized by an amount of work to be 

performed with controllable rate which depends on the 

amount of resource. Two resource categories can be 

distinguished from the viewpoint of resource divisibility: 

discrete (i.e., discretely divisible) and continuous (i.e., 

continuously divisible) ones [2,9,14]. Examples of 

discrete resources include: machines, tools, workers. The 

most typical continuous resources are: power, energy, 

liquids and money.  

 There exist an intensive and ever-increasing 

literature dealing with various aspects of resource 

allocation control and scheduling of multi-project of 

activities [1,2,9,13-15,25-28] and its applications in 

different areas (see, for example, [2,16,21,24]). During  

a last four decades a variety of different algorithms for 

resource allocation and project scheduling have been 

proposed. The results were obtained for general cases, 

where all the models relating performance speeds of 

activities to resource amounts were arbitrary continuous 

increasing functions [4,9,11,12,14,26], as well as for 

multi-projects of activities described by specific concave 

and convex functions [9,11,12,26,27], and even for  

a special case of simple linear with respect to the resource 

amount models [10,15,18,19]. The project duration 

optimization [9,11,12,19,26], minimizing inventory, 

backlog and production related costs over a production 

horizon [17], minimizing maximum lateness or just-in-

time [13] criteria were used as the objective functions. 

Optimal resource allocation policies were proposed both 

for singly [9,11,12] and for doubly constrained resources 

[9,18]. The most typical renewable continuous resource, 

which is power, is also, most often, doubly constrained, 

since its consumption, i.e. energy, is also limited. For the 

survey of the problems of resource allocation among 

activieties which can be processed using resources of 

various categories and types see [1,2,28]. Further 

explanations, theory and examples on control of project of 

activities can be fund in [21,25], see also [9,11,12]. 

 The paper deals with a class of time-optimal 

resource allocation problems in which the total usage of 

renewable and continuously divisible resource is 

constrained at every time of the project performance.  
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A sequence of projects is considered, each project 

composed of activities which are available for realization 

at the same time. This assumption, essential for the idea 

of the time-decomposition applied, seems to be a realistic 

assumption in most real processes. No specific 

assumptions concerning the models of activities, like 

linearity, convexity or concavity are made here. The 

problem is to find an admissible control minimizing the 

performance time of the sequence of projects under the 

assumption that the allowable level of the total usage of 

the resource is constant during the projects duration. This 

problem has been solved in [12], where necessary and 

sufficient optimality conditions are stated in terms of the 

performance time and the existence of the optimal control 

is proved. However, the solution concept proposed in [12] 

leads to the reduction of the primary dynamic 

optimization problem to some static programming task, 

the computational complexity of this task grows, in 

general, faster than the dimension of the problem, i.e., the 

number of activities and the number of the moments at 

which the successive projects are available for realization. 

The paper discusses hierarchical decentralized method for 

solving this class of optimal resource allocation problems. 

 
TIME-OPTIMAL CONTROL OF A SEQUENCE  

OF PROJECTS 

 
 We consider a sequence of   projects of 

independent activities (this means that no precedence 

relations exists among them), each project composed of 

activities available for realization at the same time, 

described by the equations:  

 

  
                       

                                 
                 , 

  (1) 

 

where:        and        are, respectively, the state of the 

 -th activity in the  -th project and the amount of resource 

allotted to this activity at the time  . Here    is the 

specified, fixed time at which the  -th project is available 

for realization,        , where     , and    is the 

number of activities in the  -th project,        . We 

also assume that for any           and         the 

functions           describing the speed (i.e., the rate 

of activity performance): 

 

                           
 

are continuous, increasing and such that         ,    is 

the set of nonnegative real numbers. The assumption 

means that the greater the assigned resource        is, the 

higher is the speed        of execution of the activity.  

 We say that the activity       is completed if its 

state has attained a given terminal state      . We also 

assume that the amount of a renewable and continously 

divisible resource, e.g. power or budget available per time 

unit for management, is constant and equal to   for any 

time    . By the performance time   of a sequence of 

projects we mean the time at which all the activities are 

completed, i.e.:  

 

                                       . 
 

We introduce, for convenience, the following vector 

notation: 

 

             
 ,          

    
   , 

             
 ,          

    
   . 

 
 The vectors    and   of speeds of the  -th project 

activities and all activities, respectively, as well as the 

vectors of final states    and   are defined by analogy. 

The vector-functions        and      are defined as 

follows: 

 

                             
 
, 

             
        

   . 

 

 Define for the successive time intervals determined 

by the times   ,        , the sets od admissible values 

of resource allocation: 

 

         
                  

  
   

 
       , 

 

where: 

 

         
 
     

 

is the number of all activities. The sets of feasible 

performing speeds of operations within the  -th time 

interval will be denoted by: 

 

         
               . 

 

Note, that    and    are compact subsets of   . The 

following condition is satisfied: 

 

                                    , (2) 

 

here    is zero vector of dimension  . The resource 

allocation (control): 

 

        
       

      , 

 

where: 

 

                      
  

 

and the functions: 

 

             for                 , 

 

is said to be admissible for the sequence of projects, if the 

following conditions are satisfied: 

 

 (i)         for          ,         ,  

                                where       , 

 (ii)      is piecewise continuous function, 

 (iii)           
 

 
. 
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 The problem is to find an admissible control      
for which all the projects are completed as soon as 

possible, i.e. a control minimizing the performance time 

   of the sequence of projects. 

 

OPTIMALITY CONDITIONS 

 

 In the paper [12] a solution to the above problem is 

presented, based on the notion of the set of reachable 

states. This approach leads to the reduction of the primary 

dynamic optimization problem to the static programming 

task. The following result follows immediately from [12; 

Theorem 2]. 

Theorem 1.    is the minimum performance time if and 

only if    and           are the solutions of the 

following optimization task:  

 

       (3) 

 

subject to:  

 

     
         

           
 , 

               ,        , (4) 

 

where:          is the convex hull of    (the smallest 

convex set containing   , i.e., the set of all convex 

combinations of points in   ) and            for 

          . 

 The problem (3), (4) is static convex programming 

task. However, the above task can be solved by using 

standard convex numerical optimization techniques [3], 

the computational complexity of this problem grows, in 

general, faster than the dimension of the problem, i.e., the 

number of activities and the number of the time moments 

   at which the successive projects are available for 

realization. Thus, in order to reduce the computational 

and storage requirements the following two-level scheme 

is proposed. Taking into account the successive time-

intervals structure of both the original dynamic optimal 

resource allocation problem [12] as well as the static 

optimization task (3), (4), the time-decomposition 

approach is applied. 

 
DECENTRALIZED TWO-LEVEL SCHEME FOR 

RESOURCE ALLOCATION 

 
 Note first, that for any positive constant   the 

optimization problem (3), (4) is equivalent to the 

minimization of the modified strictly convex index: 

 

           (5) 

 

subject to the constraints (4). By introducing a vector of 

prices     , we can define the Lagrangian for the 

optimization task (5), (4):  

 

                              
     

                        
           

  , (6) 

 

where:   is some positive constant and       denotes the 

inner product. Notice that                is continous 

with respect to all arguments and can be expressed as: 

 

                       
       

     

                                        
          , (7) 

 

where for           the local Lagrangians are 

equal:  
 

     
            , (8) 

 

while for the last time interval we have: 

 

       
                     

  . (9) 

 

Consider the following two-level scheme. 

Infimal Problem (IP). Given     , for           

find the performance speed vectors        such that:  

 

      
                           

    , (10) 

 

and the pair                such that:  

 

            
                              

    . 

 (11) 
 

 By virtue of the compactness of the sets          
and the continouity of the Lagrangians     

     with 

respect to   , the solutions of (10) exist for any     , 

         , on the basis of the well-known 

Weierstrass’s theorem which asserts the existence of 

continuous function extrema on compact sets [29; 

Theorem 7.1]. Compactness of          together with 

the strict conxexity of the continous local Lagrangian 

      
     with respect to   implies the existence of 

(11) solution. If the solution of (10) with respect to    is 

not unique, take any: 

 

             , 
 

       being the set of speed vectors minimizing 

    
     on         ,          . Similarly, if the 

solution to (11) is not unique take any               
minimizing       

    . For given        locally optimal 

      is unique due to       
     strict convexity with 

respect to   – for details see the next section.  

Coordination Problem (CP). Find       such that:  

 

                    , (12) 

 
where the dual function       is defined as follows: 

 

                                 , (13) 

 

and take            ,         as the vectors of the 

optimal performance speeds of the activities in the 

successive time intervals.  
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PROPERTIES OF IP AND CP  

 
 Let us consider first the IP tasks (10). Since    

        , taking into account (8) we see that for any 

          the solutions of (10) are such that:

                    
             . (19) 

 

Taking into account the properties of the square function 

(17) of (variable)        in (16), as easily check that, the 

solution        of (16) for      is given by: 
 

               

              

                                                                               

                                                                      

                                    

 , 

             

 

      
            

           
        . (14) 

 

Consider an arbitrary     . It is obvious that for any 

positive constant   we have: 

 

     
               

           
             

       . 

 
Since the compact set              is an absorbing 

set for the subspace   
  , taking into account property (2) 

it is easily seen that the solutions of (10) are such that: 

 

                   , 
 

where              is boundary of the set         . 
Here: 

 

           
 
     

 

is the number of operations accessible for realization in 

the  -th time interval,     . 

 Let us consider now the last IP task (11). According 

to the parametric approach of successive optimization [7] 

applied to (11) the following equivalence holds: 

 

                        
         

                            
     . (15) 

 
The unique solution of the internal optimization task of 

the right-hand side of (15) is given by: 

 

   
 

  
          . 

 

Whence, the external task of the right-hand side of (15) 

takes the form: 

 

                     
    , (16) 

 

with the function      
     defined by: 

 

      
      

 

  
           

                         
 

  
        

   
 

  
. (17) 

 Let      and                 and        
         be such that: 

 

                    
             ,  (18)

 

where:         . Note, that since for any      at 

least one of inner products            and            
differs from zero, i.e.: 

 

                       , 

 

the inequality related to        in the curly brackets in the 

above formula is equivalent to       , where: 

 

                          . 
 

Thus        solving (16) for      can be rewritten in 

compact form as follows: 

 

         

                                         

                                

                                           

 . (20) 

 

Thus, the optimum: 

 

            
                  

              
        , 
 (21) 

 

can be rewritten in the compact form as: 

 

            
         

 

  
               

 
 

  
         

      
 

  
,     (22) 

 

with        given by (20). Since        and        are 

boundary points of the set         , we also have: 

 

                   . 
 

 Let        . It is obvious, due to affine with 

respect to   form of the inner product in (18) and (19), 

that for any positive constant   we have: 

 

               and               . 
 

Whence, if       , then for any   such that   
      , thus in particular for any    , we have 

              , and for any         , we have 

              . When       , for any   such that 

        , we have                and for any   

such that         , we have               . In both 

cases for          each of        and        can be 

chosen. When       , i.e., both        and        are 
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locally optimal for  , for    we have                
for    , and                for    . The above 

results in: 

 

        

 
 
 
 
 

 
 
 
 
                                   

                                            

                                  

                                            

                             

                                       

                                       

 . 

 (23) 
 

Then, we get the following result.  

Proposition 1. Let      and     . The solutions of 

IP tasks are such that: 

(i)                     for        , 

(ii)                for any    ,          , 

(iii)         is given by (23) for any    . 

 From (7), (10), (11) and (13) as a straightforward 

conclusion we see that IP tasks can expressed in compact 

form as: 

 

    
              

       

                      , 

 

whence the equivalent sum-form of the dual function 

follows: 

 

               
           

    

                               
             . (24) 

 

Since the local Lagrangians (8) are continuous with 

respect to all arguments, from the compactness of 

         using the known results concerning the 

continuity of minimum of continuous functions on 

compact sets [29; Theorem 7.2] we conclude that the 

functions      
        defined by (10) are continuous on 

  ,          . In view of the same result the right 

hand size of (18) and (19) are continuous functions of  , 

whence the continuity of            
        defined by 

(22), (23) follows. Thus the continuity of       is 

resolved. Dual function       as minimum of the 

weighted sum (24) of local Lagrangians plus affine 

component       is concave function, for details see 

proof of Theorem 2.16 in [7]. The next result is valid  

Proposition 2. The dual function       (13) is 

continuous concave function in the space   .  

Having already proved that the dual function is 

continuous on the space   , we wish to show that the 

solution to the CP there exists. The proof is based on the

observation that the maximization of the continuous dual 

function on    can be restricted to some compact ball 

             , the radius      is defined by (27) 

and (28) below. 

 Note that on the basis of (24), (14) and (22) for 

     we have             . Let us consider an 

arbitrary        . Since, in view of (14), each term 

in the first sum of (24) is non-positive, taking into account 

(22) we have: 

 

                  
             . (25) 

 

Obviously, for any      at least one of the inner 

products            and            differs from zero. 

Without the loss of generality we assume that 

            . In view of (20), this means that      
   i.e.,         . Due to (21): 

 

           
              

       , 
 

which, in view of (25) and (17), yield: 

 

        
 

  
               

 

  
         

       

 
 

  
      .                                             (26) 

 

 Let us now prove that for any            , 
where           is closed annulus in   , i.e., a region 

bounded by two concentric circles of radiuses equal 

   and  : 

 

                           , 
 
there exists a positive coefficient       such that for any 

        the inequality: 

 

              
 

holds. Let:  

 

             
             

              

            
  ,    (27) 

 

where:     denotes the Euclidean norm in   . For any 

        we have, in particular, that: 

 

                                
              , 

 

and the inequality: 

 
           or            

 
from the third and seventh rows of (23), respectively, is 

satisfied. Thus, taking into account Proposition 1 (iii), the 

Schwarz inequality and (26) it is easy to check that:
              

                      
 

  
                

 

  
         

      
 

  
         

 

  
. 
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The assumed positivity of            combined with its 

continuity and compactness of the set           implies 

that there exists: 

 

                           . (28) 

 

From the above it follows that for any   such that 

        , we have: 

 

                .

 The uniqueness of IP solutions is guaranteed for any 

    , for example, if the sets         ,        , 

are strictly convex, so for example when the functions     
in (1) are strictly concave  [9,11,28],  see also [12].  Note, 

hat in view of (29) the uniqueness requirement from 

Theorem 3 can be restricted to              .Using 

[7; Lemmas 2.9 and 2.10] we can state for the case less 

restrictive than the uniqueness requirement from Theorem 

3, the following condition. 

Theorem 4. If the set      , where: 
 

             

                     
       

                
                    ,   

             

 

Thus the dual function maximization in (12) can be 

restricted to closed ball            of radius     , i.e., 

the equivalence hols: 

 

                                         , 

 (29) 
 

and the existence of    is guaranteed by continuity of 

     . Thus, we proved the next result. 

Theorem 2. The solution    of the CP (12) there exists. 

 

APPLICABILITY OF THE SCHEME 

 

 By a simple reasoning it is obvious that the scheme 

is applicable to the time-optimal control of the sequence 

of projects, i.e. ensures the determination of the optimal 

resource allocation, if and only if for every    being the 

solution of the dual problem (12): 

 

                           

 

is the solution to the original optimization task (5), (4), 

i.e.,                     is the vector of the optimal 

performance speeds of the activities in the successive time 

intervals. It is well known that if the saddle point of the 

Lagrangian                (6) there exists, then the 

dual approach can be successfully applied to solve (5), 

(4). If the solutions of IP tasks (10) and (11) are unique 

for any     , then the existence of a saddle point of the 

Lagrangian follows immediately from [8; Theorem 1, (ii) 

and (iii)]. Thus, the following theorem is valid. 

Theorem 3. If the solutions of the IP tasks (10) and (11) 

are unique for any     , then the two-level scheme is 

applicable to the problem of time-optimal control of  

a sequence of projects of activities.              .

consists of a single point for any    being the solution to 

CP task (12), then the scheme is applicable to optimal 

resource allocation problem.  

 Notice, that the last result requires only the 

uniqueness of the state vector          achieved for the 

performance speeds        , and the uniqueness of the 

vectors         is not required here. Thus, the optimal 

resource allocation does not have to be unique, if only the 

vector    of final states is uniquely determined. Also, the 

uniqueness of the dual problem solution is not necessary. 

Note finally, that the applicability of the scheme requires, 

after all, the existence of a sadle point of the Lagrangian 

(6). However, this is the crucial necessary applicability 

condition for most decentralized schemes, c.f., [7,8]. 

 

COMPUTATION OF THE OPTIMAL RESOURCE 

ALLOCATION 

 

 Assume that the applicability conditions are 

satisfied and the two-level scheme results in: 

 

              , 
 

where:           and             for        . Note, 

that in view of Proposition 1 by the known 

Caratheodory’s theorem, which asserts that any boundary 

point of the convex hull of compact set in    is a convex 

combination of its extreme points, the vectors     can be 

expressed as: 

 

                   
  

  
        ,   (30) 

 

where:          for         , and the nonnegative 

constants   
  are such that    

   
      for        .  

Let us introduce the vector function: 
             

                                                     
                    

           
                    

                  
 ,      (31) 
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where          are such that: 

 

               
 

and 

 

  
     

  
      for         ,          , 

 

and for the last time interval: 

 

  
     

  
           ,        , 

 

with   
   ,        . If the activities models     are 

strictly increasing, then: 

 

                , 
 

where     denotes the inverse function. By virtue of (30) 

and the definitions of the sets    and   , the conditions 

(i), (ii) are satisfied for       in (31), in view of (4) the 

given terminal state   is reached, thus       (31) is 

admissible resource allocation (control), and in view of 

Theorems 1 and 3 or 4 its optimality is guaranteed. The 

control (31) is generally not unique in the set of time-

optimal resource allocations. In view of the above, there 

is at least one piecewise constant time-optimal resource 

allocation with at most    
 
      discontinuity points. 

 
COMPUTATIONAL ALGORITHM 

 
 The computations should be arranged hierarchically 

in two-level structure, i.e., in each iteration of the 

maximization procedure of CP level the whole 

optimization procedures for solving IP independent tasks 

must be realized (see, Fig. 1). 

Step 1: Determine in the following two-level 

computations the optimal speeds             in the 

successive time intervals,        , and the optimal 

performance time   . 

Step 1.0: Choose the initial point    for numerical 

procedure applied to solve the coordination problem 

(12). 

Step 1.1: Let    be the  -th iterate in the numerical 

maximization procedure chosen to solve (12). For 

     solve     independent local resource 

allocation tasks (10) and the task (11) according to the 

chosen numerical optimization procedures and 

determine the performance speeds        ,   

       , and                 . 

Step 1.2: Using        ,         and        
compute, according to the numerical procedure 

selected to solve CP (12), the new vector of prices 

     which is the next approximation of   . If for 

     the stopping rule of the chosen maximization 

scheme is satisfied, e.g.: 

 

             

 

or 

 

     
         

      , 

 

where    and    are preselected small positives, put: 

 

           ,         

 

as the vectors of the optimal performance speeds and: 

 

          
 

as the optimal performance time of the multi–project 

and go to step 2. Otherwise return to step 1.1 and 

continue the computations for       . 

Step 2: Compute the vector of the optimal control       
according to (31). 

Remark 1. It is known that too large Lagrangian 

functions may be a drawback when applying numerical 

optimization, since large Lagrangians cannot completely 

prevent the constraint from violation. This disadvantage is 

overcome in the scheme. The equivalence (29) implies 

that CP can be replaced by dual function maximization 

with the constrain: 

 

             
 

imposed. However, the numerical studies suggest that it is 

unnecessary in most cases.  

Remark 2. The appealing feature of the scheme is that 

only the values of local Lagrangians      
          and 

       
              , not the IP solutions         and 

      , are used for    in successive iterations of the 

numerical procedure solving CP (see Fig. 1).  

Remark 3. In view of Proposition 1, the vectors resulting 

from the IP tasks in each iteration of numerical procedure 

solving CP are such that: 

 

                        . 

 

Thus     can be expressed as a convex combination of the 

form (30). Hence the respective control        of the form 

(31) exists and can be treated as an approximate solution 

of the overall problem.  

Remark 4. Since       is continuous concave function 

on    (Proposition 2), known sub-gradient methods of 

non-differentiable optimization [3,6] may be implemented 

for constrained maximization task (12). Also (10) and 

(11) (equivalently (18) or (19)) are convex optimization 

tasks and can be solved by using standard convex 

programming methods [3]. 

 Both in centralized (global) resource allocation by 

direct   minimization in (3) (or equivalently in (5)) 

subject to constraints (4) and in decentralized 

computations of the scheme, there are two types of 

constraints. The inequality constraints:  

 

    
    and     

     , 
 



90 A. Stankiewicz 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1. Two-level decentralized procedure for optimal resource allocation  

 

which are imposed on every   
  and     

   
,         , 

        ,         in the convex combination 

representation (30) of    . The set of equality constraints 

is composed of convex combination coefficients sum: 

 

        
     

      

 

and the total resource usage constraints imposed on any 

      in (30). If the functions     are strictly increasing, i.e. 

   
   exists for each operation, then in view of Proposition 

1 the last constraints take the form:  

 

      
       

    
  
   

 
     ,          ,        . 

In the case of centralized resource allocation by direct   

minimization the total number of constraints (inequality 

and equality) is equal to: 

 

             
     

           , 

 

while the number of optimization variables: 

 

             
     

         . 

 

For decentralized scheme the number of constraints for IP 

(10): 

 

            
 ,          , 

 
and for the last local task (11) is: 

 

           . 

 

The respective numbers of optimization variables are as 

follows:  

 

 

Table 1. The numbers of optimization variables and constraints (inequalities and equalities together) in global and 

decentralized approaches; the meanings of symbols are explained in the text 

Each project composed of      operations 

  2 4 6 8 

   33 161 449 961 

   44 192 508 1056 

    8,25 8,24,48,81 8,24,48,80,120,169 8,24,48,80,120,168,224,289 

    11,29 11,29,55,89 11,29,55,89,131,181 11,29,55,89,131,181,239,305 

Each project composed of      operations 

  2 4 6 8 

   105 561 1625 3553 

   126 620 1738 3736 

    24,81 24,80,168,289 24,80,168,288,440,625 24,80,168,288,440,624,840,1089 

    29,89 29,89,181,305 29,89,181,305,461,649 29,89,181,305,461,649,869,1121 

  

          
    

      

    
           

            
               

            
             

      
       

                                 

         

Step 1.1 

Step 1.2 

Step 2 
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  for           

 

and 

 

           . 

 

To compare the computations for decentralized and global 

approaches the numbers of optimization variables and 

constraints are summarized in Table 1 and visualized in 

Fig. 2 and 3 for a few exemplary sequences of projects 

data. In Fig. 2 and 3 the average numbers of both the 

optimization variables and constraints for decentralized 

approach are given. The sequences of     projects, each 

project set composed of       activities, were included in 

the experiment. One can observe from Table 1 and Fig. 

2,3, that the mean numbers of the optimization variables 

and constraints are evidently reduced for decentralized 

approach in comparison to the primary global 

optimization task. 

 

FINAL REMARKS 

 

 Efficient time-decomposition algorithm for finding 

globally optimal resource allocation is proposed and 

discussed. The Lagrangian based time-decomposition 

approach is applied. It allows the global solution to be 

found in decentralized manner. The convexification 

technique is combined with the price coordination in 

order to guarantee its applicability. The necessary and 

sufficient applicability conditions are derived and 

analyzed. Taking into account the specific properties of IP 

and CP tasks it is proved that the scheme is applicable to 

time-optimal resource allocation even if the solutions of 

lower level and coordination tasks are not unique. The 

applicability conditions suggest that the scheme can be 

successfully applied to find the optimal resource 

allocation for a wide class of activity models, including, 

in particular the commonly used in project modelling 

practice models being concave with respect to the 

resource amount. The considerable decrease on the mean 

numbers of both the optimization variables and 

constraints are reported for the scheme. An alternative 

approach of local optimization of a sequence of project is 

proposed in [11], according to which the choice of the 

optimal control is made at every moments    of the 

successive project appearance for all the activities 

actually at performance and the final states of activities 

that are equal to given terminal states minus the states so 

far reached. However, for control determined by this 

algorithm the performance time is, in general, greater than 

the globally optimal performance time determined by 

two-level scheme. A considerable range of technical and 

economic applications should be pointed out. The main 

fields are the following: the allocation of working power 

of building concern among enterprises in the course of 

building (cf., [9]), the allocation of a financial outlay 

among projects under constrained intensity of investing 

[1,2,5,6,9,23], the allocation of a common primary 

memory among independent tasks appearing at different 

times in a multiprocessor systems (cf., [1,21,24,27]), can 

be also applied in decision support intelligent systems 

[22], where different resources with constrained 

consumption must be optimized. 

 

Fig. 2. The numbers of optimization constraints and variables in global and decentralized approach;        ,         

and            ,             – maximal and average numbers of constraints and decision variables for IP tasks,    and 

   – the total numbers of constraints and optimization variables for global approach, number of project activities 
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Fig. 3. The numbers of optimization constraints   ,        ,             and variables   ,        ,             in 

global and decentralized approaches, number of project activities      
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Abstract. This paper presents and, for the first 

time, widely interprets the dual model for the classic 

model of the transportation problem. Moreover, 

potential possibilities connected with the use of 

ambiguities of the obtained solutions to the dual 

problem have been shown. It has been pointed out 

how these capabilities can be applied to a flexible 

financial policy of a logistics company. 

Key words: transport logistics, transport model, 

primary and dual problems, cost, revenue 

 

 

INTRODUCTION 

 

The process of turning inside out is mainly 

related to tailoring and it is used in altering a garment 

by turning the fabric inside out. It allows the owner of 

the garment to obtain additional benefits existing 

within the fabric of the clothing. This concept has its 

counterpart in problems of linear programming (LP) in 

the form of a pair of primary and dual problems. Both 

of these issues also have their economic sources. F.L. 

Hitchcock [9] formulated the transportation problem, 

and G. Stigler [25] distinguished the mathematical 

problem of diet related directly to the war and food 

rationing. J. von Neumann was familiar with the 

duality principle as early as in 1947, but directly after 

G. Dantzig [2] formulated the general LP problem 

covering transport and diet, von Neumann proposed 

his duality theorem pertaining to the LP problem. 

Later, Dantzig [3] introduced the simplex algorithm 

for LP. Since then, different methods of operational 

research have been widely developed, including the 

problem of algorithmization of LP [8, 12, 23, 24, 31].  

Each primary model of the linear programming 

problem has a corresponding dual model. Creating a 

dual model consists of: 

1. converting a maximization problem into one of 

minimization or vice-versa, 

2. creating decision variables (DecVar_D) for the 

dual model in a number equal to the number of 

the limiting conditions (LC_P) of the original 

primary model, 

3. transposition of the matrix A of the limiting 

conditions, 

4. exchanging the roles between the parameters b of 

the right sides of the limiting conditions (LC_P)  

and the coefficients c of the objective function 

(OF_P), 

5. the appropriate change in the relations between 

the left and right side of the limiting conditions, 

6. proper modification of the boundary conditions 

(BC). 

Strict rules formulating the principles of creating 

the dual problem are known in the literature [4, 5, 8, 

13, 18]. The simplex method, in addition to 

determining the optimal solution for the original 

problem, also allows specifying a solution to the dual 

problem. Following the creator of the dual problem for 

the issues concerning the linear programming, it 

should be noted that the aforementioned operations, 

originating from optimization problems of the 

revenues generated from production, lead to the dual 

problem model, where the competition intends to buy 

the company for the cheapest price possible. At the 

same time, maximizing the revenues from the 

selection range of production is replaced by the 

minimization of the purchase costs of the means of 

production from the manufacturer [7, 14, 30]. Hence, 

the dual problem has found its permanent place in 

planning business activities. It manifests itself through 

the use of dual models for developing the business 

plans with post-optimization methods and is intended 

to provide stability to a business venture when 

mailto:jacek.wawrzosek@up.lublin.pl
mailto:szymon.ignaciuk@up.lublin.pl
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changing the planned parameters describing the 

situation of the enterprise and its environment.  

Started in 1947 by J. von Neumann, the process 

of using the dual models in various technical and 

economic problems leads to increasingly more precise 

description of encountered problems, thus contributing 

to the development and dynamization of various 

business activities. So far, the dual problem solution 

serves mainly the post-optimization procedure, i.e. the 

analysis of modification of the primary model [21, 22, 

28, 29]. However, the dual model itself is not 

generally subject to a deeper study and no conclusions 

are drawn from its full analysis. 

Instability of parameters of the transportation 

model corresponds to the dynamic economic 

conditions and the difficulties of strictly defining them 

[1, 15], to the changes which result from the 

introduction of innovative solutions in the enterprise 

[11], the highly variable political and legal 

environment [17, 27]. Moreover, MacKenzie, et al. 

[16], Schrijver [20], Sab [19] and Glaeser [6] point to 

the sensitivity of the transport systems for natural 

disasters, military operations and terrorist threats. 

The ambiguity of the solution of the dual model 

to the classic transportation problem has neither been 

properly studied yet, nor included in the literature, and 

its exhaustive interpretation has not been presented. 

This is despite the permanent place of the 

transportation models in solving economic issues. This 

paper attempts to provide a possibly broad 

interpretation of the economic advantages inherent to 

this ambiguity. It is presented in the following 

example. This dual model is the basis for a problem 

that has not been discussed here, namely the post-

optimization resulting from changes in the parameters 

of the primary model. Post-optimization problems for 

the transport models are not fully studied, and some 

recent results in this area can be found in studies [10, 

26, 27, 28, 29]. 

 

 

MATERIAL AND METHODS  

– A MATHEMATICAL MODEL OF THE CLASSIC 

TRANSPORTATION PROBLEM 

 

I The primary problem: Company A mediates 

transport between two warehouses: M1 and M2 and 

three stores: S1, S2, S3. The quantity of goods in the 

warehouses is 40 and 60 tonnes, respectively. The 

stores’ requirements are 35, 35 and 30 tonnes, 

respectively. The established unit costs of transport 

borne by the logistics company A in €/tonne are 

presented in Table 1 below.  

 

Table 1. The unit transport costs cij between 

warehouses Mi and stores Sj 

cij S1 S2 S3 

M1 7.3 8.2 6.5 

M2 8 6.9 7.4 

 

The problem consists in establishing the 

transport plan, i.e., which transport routes should be 

taken to minimize the total transport costs? 

Since the total supply is equal to the total 

demand, the classic primary ZZT1 model was applied 

to the balanced transportation problem in the 

following form: 

 

𝑨 =

[
 
 
 
 
1 1 1
0 0 0

0 0 0
1 1 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1]

 
 
 
 

,   𝒃 =

[
 
 
 
 
40[𝑡]

60[𝑡]

35[𝑡]

35[𝑡]

30[𝑡]]
 
 
 
 

,   𝒄 =

[
 
 
 
 
 
 
7.3[€/𝑡]

8.2[€/𝑡]

6.5[€/𝑡]

8.0[€/𝑡]

6.9[€/𝑡]

7.4[€/𝑡]]
 
 
 
 
 
 

,  𝒙 =

[
 
 
 
 
 
𝑥1,1

𝑥1,2

𝑥1,3

𝑥2,1

𝑥2,2

𝑥2,3]
 
 
 
 
 

, 

DecVar_P (the decision variables in the primary model): xi, j - stock quantity [t] transported from the i-th 

warehouse to the j-th shop  store 𝑖 ∈ {1,2}, 𝑗 ∈ {1,2,3}, 
OF_P:  𝑓𝑃(𝒙) = 𝒄′ ∙ 𝒙 → 𝑚𝑖𝑛  the objective function in the primary model, 

LC_P:  𝑨 ∙ 𝒙 = 𝒃,    the limiting conditions in the primary model, 

BC_P:  𝑥𝑖,𝑗 ≥ 0; i=1,2; j=1,2,3  the boundary conditions in the primary model. 

 

The limiting conditions are to ensure the 

implementation of the supply and demand. Note, that 

for 𝒘′ = [𝑤𝑖]𝑖∈{1,…5}
′ = [1; 1; −1; −1; −1] we have 

𝒘′ ∙ 𝑨 = 𝟎. Hence, we get the balance condition of 

total supply and total demand in the form of 𝒘′ ∙ 𝒃 =

0. The only vectors orthogonal towards 𝑨 in the form 

of 𝑠 ∙ 𝒘, where 𝑠 ∈ 𝑅\{0} are the balancing vectors 

which describe the linear dependence of the ranks of 

the matrix A. The existence of the vector 𝒘 causes the 

rank of the matrix 𝑨 of the size  65  to equal 4, i.e. 

the number of warehouses (2) plus the number of 

stores (3) minus 1. 

II The dual problem: The logistic company A 

decided to support the transport from the 

warehouses M1 and M2 to the stores S1, S2, S3. It was 

established that from the warehouses M1 and M2 40 

and 60 tonnes, respectively, would be transported. 

And to the stores S1, S2, S3, 35, 35 and 30 tonnes, 

respectively, would be delivered. It is known that 

the unit revenue [€/t] from the transport of 1 tonne 

of goods on a specified route does not exceed the 

values contained in Table 1. The problem is, then, 
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what revenues should the company A generate 

while receiving goods from different warehouses, 

and what revenues should it generate while 

providing for each store to maximize the total 

revenue? 

The dual model for ZZT1 is the following: 

 

DecVar_D (the decision variables in the dual model): yi - revenue (loss) per unit [€/t] obtained for:  

the acceptance of one tonne of goods from the i-th warehouse for 𝑖 ∈ {1,2}; or at the delivery of one tonne 

of goods to the (i-2)-th stores for 𝑖 ∈ {3,4,5}; 𝒚 = [𝑦𝑖]𝑖∈{1,…,5}, 

OF_D:  𝑓𝐷(𝒚) = 𝒃′ ∙ 𝒚 → 𝑚𝑎𝑥   the objective function in the dual model, 

LC_D:  𝑨′ ∙ 𝒚 ≤ 𝒄,    the limiting conditions in the dual model, 

BC_D:  𝑦𝑖 ∈ 𝑅; i=1,… ,5    the boundary conditions in the dual model. 

 

Since the limiting conditions are to ensure the 

return of the unit transport costs on the routes where 

the cargo transport will take place, we have the 

following equations in LC_D [21]. 

In the primary problem, the minimization of the 

total costs of transport is associated with the needs of 

senders and recipients. In the dual model it is represented 

by a logistics company's pursuit to obtain the maximum 

revenue from the transport services. What can be 

observed here is the opposite convergence to the 

common optimum of total costs and revenues amounting 

to [€]709.50. While creating this dual model, we can note 

that it is necessary to change the way of indexation of the 

decision variables in the dual problem from double to 

single. Consequently, the transport organisation in a 

transport company is divided into inbound transport 

(with the corresponding indexes from 1 to 2) and 

outbound transport (with the corresponding indexes from 

3 to 5). In the dual model, the direct routes connecting 

senders and recipients disappear. The company performs 

any potential transhipment procedures in their own 

facilities. 

 

 

RESULTS AND DISCUSSION 

 

Ambiguity of the dual problem solution. 
Despite the fact that the objective function value 

amounting to [€]709.50 is common for the primary 

and dual problems, in this case the unambiguous, 

integer, non-negative solution to the primary problem 

in the form of the vector 

𝒙∗′ = [𝑥1,1
∗ ;  𝑥1,2

∗ ;  𝑥1,3
∗ ;  𝑥2,1

∗ ;  𝑥2,2
∗ ;  𝑥2,3

∗ ] =
[10;  0;  30;  25;  35;  0] is accompanied by the one-

dimensional space J of real solutions to the dual 

problem. The manner of its representation is not 

unambiguous either. For example, it may be the 

following: 

𝒚̃𝑡
∗ = 𝒚̃∗ + 𝑡 ∙ (𝒚̃∗ − 𝒚̃̃∗), 

where 

𝒚̃∗′ = [𝑦̃1
∗;  𝑦̃2

∗;  𝑦̃3
∗;  𝑦̃4

∗;  𝑦̃5
∗] = [7.3;  8.0;  0;  −1.1; −0.8], 

𝒚̃̃∗′
= [𝑦̃̃1

∗;  𝑦̃̃2
∗;  𝑦̃̃3

∗;  𝑦̃̃4
∗;  𝑦̃̃5

∗] = [6.2;  6.9;  1.1;  0;  0.3], 
𝑡 ∈ 𝑅. Hence, alternatively, the space J can be also 

formulated as  

𝒚𝑠
∗ = 𝒚̃∗ + 𝑠 ∙ 𝒘 = 𝒚̃1.1∙𝑡

∗  

where 𝒘 is a pre-defined balancing vector of the 

classic transportation problem, and 𝑅 ∋ 𝑠 = 1.1 ∙ 𝑡 (cf. 

Fig. 1). Note that for each 𝑠 ∈ 𝑅 the ambiguity of the 

solution of the dual problem stems from the 

orthogonality of the balancing vector 𝒘 against the 

matrix 𝑨 and the vector 𝒃 because:  

 

𝑓𝐷(𝒚𝑠
∗) = 𝒃′ ∙ 𝒚𝑠

∗ = 𝒃′ ∙ (𝒚̃∗ + 𝑠 ∙ 𝒘)
= 𝒃′ ∙ 𝒚̃∗ + 𝑠 ∙ (𝒘′ ∙ 𝒃)′ = 𝒃′ ∙ 𝒚̃∗

= 709.50[€] 

 

Fig. 1. The optimal values of the dual variables depending on the parameter s 
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Interpretation of the limiting conditions of the 

dual problem. Interestingly, LC1_D means that the 

revenue obtained from the inbound transport of the 

goods from warehouse 1 integrated with the separate 

revenue from the outbound transport to store 1 cannot 

exceed 7.3[€/t] which is the previously established 

unit cost of transport of 1 [t] of cargo on this route. 

The other limiting conditions must be interpreted 

similarly. Since the values of 𝑦𝑖  are not limited by the 

boundary conditions, 𝑦𝑖
∗ can be shaped freely so that 

𝒚∗ belong to the space J. At the same time, it is 

observed that this surprising limitlessness in boundary 

conditions results also in the possibility of negative 

dual values of decision variables, however, it has its 

economic justification presented below. 

An exemplary solution of the dual problem: 

1) 𝒚−2.2
∗ ′ = [5.1; 5.8; 2.2; 1.1; 1.4] for s = -2.2 is 

interpreted as achieving positive revenues from all 

inbound and outbound transport procedures; 

2) For 𝑠 ∈ [−4.55;−3.65] all counterparties provide 

the company with quite similar inbound and outbound 

transport revenues (see Fig. 1); 3) For 𝒚̃̃∗ = 𝒚−1.1
∗ =

[6.2; 6.9; 1.1; 0; 0.3]′ distribution to store 2 does not 

yield revenue; 4) For 

𝒚̃∗ = 𝒚0
∗ = [7.3;  8.0;  0;  −1.1; −0.8]′ distribution to 

store 1 does not yield any revenue and outbound 

transport to stores 2 and 3 yields losses balanced by 

the increased revenue obtained only from the delivery 

from warehouses 1 and 2. For 𝒚̃∗, the revenue of the 

logistics company is shaped only by the revenue 

obtained from warehouses. This means that the total 

transport costs are shifted onto only some of the 

participants in the goods’ circulation. Distribution to 

stores 2 and 3 is associated with losses on the part of 

the logistics company.  

The unit costs of transport estimated in the 

primary problem do not indicate business entities that 

are actually supposed to participate in these costs. The 

fourth selected sample vector 𝒚̃∗ breaks down the 

logistics company’s counterparties into revenue-

generating, loss-generating and neutral entities. Fig. 1 

enables reading other sample values of the optimal 

dual variables according to the parameter s. 

One should notice that zeros for the i-th vector 

coordinate of the optimal dual prices 

𝒚𝑠
∗ = [𝑦1;𝑠

∗ ;  𝑦2;𝑠
∗ ;  𝑦3;𝑠

∗ ;  𝑦4;𝑠
∗ ;  𝑦5;𝑠

∗ ]′ appear when 

𝑠 = 𝑤𝑖 ∙ (−𝑦̃𝑖
∗), as illustrated in the 3rd column of 

Table 2. And the return of inequalities in column 2 

and 4 of Table 2 results from the signs of the 

coordinates of the vector 𝒘 and is presented in Fig.1. 

For the logistics company, the 𝑤𝑖 ∙ (−𝑦̃𝑖
∗) values of the 

parameter 𝑠 have the interpretations of transition 

moments of the i-th counterparty from the role of a 

revenue-generating participant to a loss-generating 

one (or vice-versa). They allow for creation of the so-

called dual price matrix with their interpretation 

relating to changes in the right sides of the limiting 

conditions in the sensitivity analysis of the primary 

problem [29]. 

 

Table 2. The values of the parameter s changing the 

character of the optimal dual variables 

 

Table 3. The differences between the vector 𝒚𝑠
∗ 

coordinates of the dual prices 

𝑦𝑖;𝑠
∗ − 𝑦𝑗;𝑠

∗  𝑦1;𝑠
∗  𝑦2;𝑠

∗  𝑦3;𝑠
∗  𝑦4;𝑠

∗  𝑦5;𝑠
∗  

𝑦1;𝑠
∗  0 -0.7 7.3+2s 8.4+2s 8.1+2s 

𝑦2;𝑠
∗  0.7 0 8+2s 9.1+2s 8.8+2s 

𝑦3;𝑠
∗  -7.3-2s -8-2s 0 1.1 0.8 

𝑦4;𝑠
∗  -8.4-2s -9.1-2s -1.1 0 -0.3 

𝑦5;𝑠
∗  -8.1-2s -8.8-2s -0.8 0.3 0 

 

In terms of 𝑠 ∈ (−7.3;−1.1) all counterparties 

create positive revenues for the logistics company. It 

might also be interesting for the analyst to see the 

differences between the revenues from individual 

counterparties. In comparison of counterparties from 

one group (of either only warehouses or only stores), 

they are fixed, while in comparison of counterparties in 

different groups, the 2s component appears (Table 3). 

The capability to freely shape these three groups of 

counterparties within the space J allows the logistics 

company to conduct a fairly flexible financial policy. 

This means that it is possible to shift the transport costs to 

selected entities only, while introducing special offers for 

other participants of the distribution system. An example 

of such logistics economy can be a non-profit collection 

of recyclable materials, such as waste paper, clothing, 

debris and metals, from which profits are obtained only 

from recipients of these materials. When the waste 

inbound transport costs are not matched by relevant 

revenue from their recipients, they must be balanced and 

even surpassed in the form of a fixed fee charged on 

individual property managers with the possible 

subsidization from the city or municipality budget or 

other external funding. 

The freedom to shape the financial policy, which is 

reflected by the dual variable values 𝒚𝑠
∗, is deduced from 

the arbitrariness of the parameter 𝑠 𝑅 and is presented 

in Fig. 1. It enables a competitive behaviour on the 

market. In a clash with smaller, local companies, a 

company that operates in many areas of the market may 

periodically flexibly shape its financial relations and take 

over areas of smaller, less flexible business entities. 

Therefore, businesses can take over a particular area of 

the market by offering special offers or buying goods at 

s y
*

i;s<0 y
*
i;s=0 y

*
i;s>0 

y
*

1;s s<-7.3 -7.3 s>-7.3 

y
*

2;s s<-8 -8 s>-8 

y
*

3;s s>0 0 s<0 

y
*

4;s s>-1.1 -1.1 s<-1.1 

y
*

5;s s>-0.8 -0.8 s<-0.8 
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higher prices and deploying clever economy. One of the 

tools used for this purpose is the use of exclusivity 

clauses to acquire particular goods. Each business entity 

must be aware of the fact that the described seemingly 

favourable substitution of single revenue is also one of 

the key factors threatening the attractiveness and stability 

of each sector of economy. Any business entity which 

aggressively applies the principle of substitutability of 

revenue is seen as the one who impairs the market 

stability and might face a massive and effective 

retaliation of even seemingly insignificant entities. This 

model indicates that it is the current transport process 

where the possibilities for running a flexible financial 

policy occur, and they do not necessarily require 

expenditures from previously accumulated funds or loans 

drawn to this end. 

Order of examination of the primary and dual 

models. It is usually assumed that it is mainly the 

primary model that is created, while the dual model is 

used optionally to accelerate the primary or secondary 

optimization procedure resulting from a change in 

some of the model’s parameters or to draw simple 

post-optimization conclusions based on sensitivity 

analysis [10, 26]. But in this case, other surprising 

conclusions come to mind. The above examples 

demonstrate the need for simultaneous analysis of 

both models. And, for the classic transportation 

problem that is specifically discussed in this paper, 

even a need for prior consideration of the dual model 

is recognised. It can be described as follows.  

First, the logistics company determines for itself 

the actual transport costs on individual routes. By 

complementing them with e.g. a diverse percentage 

margin that generates the profit, the amounts of unit 

revenues from individual routes, in this case 6, are 

achieved. The amounts planned in such manner are on 

the right side of the limiting conditions of the dual 

problem and they constitute a starting point for linear 

programming in the dual model. As a result, by 

finding space J of the solutions to the dual problem, 

the logistics company forms the above-described 

policy towards its counterparties. After the conclusion 

of relevant agreements with them, it proceeds to the 

solution of the so-called primary problem, as a result 

of which it finds an optimal route for the distribution 

of goods. Finally, it performs the transport of goods. 

If the primary model describes the relationship 

repeated cyclically and, at the same time, there are 

changes in the parameters of this model, a need for post-

optimizing associated with the use of the dual model also 

occurs. In total, this indicates a need for interchangeable 

application of both models (primary and dual) in the 

entire cycle of management of a logistics company. 

Alternative versions of unit revenues. The need to 

use both the primary and dual model is thus apparent. This 

leads to several effects: first, the determination of the right 

sides of the limiting conditions of the dual problem gives a 

logistic company a point of reference as to the possibility 

(expressed by the space J). As it is evident in the above 

dependency and Figure 1, upon designation of any 

solution of the dual problem e.g. 𝒚̃∗, an analyst adjusting 

the parameter 𝑠 sees the alternative versions of the vector 

of unit revenue (loss) 𝒚𝑠
∗ achieved from individual 

counterparties, from which they choose a version that is 

the most convenient and possible to implement. While 

choosing versions that are possible to implement, they 

should note that the parameter 𝑠 multiplies the vector 

𝒘 = [1; 1; −1; −1; −1]′ consisting of ones and minus 

ones. This means that all versions of the solutions 

proposed by the space J are the result of simultaneous 

increase or decrease of the initial 𝒚̃∗ revenue (loss) in the 

two opposing groups of counterparties (namely 

warehouses and stores) by values equal to  ∆𝑠. And so 

the unit increase of revenue (loss) [€/t] in each of the two 

warehouses is balanced by the unit increase of loss 

(revenue) [€/t] in each of the three stores. This remark 

indicates the easiness with which the logistics company’s 

decision-maker, making arrangements with counterparties, 

finds the final implemented value of the solution to the 

dual problem. The finally designated 𝒚𝑠
∗ solution divides 

the counterparties into three groups described above, and 

its value determines the level of revenue (loss) negotiated 

with the counterparties by the logistics company. Thus, it 

seems that using the original model to determine 

transportation routes is only an additional problem an 

analyst of a logistics company must face. 

 

 

CONCLUSIONS 

 

1. The lasting and prominent place that the classic 

transportation model takes, requires also to be 

complemented through full development of its 

dual problem interpretation, including post-

optimization problems.  

2. This paper shows that in the transportation 

processes, it is justified and necessary to use both 

models: the primary and the dual one. 

3. The dual model allows a logistics company to 

undertake the planned operations of the flexible 

policy in relation to both business partners and 

local competitors. 

4. Flexible policy of the logistics company requires 

a relation between the revenues or losses, 

expressed by the space J of the optimal solutions 

to the dual model. It allows to fulfil the pre-

determined limiting conditions. 

5. Both economic benefits and risks associated with 

the principle of subsidiarity of the revenue have 

been indicated. 

 

 

REFERENCES 

 

1. Busłowski A. 2000. Stability of optimal solution 

of linear programming problem. University of 

Białystok, (in Polish). 

2. Dantzig, G.B. 1949. Programming in a Linear 

Structure, Report of the September 9, 1948 

meeting in Madison, Econometrica 17, 73–74. 

https://e-uczelnia.uek.krakow.pl/pluginfile.php/96978/mod_folder/content/0/ProgLin.pdf?forcedownload=1
https://e-uczelnia.uek.krakow.pl/pluginfile.php/96978/mod_folder/content/0/ProgLin.pdf?forcedownload=1
https://e-uczelnia.uek.krakow.pl/pluginfile.php/96978/mod_folder/content/0/ProgLin.pdf?forcedownload=1


100 J. Wawrzosek, S. Ignaciuk 

 

3. Dantzig, G.B. 1951. Application of the Simplex 

Method to the Transportation Problem, in T.C. 

Koopmans (ed.), Activity Analysis of Production 

and Allocation, John Wiley & Sons, New York, 

359–373. 

4. Dantzig G.B., Thapa M.N. 1997. Linear 

programming. 1. Introduction. Springer. New 

York, Berlin, Heidelberg. 

5. Dantzig G.B., Thapa M.N. 2003. Linear 

programming. 2. Theory and extensions. 

Springer. New York, Berlin, Heidelberg. 

6. Glaeser E. L., Shapiro J. M. 2002. Cities And 

Warfare: The Impact Of Terrorism On Urban 

Form. Journal of Urban Economics, v51(2,Mar), 

205-224. 

7. Goryl A., Walkosz A. 2016. Elements of the 

Operational Research. Linear programming. 

Cracow University of Economics https.//e-

uczelnia.uek.krakow.pl/pluginfile.php/96978/mo

d_folder/content/0/ProgLin.pdf?forcedownload = 

1 (in Polish). 

8. Guzik B. 2009. Introduction to Operational 

Research, University of Economy, Poznań (in 

Polish). 

9. Hitchcock F.L. 1941 The distribution of a 

product from several sources to numerous 

localities, Journal of Mathematics and Physics 

20, 224–230. 

10. Ignaciuk Sz., Wawrzosek J., Piekarski W., 

Baryła-Paśnik, M. 2014. Economic aspects of 

functioning of a biomass distribution network. 

Logistyka (Pozn.), Vol. 6 in appendix CD ROM 

No. 1, 62-68. 

11. Julien P-A., Andriambeloson E., 

Ramangalahy C. 2004. Networks, weak signals 

and technological innovations among SMEs in 

the land-based transportation equipment sector. 

Entrepreneurship & Regional Development: An 

International Journal, Volume 16, Issue 4. 

12. Karmarkar N. 1984. A new polynomial-time 

algorithm for linear programming. 

Combinatorica, 4, 373 - 395. 

13. Kolman B., Beck R. E. 1995. Elementary Linear 

Programming with Applications, Computer 

science and scientific computing, Gulf 

Professional Publishing, Academic Press.  

14. Kukuła K. (ed.) 2007. Operational research in the 

examples and tasks, collective work, 5th edition, 

revised and expanded, PWN, Warsaw (in Polish).  

15. Liu S.-T. 2003. The total cost bounds of the 

transportation problem with varying demand and 

supply, Omega-International Journal of 

Management Science 31, 247 – 251. 

16. MacKenzie C. A., Barker K., Santos J. R. 

2014. Modeling a severe supply chain disruption 

and post-disaster decision making with 

application to the Japanese earthquake and 

tsunami, IIE Transactions, Vol. 46, Iss. 12, 

http.//www.tandfonline.com/doi/full/10.1080/074

0817X.2013.876241 

17. Radebaugh L. H., Sullivan D. P., Daniels J. D. 

2015. International business: Environments and 

operations. Pearson Education. 

18. Reeb J. E., Leavengood S. 2000. Operations 

Research. Using Duality and Sensitivity Analysis 

to Interpret Linear Programming Solutions, 

Oregon State University, https.//catalog. 

extension.oregonstate.edu/em8744. 

19. Sab R. 2014. Economic Impact of Selected 

Conflicts in the Middle East: What Can We 

Learn from the Past?. International Monetary 

Fund, Working Paper No. 14/100. 

20. Schrijver A. 2016. On the history of the 

transportation and maximum flow problems. The 

Netherlands, and Department of Mathematics, 

University of Amsterdam http.//homepages. 

cwi.nl/~lex/files/histtrpclean.pdf 

21. Sikora W. 2005. Post-optimization analysis in a 

closed transport task, Scientific Journals, Poznań 

University of Economics, 62, 199-214 (in 

Polish). 

22. Sikora W. (ed.) 2008. Operational research, 

collective work, PWE, Warsaw 2008 (in Polish). 

23. Smoluk A. 2008. About the perspective, duality 

and equilibrium, Statistical Review, Volume 55, 

no. 2, 5-14 (in Polish). 

24. Smoluk A. 2009. About the principle of duality 

in linear programming, Econometrics, 26, 160-

169 (in Polish). 

25. Stigler G. 1945. The Cost of Subsistence. 

Journal of Farm Economics, 27(2), 303-314. 

http.//www.jstor.org/stable/1231810 . 

26. Wawrzosek J., Ignaciuk Sz. 2013. Optimum 

balancing of the transportation problem as a 

postoptimization problem regulating the structure 

of the supply and demand parameters, Episteme 

(Krak.) No 21(1), 539-550, (in Polish). 

27. Wawrzosek J., Ignaciuk Sz. 2014. 
Characteristics of the functioning of agricultural 

products transportation networks. Teka Komis. 

Mot. Energ. Rol._Pol. Akad. Nauk., Oddz. Lubl. 

2014 T. 14 No 3, 135-140. 

28. Wawrzosek J., Ignaciuk Sz. 2015. Use f of 

extended sensitivity reports of linear programming 

in emergency medicinal services issues. Logistyka 

(Pozn.) 2015 Vol. 4 in appendix CD ROM No. 2 - 

Part 5, 8473-8481 (in Polish) . 

29. Wawrzosek J., Ignaciuk Sz. 2016. Optimization 

and postoptimization at linear dependence of 

constraints. Part 3 Matrix of dual prices in a 

balanced transportation problem. (unpublished). 

30. Woźniak A. 2011. Operational Research in 

Logistics and Production Management part. I. 

Ed. P.W.S.Z. Nowy Sącz (in Polish). 

31. Ye X, Han SP, Lin A. 2010. A note on the 

connection between the primal-dual and the A* 

algorithm. Int. J. Operations Research and 

Information Systems, 1(1), 73–85. 

 

 

http://www.tandfonline.com/doi/full/10.1080/0740817X.2013.876241
http://www.tandfonline.com/doi/full/10.1080/0740817X.2013.876241
https://catalog.extension.oregonstate.edu/em8744
http://homepages.cwi.nl/~lex/files/histtrpclean.pdf
http://www.jstor.org/stable/1231810


ECONTECHMOD. AN INTERNATIONAL QUARTERLY JOURNAL – 2016, Vol. 05, No. 3, 101-110 

 

 

 
On the mathematical modelling and optimization of foil consumption  

for cylindrical bale wrapping 

 

Anna Stankiewicz, Andrzej A. Stępniewski, Janusz Nowak 

 

Faculty of Production Engineering, University of Life Sciences in Lublin, Poland 

e-mail: anna.m.stankiewicz@gmail.com 

 

Received July 14.2016: accepted July 19.2016 

 

 

 
Abstract. Aspects of mathematical modelling of 

wrapping round (i.e. cylindrical) bale related to the 

optimization of foil consumption are considered for 

individual bales of agricultural materials wrapped in 

plastic foil. The article details the mathematical 

description of bale wrapping, while also identifying both 

some solved problems and a few open ones, which can be 

solved to optimize the foil consumption. Mechanical 

properties of the sealing foil characterized by its Poisson 

ratio, arbitrary foil and bale size dimensions and 

overlapping width of subsequent wrapped foil strips were 

taken into account. After providing a basic understanding 

of how the foil is consumed in the course of wrapping 

process, the mathematical model for determining the 

number of entire foil wrappings is determined. Next the 

results of mathematical analysis are used for optimization 

purposes. The foil consumption per unit of the bale 

volume index is used as a measure of foil expenditure. 

Two problems of foil consumption optimization are stated 

and solved. The formulas for computing the optimal foil 

width and optimal bale size dimensions are derived and 

estimations of the solution errors are given. 

Computational results are presented and analyzed for 

exemplary bale silage. 

Key words: baled silage, cylindrical bale, 

mathematical model, stretch foil consumption, 

optimization 

 

INTRODUCTION 

 

For over six decades the research and analysis of bale 

silages has been an area of research within different 

fields, including biology [1,2], chemistry and 

biochemistry [1,4,15,19], physics [1], agronomy [2,16] 

and engineering [16,18,20,21]. Since its origin in the 

1950s the subject of baled silage technique has grown into 

an area with applications in several branches of 

agriculture, the number of academics working on it and 

patents in the area has been increasing over the years.  

A comprehensive review of the studies on the technique 

of bale silage conservation of agricultural materials can be 

found in [1,3,14], and for further research [4,10,17]. 

Studies concerning the usage of plastic foil to bale 

wrapping, especially the seal integrity and storage quality 

depending on different features have been carried out 

since 1990s, e.g., [1,2,3,6,8,12,19]. The study of foil 

usage has been extensive, with conceptual bases 

supported by empirical data, but generally, despite a few 

papers, limited to [6,7,11,13] and other papers of the same 

authors, there is still a lack of investigations concerning 

the mathematical description of the foil consumption 

aspects. Financial expenditures on the purchase of stretch 

foil constitute a high percentage in the total costs of this 

technology of silage production [14]. The effect of bale 

size dimensions and the number of foil layers as well as 

the value of the overlap of the adjacent strips of the foil 

on the foil consumption has been taken into account for 

round and square bales in [7,11]. In our previous paper 

[17] a direct analytical formula to compute the final 

number of wrappings necessary to guarantee the required 

number of foil layers under the assumed standard of 

wrapping as a function of initial width of foil, its 

Poisson's ratio and unit deformation of the foil, bale 

diameter as well as the overlap ratio, was given for the 

first time. The computer program which contains a 

graphical module for visualization of geometry of the 

distribution of subsequent foil strips and the arrangement 

of foil layer in a bale cross-section has also been 

presented in [17]. The length and surface area of foil 

taken from the roll and used for wrapping the bale were 

determined and its dependence of foil width was 

examined for two geometrically different ways of 

wrapping with overlaps equal to 50% and 75% foil width. 

As a result of the simulation, in [17] some remarks 

concerning the foil consumption have been formulated. 

The present study supports a mathematical model 

proposed in the preceding paper [17], that is, a more 

detailed analysis is made. 

The aim of this paper is to present in a unified way the 

mathematical model which can be used for foil 

consumption optimization. First, we describe the idea of 

the model of foil consumption based on the estimation of 

the number of wrappings. After providing a basic 

understanding of how the foil is consumed in the course 

of wrapping process, the formulas for determining the 

entire number of foil wrappings and the distance between 

the edge, from which the wrapping begins, and the 

opposite edge of the final (applied for the final wrapping) 
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foil strip (presented briefly in [17]) are derived here and 

analyzed in detail. The mechanical properties of the foil 

described by the Poisson ratio as well as the foil and bale 

dimensions are taken into account. As a result, the 

mathematical model for exact estimation of the foil 

consumption for cylindrical bale silages is derived, which 

provides a basis for the optimization. A simple 

computational algorithm is described. Next, the foil 

consumption is discussed based on pole to volume ratio. 

Two problems of the optimal foil and bale dimensions 

design are stated and discussed. The solution of the 

problem of optimal choice of the foil width is given. In 

the second problem a fixed volume of bale silage must be 

optimally wrapped by stretch foil. The optimal bale 

dimensions are sought out. For this problem only 

suboptimal solution is derived since only an approximate 

estimation of the foil consumption is used as a quality 

index for this task. The examples of how the model 

proposed may be used in the optimal choice of foil and 

bale size parameters are given. The considerations are 

confined to the widely practiced method of individual 

wrapping of separate cylindrical bales [3,14], for 

illustration see Fig. 1 in [17]. In all the examples it was 

assumed that the bale is to be protected by at least four 

layers of foil, cf. [12,19]. The model did not describe the 

relation between the number of basic foil layers, the 

number of bale rotations and the overlap ratio. Besides, 

the article initially presents some open problems in the 

optimization of foil consumption. 

 

MATHEMATICAL MODEL – PRELIMINARIES 

 

Before describing the mathematical models that are 

aimed at estimating and optimization of the foil 

consumption, this article provides some insight into the 

problems that need to be addressed to achieve the 

assumed standard of bale silage wrapping. More details 

on how this standard is understood are provided below.  

 From the definition of Poisson's ratio    we have the 

following formula [17, Eq. (1)]: 

 

                , (1) 

 

which for a given width of unstretched foil    and unit 

deformation     allows to compute foil width after 

stretching    . As in the previous paper [17] we assume 

that the geometry of movements (the bale's rotation speed 

and the baler rotation speed) are taken so that the 

subsequent strips of foil overlap one another creating the 

overlap      , where    is dimensionless relative ratio 

determining the width of the contact between adjacent foil 

strips. This means that all foil strips both overlap and are 

equally overlapped by successive strips. Symmetry of the 

bale is assumed, thickness of the foil is ignored here (on 

typical foil and bale dimensions see e.g., [11,13,19]). It is 

also assumed that the number    of bale rotations around 

its axis is selected so as to ensure for taken overlap factor 

   the assumed principal (i.e. minimal on the whole bale 

surface) number of foil layers. In the examples four layers 

are established. This means that the basic number of 

entire wrappings    obtained directly for    rotations of 

the bale is the largest integer such that the following 

inequality is satisfied: 

 

                  , (2) 

 

where:    is the outer bale diameter. Thus: 

 

     
     

         
 , (3) 

 

where:     denotes the largest integer not greater than   

(floor function [9]). To simplify the notation the 

expression under floor function brackets in (3) we denote 

as:  

 

    
     

         
. (4) 

 

Obviously, the ratio    does not have to be (and 

usually is not) an integer. It provides the upper estimate of 

the basic integer number of wrappings   , since    
       .  

The last applied strip of foil creates an overlap       

on a preceding strip, while the ‘distance’ between the 

edge determining the beginning of wrapping and the 

opposite edge of the foil strip applied during the first 

wrapping is equal to:  

 

                             . (5) 

 

Note, that in the special case of half rotation of the 

bale (    

 
) ‘distance’    is identical to the overlap of 

the last applied foil strip on a first foil strip applied in the 

previous layer.  

We assume that the bale is wrapped correctly, when 

the last applied strip of foil overlaps the preceding strip 

with overlap       and ‘overlaps’ the first applied foil 

strip with the overlap not smaller than      . Thus, the 

assumed standard of wrapping is guaranteed directly for 

   rotations whenever         . If this condition is not 

satisfied, the additional bale rotation is necessary. To 

determine when it is necessary three complementary 

cases:  

 

(i)             , 

(ii)             and     , 

(iii)            and      

 

must be analysed separately. The analysis ensure more 

deep insight into the foil expenditure. To illustrate the 

analysis, the example is given. 

Example 1. The following parameters are taken: bale 

diameter           , width of unstretched foil    

       , Poisson's ratio of foil             and unit 

deformation of foil             , which are assumed to 

be the same for all the examples and figures. The cross-

sections of the bales with indicated geometry of the 

distribution of overlapping foil strips in exemplary (i)-(iii) 

cases is presented in Fig. 1–3; the respective numerical 

data are summarized in Table 1. The ‘overlap’    (5) as 

well as the overlaps       and the strips of stretched foil 
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of width     are shown in the figures. For detailed 

illustration of the successive foil strips and layers 

distribution see Fig. 4 in the previous paper [17].  

 

Table 1. The numerical data for Example 1  

case (i) (ii) (iii) 

overlap        0,2147         

bale rotations    2 1 2 

number of foil 

layers  
4 4 4 

ratio    (4) 21      41         

overlap    (5)     0,098161               

overlap           0,098161               

 

CASE ANALYSIS 

 

Let us consider in detail the (i)–(iii) cases defined 

above. Note, that in view of (3) and (4) the equation (5) 

can be rewritten in an equivalent form as: 

 

                           . (6) 

 

Case (i). If        , then from (6) it follows that the 

distance          is equal to the assumed overlap – see 

Fig. 1 which illustrates the cross-section of a well-

wrapped bale. Additional bale rotation is not needed.  

 
Fig. 1. Distribution of the foil layers and illustration of the 

‘overlap’    – case (i) 

Case (ii). Now        . If the distance     , then 

based on (6) we have (see Fig. 2): 

 

                                 . (7) 

 

The above means that the last foil strip do not make a 

‘full’ overlap on the first strip of the foil. Then, in order to 

ensure bale wrapping in accordance with the assumed 

standard, the basic number of wrappings    achieved for 

   bale rotations is not sufficient – at least one more 

wrapping is required. When one additional strip of the foil 

is applied, the distance    is replaced by the final 

(corrected) one given by: 

 

                , (8) 

 

which, in view of (6), is equal to: 

 

                          . (9) 

 
Since                    , the following 

inequality holds: 

 

                     , 

 

and then, in view on equation (9), we immediately obtain: 

 

         . (10) 

 

This means that, by adding to    one additional wrapping, 

we guarantee the final ‘overlap’    larger than the 

assumed value      . Thus, the final number of foil 

wrappings               . Fig. 2 (and Fig. 3 for 

the next case) show how the adding (to    wrappings) of 

one additional strip of the foil affects the final bale 

wrapping with the final ‘overlap’   . 

 

Fig. 2. Distribution of the foil layers and illustration of the 

‘overlaps’   ,       and    – case (ii) 

Case (iii). Now, we will analyse the case when 

        and the ‘distance’    is non-positive – see Fig. 

3. It is easy to check that if     , then, based on 

equation (6), we obtain: 
 

         
  

    
. 

 

This particularly means that: 
 

   
  

    
, (11) 

 

and whence       . If        , then: 

 

                        

 

and the next inequality is also valid: 

 

                         . 

 

In consequence, the following inequality holds (compare 

equation (7)): 
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                                        . 

    (12) 

 

In the case when     , inequality (12) means that 

the distance          is lower than foil width     

reduced by double the width of overlap      . Thus, also 

in this case in order to guarantee bale wrapping 

conforming with the assumed standard, it is required to 

increase the basic number of bale wrappings   . Let us 

apply one additional strip of the foil. As a result, the 

corrected value    of the distance    is given by formula 

(8) and, in view of inequality (12), is such that: 

 

         , (13) 

 

so it is acceptable. It is easy to check that in view of (8) 

and the right hand side equality of (12), the final ‘overlap’ 

   is given by the formula (9).  

Note, that in the special case when     , by adding 

one additional wrapping, in view of equation (8), we 

obtain the final ‘overlap’ of the width:  

 

             . 

 

Since in the case considered the inequality (11) holds, 

the estimation          is valid, i.e., this overlap is also 

greater than assumed. 

     

Fig. 3. Distribution of the foil layers and illustration of the 

‘overlaps’   ,       and     – case (iii) 

 
NUMBER OF FOIL WRAPPINGS 

 

In view of the above analysis only, in the case (i) no 

additional bale rotation is needed and           , 

while in (ii) and (iii) cases one additional foil strip must 

be added to achieve the assumed wrapping standard and 

the final number of wrappings               . 

Thus, the final number of entire wrappings    is uniquely 

determined by the general formula: 

 

          
     

         
   

     

                 
 , (14) 

 

where:      is the smallest integer not lower than    

(ceiling function [9]). The final ‘overlap’    is given by 

the general, common to the (i)–(iii) cases, formula:  

 

                         , (15) 

 

which results directly from (9) and (14). In the case of 

integer    the last overlap is equal to      , while in the 

opposite case in view of inequalities (10) and (13) the 

estimation          holds.  

While    bale rotations around its axis the bale 

rotation angle is equal to     . During an additional bale 

rotation in (ii) and (iii) cases, additional rotation angle 

equal to  
         

  
 is made. Thus, the final bale rotation 

angle around its axis is given by the formula: 

 

     
                                               

      
         

  
                 

 . (16) 

 

The ratio    (4) not only makes possible determining 

the total number of wrappings that satisfy the assumed 

standard of bale wrapping, as characterised by formula 

(14), but is also significant to design of algorithm for bale 

wrapping computations, as it allows to easily determine 

the initial ‘distance’    (6) as well as the final ‘distance’ 

   (9) and the angle    (16). This ratio and    yields also 

useful upper estimates of the increase of foil 

consumption, if compared with the optimal foil 

consumption – see formulas (25), (26) and (37) below.  

Example 2. For the bale silage from Example 1 the 

dependence of the final number of wrappings    (14) on 

the width of unstretched foil    is illustrated in Fig. 4 for 

overlaps     

 
  
 
  
 
  
 
, for which the bale rotation 

numbers, equal to, respectively,           
 
, are taken in 

order to guarantee at least four layers of the foil. For    

variability the interval               is chosen, cf. 

[11,13]. For the overlaps        and         the 

graphs in Fig. 4 are identical. It is not surprising, since for 

these overlaps 
  

    
   (see (14)). Only two, one or half 

rotations of the bale are required to wrap the bale, where 

14 to 43 foil strips are wrapped.  

 

Fig. 4. The final number of wrappings    as a function of 

the width of unstretched foil   ; the solid dot indicates the 

value of the function    in discontinuity point 
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FOIL CONSUMPTION 

 

 Symmetry of the bale is assumed, thereby the length 

of stretched foil     wrapped over the bale is equal to: 

 

               , (17) 

here:    is bale height, whereas the length of wrapped 

foil    taken from the roll is given by: 

 

    
   

     
 

          

     
. (18) 

 

Thus, the surface area of foil taken from the roll is equal 

to        , and can be expressed in form resulting 

directly from (17) and (18) as: 

 

    
          

     
  , (19) 

 

where:    is given by right hand side of (14). The 

dependence of the surface area    on the foil width    for 

fixed bale dimensions has been studied in the previous 

paper, see [17, Fig. 3].  

A useful measure of the foil consumption is the 

surface area to volume of silage ratio       [11], here    

is volume of the bale, which for cylindrical bale is given 

by: 

 

    
  

  
 

   

   
   

. (20) 

 

Allowing the above, the following scheme can be 

applied to compute the number of wrappings    that 

guarantees the assumed wrapping standard and to 

evaluate its effectiveness. 

1. Compute    according to formula (4), where     

is given by (1). 

2. If    is integer, then take      ; the last 

‘overlap’ is equal to         . 

3. If         then take         (compare (14)). 

The last ‘overlap’    is given by the formula 

(15). 

4. Determine the indices   ,    and    using the 

formulas (18), (19) and (20), respectively. 

 

OPTIMIZATION 

 

In view of (19) the    index depends on the number 

of foil wrappings    according to:  

 

    
            

   
          

, (21) 

 

and including the formula (14) can be rewritten as: 

 

    
          

   
          

 
     

                 
 . (22) 

 

This formula indicates the dependence of the quality 

index    on both the mechanical parameters     and    of 

 

the foil, the overlap ratio   , the number of bale rotations 

   and the bale and foil size dimensions       and   .  

We assume that the overlap    and the number    of 

bale rotations around bale axis are adopted in such a way 

that the pre-assumed principal number of foil layers is 

guaranteed and that the parameters    ,    are given. 

Thus, only the bale dimensions   ,    and the width of 

the foil    are decision variables.  

 

OPTIMAL CHOICE OF FOIL WIDTH 

 

Assume the bale diameter    is given. The index    

(22) is piecewise increasing function of the width of foil 

   in the intervals determined by discontinuity points 

       such that: 

 

 
     

                     
  

     

                     
 , (23) 

 

i.e., the expression under ceiling function brackets in (23) 

is integer. In discontinuity points        the lower semi-

continuous function        is right–continuous; the 

notation        indicates the dependence of the function 

   given by (22) on the foil width   . The course of 

       index is illustrated in Fig. 5 for the exemplary 

bale silage considered in Examples 1 and 2; bale height 

          , the other parameters as in Example 2.  

 

Fig. 5. The foil consumption index        as a function 

of the width of unstretched foil     

On the basis of (22) in discontinuity points        we 

have: 

 

            
          

                          
. (24) 

 

Due to the right-continuity of        at discontinuity 

points,            given by (24) is the minimal value of 

   index with respect to   , see Fig. 5. Then, the solution 

of the problem of foil width design optimal in the sense of 

   index there exists and is not unique. Every        

defined by the equation (23) is global minimum of the 

function       . The optimal foil consumption 

           is given by the right hand side of (24) and is 

       independent. The last has been signalized in the 

previous paper [17], where the results of numerical 
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simulations are presented and discussed. Note, that for 

any optimal solution        the ratio    (4) is integer. It is 

not surprising, since for the previously analyzed case (i) 

of integer    no additional foil–consuming wrapping is 

needed. 

The optimal foil consumption is never achieved if (23) 

is not satisfied. Other than        foil width means a larger 

than the optimal            foil consumption. From (21), 

(15), (1), (4) and (24) it follows that: 

 

                             
          

     
. (25) 

 

Thus, the increase of foil expenditure is the greater, the 

greater is the surplus of the last ‘overlap’    higher than 

the assumed value      . The maximum growth of the 

foil consumption index is characterized by the following 

estimation of the relative error: 

 

 
                 

          
 

 

    
, (26) 

 

which can be derived using (22) and (14), where the ratio 

   (4) decreases with increasing foil width   . Thus the 

increase in foil consumption may accompany the foil 

width increase (cf. Fig. 5). The estimation (26) means that 

the bigger is the number of foil wrappings, the lower is 

the maximum growth of the foil consumption. This 

confirms the results of rough foil consumption analysis 

from [11] and [17]. In the exemplary bale silage 

considered here, the maximum value of the relative error 

defined by the left hand side of (26) changes from       

to       for    
 

 
 
 

 
 and from       to       for 

   
 

 
. Also Fig. 5 shows the described relations. Note 

also, that in the case when the exact solution        of (23) 

is practically unrealizable, the foil width should be 

rounded up to the least practically acceptable value.  

 

Fig. 6. The foil consumption index        as a function 

of bale diameter    for four values of the overlap   ; 

           .  

 
OPTIMAL DESIGN OF BALE DIMENSIONS 

 

The quality index    (22) is monotonically decreasing 

function of the bale height   . Simultaneously    (22) is 

lower semi-continuous function of the bale diameter   , 

which is decreasing function of    in the intervals 

determined by discontinuity points        such that the 

argument of ceiling function in (22) is integer, see Fig. 6. 

Thus    index cannot be directly applied to foil 

consumption optimization with respect to    and   . 

Additional constraints must be added. Here the bale 

volume will be fixed. 

The ceiling function makes the    index (22) hard to 

analyze. One standard method to simplify the analysis is 

to consider the lower estimation of the rational expression 

(function) in     brackets given by       rather than the 

exact expression. This approach leads to approximate 

value of foil consumption index:  

 

     
          

                          
, (27) 

 

which does not depend on the foil width   . Note, that the 

use of only approximate foil consumption index is 

congruent with the studies presented in [11].  

Let us consider the following optimization task. The 

bale volume        is given. Find geometrical 

parameters    and    of the bale guarantying the volume 

    such that the foil consumption index    takes 

minimal value. Thus    and    are such that: 

 

     
   

   

 
. (28) 

 

Whence:  

    
    

   
  (29) 

 

and the approximate foil consumption index     (27) for 

given fixed     denoted as           is a function of the 

bale diameter    described in view of (27) by: 

 

           
    

                         
   

  
    

   
 .(30) 

 

Index           is strictly convex function of   , thus the 

bale diameter     minimizing index           is uniquely 

defined by the stationary point condition. Since: 

 

 
          

   
 

    

                         
    

    

   
  , 

 

we immediately obtain: 

 

      
    

 

 
, (31) 

 

and hence the respective bale height is, in view of (29), 

given by: 

 

        
    

 

 
     . (32) 

 
Note, that the optimal bale dimensions do not depend on 

foil width as well as on its mechanical properties and the 

overlap ratio   . The equation (32) means that if the 

assumed bale volume     changes, both bale dimensions 

changes proportionally. The optimal index: 
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 (33) 

 

depends on the mechanical parameters of foil and on the 

overlap ratio   , but is    independ. Note however, that 

the bale diameter     (31) and high     (32) optimal in the 

sense of           index are, generally, only suboptimal 

solutions of the original foil consumption minimization 

problem. Denote by         the original non-continuous 

   (22) index for fixed bale volume    . On the basis of 

(22) and (29) we have: 

 

         
     

         

   
           

 
     

                 
 , (34) 

 
and let   

  be the optimal bale diameter minimizing 

directly         index. The following inequalities hold: 

 
                    

         
           .(35) 

 

Whence we have useful estimation of the suboptimal 

solution     error: 

 

                  
                       

. (36) 

 

Since in view of (15) and (4) the last ‘overlap’ for bale 

diameter     (31) is given by: 

 

           
      

         
  

      

         
           , 

 
taking into account (34), (1), (32) and (30) the right hand 

side of inequality (36) – upper error estimate – can be 

rewritten as: 

 

                              

 
  

       
  
                       

           .    (37) 

 
Thus, the greater is the surplus of the overlap     above 

     , the greater is the upper bound of the errors 

               
  . In the particular case of integer 

      

         
, from (36) and (37) it follows that: 

 

        
                      .  

 

In view of the uniqueness of minimum     and the 

relation: 

 

                  

 
between the indices, we conclude that     is the solution 

 

of the original (in the sense of         index) bale 

dimensions optimal design problem, i.e.,       
 . The 

course of the relative error:  

 

      
                   

          
      (38) 

 
as a function of    for the bale silage from Examples  

1 and 2 for three values of the overlap    is illustrated in 

Fig. 7, and as a function of the bale volume    , in Fig. 8.  

The next example examines the effectiveness of the 

suboptimal approach applied. 

Example 3. Let us consider again the bale silage from 

previous examples. Assume     

 
. The suboptimal bale 

dimensions computed according to (31) and (32), the 

optimal bale dimensions   
  and   

  and the respective 

values of the original         and approximate 

          indices as well as the suboptimal solution error:  

 

     
               

  

      
  

     (39) 

 
are summarized in Table 2 for a few values of the foil 

width    and bale volume    .  

 

Fig. 7. The relative error      (38) as a function of   ; 

           

 

 

Fig. 8. The relative error      (38) as a function of bale 

volume    ;             
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Table 2. The optimal   
 ,   

  and suboptimal    ,     bale silage parameters and the respective values of foil 

consumption indices        ,           and the errors     (39) for the overlap     

 
  

           ,             

                  
        

                 
          

                

               0,84893 1,7667 22,316 21,5405 3,599 

          ,             

0,86025        0,84893 1,7667 22,7714 21,5405 5,714 

           ,            

0,86025        0,81861 1,89999 22,7714 21,5889 5,477 

           ,            

1,08385 2,1677 1,09148 2,13749 17,21412 17,09459 0,699 

           ,              

1,16754 2,33509 1,18244 2,27662 16,0709 15,87099 1,259 

           ,            

1,24070 2,4814 1,27339 2,3556 15,3263 14,94296 2,565 

           ,              

1,30612 2,61224 1,27339 2,7482 14,8173 14,1939 4,392 

           ,            

1,36557 2,73114 1,36435 2,73599 14,4589 13,5673 6,572 

 

 

 Note finally, that the common practice of the bale 

having a bale diameter length, i.e.        , where in 

view of (28): 
 

           
    

 

 
, 

 

results in        deterioration of the value of 

approximate index       compared with            (33) 

knowing that: 

 

 
          

          
 

 

   
 . 

 

The above is a consequence, among others, of irrational 

multiple overlapping segments on the bale cylinder top 

and bottom, where there are 2–4 times more foil layers 

than on the bale lateral surface. For a detailed analysis 

and illustration of the adverse effect see [11; especially 

Fig. 4].  

 

FINAL REMARKS 

 

The mathematical model describing both the number 

of foil wrappings and foil consumption has been 

presented and analyzed. A special attention has been paid 

on the aspects of bale wrapping modelling that influence 

the foil consumption. The proposed model of foil 

consumption is useful to study and optimize the effect of 

foil width and bale dimensions as well as Poisson ratio 

and the overlap ratio. The mathematical formulas and 

advices are given concerning the optimal choice of foil 

and bale size dimensions. If the foil width can be chosen

 

 

freely from continuous set (interval), then not unique, in 

 a general, solution of foil consumption optimization task 

is given by formula (23). However, if the foil width must 

be chosen from discrete set, then the foil consumption 

optimization task is integer programming task which must 

be solved by applying special methods [5]. Also, exact 

solution of the bale dimensions optimal design problem 

needs specialized methods, which take into account the 

properties of ceiling and floor functions. The overlap ratio 

   related to the basic assumed number of foil layers will 

be considered as decision variable in a forthcoming paper 

concerning foil consumption optimization. Such a choice 

of the overlap ratio and the foil and bale dimensions that 

the uniform distribution of the foil layers on the bale 

lateral surface is achieved together with the minimal foil 

consumption is the next open direction of research. 

Note finally, that the    index (20) is from the 

optimization point of view equivalent to foil consumption 

per unit of the mass of forage index [11]: 

 

     
  

 
, 

 
where:   is bulk density of forage in      .  
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Abstract. The paper presents the influence of cutting 

conditions of black radish guillotine knife on specific 

cutting energy value. The tests were carried out using the 

texture meter: Texture Analyser TA.XTplus Stable Micro 

Systems. The structure of the black radish is 

heterogeneous and, therefore, in order to study the 

specific cutting energy of black radish its parenchyma 

was taken from a few specific places. The samples were 

cut with a longitudinal and transverse orientation of the 

fibers relative to movement of the working tool. The 

cutting process was carried at the knives wedge angles: 

2.5°; 5°; 7.5°; 10°; 12.5°; 15°, the knives moved at the 

speed of 0.83 mm·s
-1

. The results were statistically 

analyzed using the program Statistica 8.0. The statistical 

analysis showed the impact of the place of sampling, 

direction of fibers in the black radish parenchyma samples 

and knife wedge angle on the specific cutting energy. The 

black radish parenchyma samples obtained from the core 

of the top layer showed the highest specific energy of 

cutting. Furthermore, the specific cutting energy showed 

higher value when the orientation of fibers was in the 

transverse direction rather than longitudinal. The highest 

value of the specific cutting energy was obtained for the 

cutting knife wedge angle of 15°, and the lowest for the 

knife with β = 2.5° wedge angle. 

Key words: cutting, specific cutting energy, knife 

wedge angle, place of sampling, the orientation of fibers 

INTRODUCTION 

The shredding is a process commonly used in the 

food industry. During the processing of fruit and 

vegetables a very common method of shredding is cutting, 

which aims at the obtainment of the product of desired 

shape and size. This is because of  organoleptic, 

technological and performance requirements. A greater 

degree of fragmentation is required in vegetables for 

salads or juices, but smaller for the heat treatment [7, 8, 

10]. 

The factors that have a significant impact on the 

process of raw materials cutting are primarily related to 

their mechanical properties, among others, morphology of 

plant and the individual characteristics of the variety, time 

and storage conditions [2, 4, 13, 15, 20]. 

Another group of factors are construction and 

exploitation parameters of shredding machines. The 

process of cuts depends on the configuration and shape of 

knife or knives, material supplying unit and operating 

parameters. The mechanism designed to crush has to be 

adapted to the characteristic properties and dimensions of 

the raw material [3, 9, 16, 21]. 

Shredding is an energy intensive process, and it 

creates the need to conduct research on the impact of 

various factors on energy consumption during the cutting 

of plant products. By the optimal selection of knife wedge 

angle, the specific cutting energy can be significantly 

reduced. Knife wedge angle should be chosen in such a 

way that during the cutting process the quality of the raw 

material is maintained. Too small knife wedge angle may 

lead to its rapid blunt and uncontrolled loss of the upper 

edge of the material being cut, while too large knife angle 

causes excessive area of cutting surface and the formation 

of large amounts of waste. The resulting shreds are often 

difficult to remove [1, 5, 11, 12, 17, 18, 19, 22, 23, 24, 

25]. 

Despite many studies, there are still problems with 

the optimization of the cutting process of plant materials 

and operating conditions of cutting elements, because the 

plant materials are characterized by heterogeneity, 

anisotropy and they belong to diversified categories. 

In recent years Poland has increased the consumption 

of black radish because of its high nutritional value and 

taste [6, 14], however, in the existing literature there are 

no reports of cutting and processing this vegetable for 

food purposes. 

The aim of the study was to evaluate the influence of 

the place of sampling, direction of fibers in the black 

radish parenchyma sample as well as the knife wedge 

angle on the specific cutting energy. 

MATERIAL AND METHODS 

The raw material used for the study was the black 

radish variety Murzynka. The research material was taken  



112  A. Starek, E. Kusińska 

from the second day after the date set for the seventh day. 

Vegetables stored in a ventilated room at the temperature 

of 4°C and  relative moisture of 95%. Due to the different 

anisotropic structure of vegetables, the test samples were 

taken in a specific way. Figure 1 shows the appearance of 

black radish structure after cutting: a) longitudinally, b) 

transversely and indicates the place of sampling. 

 

a) b) 

 
 

Fig. 1. The structure of black radish parenchyma and place of sampling after cutting:  

a) longitudinally, b) transversely to the fibers 

 

Samples were prepared in the following way: each 

vegetable was partitioned into three layers (upper, middle 

and lower) with the thickness of 15 mm. Then, from each 

layer  cuboids were cut out, sized 45x15x15 mm, which 

were partitioned into three zones A, B and C (15 mm 

wide). This resulted in cubes of 15 mm sides. To ensure 

the accuracy of cutting the samples were prepared on the 

metal template with four parallel-spaced knives with 

blades spaced  

15 mm. Samples were cut by the knives of texture meter 

arranging them longitudinally and transversely to the 

fibers located in parenchyma and to the direction of the 

knife wedge. 

In order to be able to carry out mathematical 

statistical analysis, the locations of the  respective sample 

centers were determineded. Coordinate system x-y was 

assumed, which crossed at the point 0. The y-axis 

coincided with the vertical axis of the zone A, the x-axis 

with the horizontal axis of the middle layer. Vertical axis 

tests located in zone B and C spaced were the y-axis, 

respectively 15 and 30 mm, and the horizontal axes 

samples with upper and lower layers were spaced at 15 -

15 mm from the axis x. Coordinates x and y applied were 

related to the middle of cubes. 

It was assumed that the black radish root was 

symmetric relative to the y-axis. Figure 1 shows that the 

structure of the raw material is heterogeneous. In the 

illustrated longitudinal section of the black radish (Fig. 1a) 

it is evident that there is a high fiber density in the top 

layer and the cross-section, which illustrates the radial 

distribution of fibers (Fig. 1b), in the middle of the 

vegetables. 

The process of cutting the black radish was 

conducted on the texture meter Texture Analyser 

TA.XTplus Stable Micro Systems cooperating with the 

computer having software Texture Exponent 32. The 

machines used a starter, which included a set of 

replaceable knifes with holder for their attachment and the 
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guide (Fig. 2). The cutting samples were laid 

longitudinally to the fibers (sample A) and transversely to 

the fibers (sample b). 

 
Fig. 2. Scheme of equipment for cutting 

 

In the study straight guillotine knives were used 

made of steel NC6 with the following knife wedge angles: 

2.5
o
; 5°; 7.5

o
; 10°, 12.5

o
 and 15°. The angle of the knife 

was equal to 0
o
, and the cutting speed was 0.83 mm·s

-1
. 

As a result of the measurement graphs were obtained 

showing the relationship between the force and 

displacement of the cutting knife, which defined the 

maximum value of the cutting force and, using the 

formula (1), the specific cutting energy was calculated, 

defined as the labor required to cut the specific area of the 

material: 

   (1) 

 

 

where: Ej – specific cutting energy [J·m
-2

], L – work of 

cutting [J], A – surface area of the sample [m
2
]. 

The studies were performed in ten replicates (for 

each sample position and the knife). 

The results were statistically analyzed using the 

statistical package Statistica 8.0. In order to examine the 

significance of differences between the place of sampling 

and specific cutting energy, multivariate analysis of 

variance ANOVA was carried out. Inference was made 

with the significance level of 0.05. Detailed analysis of 

medium confidence intervals were made using Tukey's 

test. Using the regression analysis derived equations that 

describe the specific cutting energy depending on the 

place of sampling for the knives of various wedge angles 

on both directions of the fibers. 

 

RESULTS AND DISCUSSION 

Depending on the results of specific cutting energy, 

samples of the black radish parenchyma taken from 

specific locations, cut along and across the fibers, at the 

knives wedge angles 2.5
o
, 5°, 7.5

o
, 10°, 12.5

o
 and 15° are 

presented in the form of graphs in Figures 3, 5, 7, 9 and 

11. The different points included in the average values of 

the graphs indicate the presence of significant differences 

among them. 

a) b) 

  

Fig. 3. Dependence of specific cutting energy of the black radish parenchyma at knife wedge angle  

β = 2.5
o
  on the place of sampling at  a) longitudinal b) transverse fibers orientation 
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Figure 3 contains the average of specific cutting 

energy samples taken from the parenchyma of black 

radish, cut with the knife at the wedge angle β = 2.5
o
. 

Most of energy  for cutting the parenchyma samples from 

the upper layer was used by black radish fibers arranged 

transversely. The average value of specific cutting energy 

for zone A was 500.61 J·m
-2

, zone B-495.37 J m
-2

 and 

zone C-467.61 J m
-2

. The lowest value of the specific 

cutting energy for samples of black radish arranged 

longitudinally and transversely was observed in the 

middle layer zone A. The determined values were, 

respectively: 208.25 J·m
-2

 and 289.66 J·m
-2

. Based on the 

Tukey test of the significance of differences, a significant 

effect was shown of the place of sampling and fibers 

orientation (Fig. 4). 

 

 
Fig. 4. The significance of differences Tukey test: specific cutting energy at knife wedge angle 2,5

o
 for samples of black 

radish parenchyma taken from specific places along the longitudinal and transverse direction of fibers 
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 a) b) 

  
Fig. 5. Dependence of specific cutting energy of the black radish parenchyma at knife wedge angle  

β = 5
o
 on the place of sampling at a) longitudinal b) transverse fibers orientation 

 

Based on the results obtained during the cutting of 

the tissue of the root of black radish knife wedge angle β 

= 5° (Fig. 5), it was observed that the average of specific 

cutting energy are in the numerical interval from 347.33 

to 492.06 J·m
-2

 for parenchyma samples a longitudinal 

orientation of the fibers, and from 387.8 to 550.96 J·m
-2

, 

the transverse orientation of the parenchyma fibers. The 

greatest value of the specific cutting energy samples of 

black radish arranged along the fibers observed in the 

middle layer zone C, and tissue arranged when cutting 

across the fibers in the lower layer zone A. 

Comparison of average values of specific cutting 

energy of samples of black radish of the longitudinal and 

transverse orientation of the fibers of indication groups of 

uniformity is shown in Figure 6. The different points are 

included in the average values give rise to a significant 

difference between them. 

  

Fig. 6. The significance of differences Tukey test: specific cutting energy at knife wedge angle 5
o
 for samples of black 

radish parenchyma taken from specific places at the longitudinal and transverse direction of fibers

 

In the test of cutting the black radish parenchyma by 

knife wedge angle β = 7,5
o
 when the sample was placed 

across the fibers (Fig. 7a), the highest specific cutting 

energy value was observed for the sample taken from the 

upper layer zone A - 608.99 J·m
-2

. With the longitudinal 

orientation of the fibers (Fig. 7b), the specific cutting 

energy of black radish parenchyma taken from the same 

place was by 19.55% higher. The lowest specific cutting 

energy was observed for the middle layer zone A cut 

across the fibers (416.22 J·m
-2

). 

Comparison of mean values for both the aspects of 

black radish parenchyma samples indicating the 

uniformity of the groups is shown in Figure 8. 
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a) b) 

  
Fig. 7. Dependence of specific cutting energy of the black radish parenchyma at knife wedge angle  

β = 7.5
o
 on the place of sampling at a) longitudinal b) transverse fibers orientation 

 

 

 
Fig. 8. The significance of differences Tukey test: specific cutting energy at knife wedge angle 7.5

o
 for samples of black 

radish parenchyma taken from specific places at the longitudinal and transverse direction of  fibers 

 

Based on the results of cutting the root tissue at knife 

wedge angle β = 10° (Fig. 9 and 10), it was observed that 

the average specific cutting energy values were in the 

numerical interval from 463 to 564.16 J·m
-2

 for samples 

with longitudinal orientation of the fibers, and from 

532.52 to 739.11 J·m
-2

 for the transverse orientation of 

the parenchyma fibers. The highest value of the specific 

cutting energy of black radish samples located along and 

across the fibers was observed in the upper layer of the 

zone A. 
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a) b) 

  
Fig. 9. Dependence of specific cutting energy of the black radish parenchyma at knife wedge angle  

β = 10
o
 on the place of sampling at: a) longitudinal b) transverse fibers orientation 

 
Fig. 10. The significance of differences Tukey test: specific cutting energy at knife wedge angle 10

o
 for samples of 

black radish parenchyma taken from specific places at the longitudinal and transverse direction of fibers 
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For black radish parenchyma of the longitudinal 

orientation of the fibers cut by a knife wedge angle β = 

12,5
o
 observed the lowest values of specific cutting 

energy for the middle layer (Fig. 11). Based on the test 

the significance of differences Tukey (Fig. 12), there was 

no significant difference between the specific cutting 

energy samples of black radish taken from this place. The 

average value of the specific cutting energy for the zone 

A was 556.09 J·m
-2

, zone B 554.45 J·m
-2

 and zone C 

588.35 J·m
-2

. The greatest value of the specific cutting 

energy observed at the transverse orientation of the fibers 

parenchyma samples taken from the black radish tissue 

upper layer zone A (851.58 J·m
-2

). For the same 

measuring place, but a sample located along the fiber, this 

value was about 7.24% lower. 

a) b) 

  

Fig. 11. Dependence of specific cutting energy of the black radish parenchyma at knife wedge angle  

β = 12.5
o
 on the place of sampling at: a) a longitudinal b) transverse fibers orientation 

 

 

 
 

 

Fig. 12. The significance of differences Tukey test: specific cutting energy at knife wedge angle 12,5
o
 for samples of 

black radish parenchyma  taken from specific places at the longitudinal and transverse direction of fibers 

 

 

Analyzing the data in the graphs 13a, 13b and 14, it 

can be concluded that the highest specific cutting energy 

value was obtained for samples of black radish taken from 

its core (zone A). The highest specific cutting energy was 

required to cut the sample arranged transversely and taken 

from the top layer of the material (1033.43 J·m
-2

). Its 

value when placed at longitudinal fibers was by about 

182.33 J·m
-2

 lower. Based on the Tukey test of the 

significance of differences a significant effect was shown 

of the place of sampling, as well as of the orientation of 

fibers (Fig. 14). 
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a) b) 

  
Fig. 13. Dependence of specific cutting energy of the black radish parenchyma at knife wedge angle  

β = 15
o
 on the place of sampling at: a)  longitudinal b) transverse fibers orientation 

 
Fig. 14. The significance of differences Tukey test: specific cutting energy at knife wedge angle 15

o
 for samples of 

black radish parenchyma taken from specific places at the longitudinal and transverse direction of  fibers 
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Table 1 presents the regression equation of specific 

cutting energy of the black radish parenchyma cut with 

guillotine knifes at various wedge angles in both the 

orientations of  fibers depending on the place of sampling. 

Location of samples, i.e. the distance from the x- and 

y-axis had a significant impact on the value of specific 

cutting energy. 

 

Table 1. The regression equations and coefficients of determination R
2
 describing the specific cutting energy of black 

radish parenchyma for the longitudinal and transverse orientation of fibers, knives wedge angles from 5° to 15° 

depending on the place of sampling 

Knife 

wedge angle 

[
o
] 

Fiber 

orientation 
Regression equation 

Coefficients 

of determination 

R
2 

2,5 
longitu

dinal 
                                 0,729 

transve

rse 
                         0,919 

5,0 
longitu

dinal 
                   0,418 

transve

rse 
                                 0,769 

7,5 
longitu

dinal 
                               0,696 

transve

rse 
                                 0,508 

10,0 
longitu

dinal 
                   0,457 

transve

rse 
          +1,289y+562,552 0,821 

12,5 
longitu

dinal 
                          0,878 

transve

rse 
                         0,852 

15,0 
longitu

dinal 
                               0,855 

transve

rse 
                                  0,828 

 

where: x - distance of the point from the axis of ordinates [mm], and y - distance of the point from the abscissa [mm]. 

The equations are valid for the values of x (in the range of 0 ÷ 30 mm) and y (in the range of -15 to 15 mm) and are 

designated at the level of significance of differences α≤ 0.05. 

 

CONCLUSIONS 

1. The knife wedge angle significantly affects the 

specific cutting energy of black radish. 

2. The knife angle increase from 2.5
o
 to 15° caused 

an increase of specific cutting energy of black radish from 

347 to 851 J·m
-2

 (at the longitudinal orientation of  fibers), 

and from 388 to 1033 J·m
-2

 (at the transverse orientation 

of fibers ). 

3. When cutting black radish tissue, the highest 

average value of specific cutting energy was obtained for 

the parenchyma sample from the upper layer (zone A), 

and the lowest from the zone C (upper layer). 

4. At the transverse direction of the black radish 

parenchyma fiber the value of the specific cutting energy 

was significantly higher than at the longitudinal. 

5. It is advisable to undertake research on cutting 

materials of plant origin with particular reference to their 

structural features, as these materials are characterized by 

anisotropy, which significantly affects the cutting process. 
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Abstract. A mathematical model was built of the 

motion of fertilizer particles on the spinning disc and in 

the air. The Langevin’s stochastic differential equation 

was applied to describe the random disturbances affecting 

fertilizer particles moving on the disc spreader. The 

verification of experimental results showed good 

agreement with the simulation results obtained from the 

stochastic model. Our results bring new cognitive value in 

the field of process modeling of mineral fertilizers 

spreading with disc spreaders and can be used to improve 

the existing spreaders as well as to design new ones. 

Key words: spinning disc, centrifugal fertilizer 

spreader, Langevin equation 

INTRODUCTION 

An analysis of the literature on the subject shows that 

currently only a few issues associated with the process of 

spreading granular fertilizers with disc spreaders have 

been explained. Experimental studies have focused on 

analyzing the motion of fertilizer particles along the 

spreading disc, and their purpose has been to specify the 

velocity and angle of fertilizer particles leaving the disc 

[26,27,28]. Few publications refer to operation and testing 

investigations and are of a fragmentary nature [9, 11, 29, 

30]. Theoretical studies focus mainly on an analysis of the 

motion of fertilizer particles on the rotating disc [4, 10, 

25]. Differences between computer simulation results and 

the corresponding results from experimental studies are a 

consequence of deficiencies in the applied mathematical 

models describing the behaviour of fertilizer particles 

during spreading. This is due to oversimplification at the 

stage of formulating mathematical dependencies 

describing the process of spreading fertilizers with disc 

spreaders. Among the most frequent assumptions found in 

the literature on the subject [3, 6, 8, 14] simplifying the 

mathematical description of the motion of fertilizer 

particles along the spreading disc is the ignoring of the 

interactions between the fertilizer particles and the 

deflections of particles from the rotating disc and blades. 

The simulation of the motion of the fertilizer mass along 

the spreader disc is limited to the description of the 

motion of individual particles and adding together their 

trajectories using the superposition method. The discrete 

elements method (DEM) is used to describe the motion of 

fertilizer particles on the spreading disc, with attempts to 

include the interactions between them, but with no 

reference to the structural and operational parameters of 

the spreading systems [21, 22, 23, 24]. In the case of 

modelling of the motion of fertilizer particles in the air, 

the particles are assumed to have a spherical shape, while 

not taking into account their rotational motion around 

their own axis and collisions in the air. Literature analysis 

[4, 5, 6, 14] shows that most authors claim that the most 

differences between the actual behaviour of fertilizer 

particles and the assumed model of the process occur 

during their motion on the rotating disc. Examples of 

differences between the fertilizer mass distribution 

obtained during computer simulations and experimental 

results can be found in investigation results presented in 

the discussed study [14]. According to the authors of the 

said study, this is also due to the exclusion of interactions 

between fertilizer particles moving along the disc. 

Without an appropriate adjustment of input data it is not 

possible to obtain simulation results consistent with the 

experimental data. 

The objective of the study was to develop a 

mathematical model of spreading mineral fertilizers with 

centrifugal spreaders that includes random shocks to 

which fertilizer particles moving along the disc are 

subjected. During the creation of a stochastic model it was 

assumed that the shape of fertilizer particles is spherical, 

and that they are uniform in shape, size and density, and 

also that the interactions between fertilizer particles 

moving along the spreader disc can be described with the 

use of stochastic forces [18,19]. 

THE EQUATION FOR THE MOTION OF 

FERTILISER PARTICLE ON THE DISC 

Figure 1 presents the distribution of forces acting on 

a fertilizer particle moving along the rotating disc blade of 

the spreader moving with angle velocity ω.  
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Fig. 1. Distribution of forces acting on the fertilizer particle motion along the vane of spreader disc: 1 – disc, 2 – vane, r 

– radial coordinate of particle fertilizer, rd – disc radius, rp – distance between the vane and axis of disc rotation, r0 – the 

feed radius, FP – inertial force, Ff – friction force, FC – Coriolis force, FB – centrifugal force, FB1 – component of the 

force FB, FB2 – normal component of the force FB, F1 – tangential component of the force FB1, F2 – normal component 

of the force FB1, P – gravity force, PN – normal component of gravity force, PS – tangential component of gravity force, 

β – angle between the vane and disc radius, Ψ – angle between the vane and radius r , Ψ0 – angle between the vane and 

radius r0 , ω – angular velocity of the disc, Ω – angle between the vane and horizontal plane 

 

In the analysed case the blade is inclined towards the 

horizontal plane at angle Ω and deviates from the disc’s 

radius at angle β. The following forces act on the fertilizer 

particle located on the disc at distance r from the rotation 

axis (point M) [1, 2, 7]: 

 – centrifugal force: 

rmω=FB

2
,  (1) 

 –Coriolis force: 

dt

dx
Ωmω=F

p

C cos2 ,  (2) 

 – gravity force: 

mg=P ,   (3) 

 – friction force: 

   22 BCνNdf F+Fμ+F+Pμ=F ,    (4) 

where: 

g – gravitational acceleration [ms
-2

], 

μd – friction coefficient for particle-disc interaction [-], 

μv – friction coefficient for particle-vane interaction [-]. 

From the equilibrium condition of the forces acting 

on the fertilizer particle at point M (Fig. 1) it is possible to 

obtain the following equation for the resultant force FP 

acting on the fertilizer particle: 

fSP FPF=F 1 ,  (5) 

where: 

2

p

P
dt

xd
m=F

2

,   (6) 

ΩF=F B cos11 ,   (7) 

ΩF=F B sin12 ,   (8) 

ΩP=PS sin ,   (9) 

ΩP=PN cos ,   (10) 

ψF=F BB cos1 ,   (11) 

ψF=F BB sin2 .   (12) 

 

 

Substituting equs (1-4) and (6-12) in equ (5), the equation of motion of the particle on the disc for straight vane 

(equ (13)) becomes: 
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 

  0.cossinsin

sincoscoscos2

2

2

2

=Ωμ+Ωg+ψrωμ+

ΩμΩψrω
dt

dx
Ωωμ+

dt

xd

dv

d

p

v2

p


   (13) 

As equation (13) contains two variables, r and xp, determining the location of the fertilizer particle on the disc, the 

equation was converted as follows: 

,=C+rC+
dt

dr
C+

dt

dr
C+

dt

rd
dcba2

0

22









   (14) 

where the coefficients  Ca, Cb, Cc and Cd are defined as follows: 

 22

2

p

p

a
rrr

r
=C


 ,      (15) 

Ωωμ=C vb cos2 ,      (16) 

 
2

2 1cossincoscoscossin 









r

r
ωΩψμ+ψΩψΩμ=C

p

vdc ,   (17) 

 
2

1coscossin 









r

r
gΩΩμ+Ω=C

p

dd .  (18) 

The model of the motion of the fertilizer particle on 

the spreader disc described in equation (14) is a 

deterministic model. Applying this model always leads to 

identical solutions with fixed initial conditions. In real 

conditions fertilizer particles moving along the spreader 

disc are subjected to random shocks, which the model 

does not take into consideration. Fertilizer particles 

moving in a stream interact with one another, which, at 

the stage of the particles’ motion on the disc, causes 

changes to their velocity and directions of leaving the 

disc.  

In mechanics, stochastic differential equations are 

used for the description of random shocks to which 

physical systems are subjected. An example of a 

stochastic differential equation very frequently used to 

describe physical systems subjected to random shocks is 

the Langevin equation. 

The Langevin differential equation describing the 

motion of fertilizer particles on the rotating spreader disc 

can be expressed as follows: 

  ,tξσ=C+rC+
dt

dr
C+

dt

dr
C+

dt

rd
Fdcba2

22









   (19) 

where: 

ξ(t) – the stochastic Langevin force, 

σF – the intensity of stochastic forces. 

The Langevin force occurring in equation (19) has 

the following properties: 

   0=tξ ,   (20)   )tδ(t=ξ(t)ξ(t 00 2  ,  (21) 

where: δ(t-t0) is the Dirac function defined in the 

following way: 

  .0

0

00











t=tfor+

ttfor=ttδ  (22) 

This study contains a numerical solution of the non-

linear equation (14) via the Runge-Kutta method of the 

fourth order [17], and the stochastic equation (19) via the 

Runge-Kutta method of the fourth order for stochastic 

equations [12] with the following initial and boundary 

conditions: 

.:

0:0 0

Ruidk

i

V=
dt

dr
,+=,r=rt=t

,=
dt

dr
,=,r=r=t





    (23) 

Figure 2 presents the trajectory of a fertilizer particle 

moving on the rotating disc of the spreader at angle 

velocity ω. In the simulation model, the coordinates of 

point K of feeding the fertilizer particle to the disc (φi, r0) 

are generated on a random basis.  

The solution of the deterministic (14) or stochastic 

(19) equation makes it possible to determine the 

horizontal component VR of the fertilizer particle's radial 

velocity at time t = tk of the particle’s leaving the spreader 

disc, where tk is the time at which the particle moved from 

r0 to rd. 

Determining the trajectory of the fertilizer particle's 

motion in the air requires calculating initial velocity V0 in 

the air, angle α0 between the horizontal plane and the 

direction of initial velocity V0, and angle θ of the fertilizer 

particle's leaving the disc. Figures 2 and 3 present the 

distribution of initial velocity V0 of the fertilizer particle 

at the end of the blade. 
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Fig. 2. Trajectory of the fertilizer particle on disc: A – travel direction, B – disc, VH – horizontal component of the outlet 

angle of fertilizer particle from disc, VT – tangential component of VH velocity, VR – radial component of VH  velocity, θ 

– outlet angle of fertilizer particle from disc, ω – angular velocity of the disc, rd – disc radius, r0 – the feed radius, φi – 

angle of the initial particle position on disc, φu – angle of the particle position on disc 

 

 

 

 
 

Fig. 3. Distribution of the velocity of fertilizer particle at the edge of vane: 1 – disc, 2 – vane, A – axis of disc rotation, 

B – horizontal plane, Ω – angle between the vane and horizontal plane, r – radial coordinate of particle fertilizer, ω – 

angular velocity of the disc, rp – distance between the vane and axis of disc rotation, θ – outlet angle of fertilizer particle 

from vane, VH – horizontal component of outlet velocity of fertilizer particle from disc, VT – tangential component of 

VH velocity, VR – radial component of VH velocity, VK – vertical component of outlet velocity of fertilizer particle from 

disc, V0 – outlet velocity of fertilizer particle from disc, α0 – the initial vertical angle of the particle in the air 

 

The initial velocity V0 of the fertilizer particle in the air is (Fig. 3): 

22

0 KH V+V=V .      (24) 

 

In order to determine the value of angle θ, the value of the component of tangent VT of the velocity of the fertilizer 

particle on the horizontal plane must be calculated first (Fig. 3).  

.
22

pd

p

RdT

rr

r
Vωr=V


      (25)
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Knowing the values of velocity components VR and 

VT from expression (26), it is possible to calculate angle θ 

of the fertilizer particle's leaving the disc (r = rd): 

R

T

V

V
=tgθ .   (26) 

Inserting expression (25) into equation (26) yields the 

value of angle θ of the fertilizer particle's leaving the disc: 



















22

22

pdR

pRpdd

rrV

rVrrωr
arctg=θ . (27) 

 

Knowing the value of velocity VR and angle θ of the 

fertilizer particle's leaving the disc, it is possible to 

calculate the velocity of the particle relative to blade VXP 

at the time of leaving the disc: 

βΩ

V
=V R

XP
coscos

.  (28) 

and the horizontal component VH and the vertical 

component VK of initial velocity V0 of the fertilizer particle 

in the air: 

θ

V
=V R

H
cos

,  (29) 

tgΩ
β

V
=ΩV=V R

XPK
cos

sin . (30) 

The initial value of the angle of inclination α0 of the 

initial velocity vector V0 of the fertilizer particle in the air 

relative to the horizontal plane can be determined through 

the following expression (Fig. 3): 

H

K

V

V
=tgα0 .  31) 

Inserting dependencies (29) and (30) into equation 

(31) yields the following expression for the value of angle 

α0: 









tgΩ

β

θ
arctg=α

cos

cos
0 .  (32) 

 

In the simulation model, angles α0 and θ and initial 

velocity V0 of the fertilizer particle in the air are 

determined through equations (32), (27) and (24). 

Knowing these values, the trajectory of motion of the 

fertilizer particle in in the air and the place of its falling 

on the ground can be determined. 

THE EQUATION FOR THE MOTION OF A 

FERTILISER PARTICLE IN THE AIR 

At the moment of leaving the blade, the velocity 

value of the fertilizer particle velocity is V0. In the case of 

a conical disc (Ω ≠ 0), the velocity vector V0 forms angle 

α0 with the horizontal plane. A fertilizer particle moving 

in the air is influenced by the gravitational force, air-

resistance force and lift force. Because the density of 

fertilizer particles is considerably higher than air density, 

in the equation for the particle's motion in the air, the air 

resistance force was ignored. General equations of the 

motion of fertilizer particles in the air are as follows [14, 

16]: 

222

2

1


















dt

dz
+

dt

dx

dt

dx

V

S

ρ

ρ
C=

dt

xd pppppp

P

p

p

a
D2

pp
,   (33) 

222

2

1


















dt

dz
+

dt

dx

dt

dz

V

S

ρ

ρ
Cg=

dt

zd pppppp

P

P

p

a
D2

pp
,   (34) 

where: 

CD – air resistance coefficient [-], 

Sp – resistance surface of the particle [m
2
], 

Vp – volume of the particle [m
3
],

a – density of the air [kgm
-3

],

p – density of the particle [kgm
-3

]. 

 

Solving the system of differential equations (33) and 

(34) with initial and boundary conditions (35), it is 

possible to determine distance xk between the point of the 

fertilizer particle's leaving the spreading disc and the 

place of its falling on the ground (point M, Fig. 4). 

,=z;x=xt=t

,V=
dt

dz
;V=

dt

dxh;=z=x=t

ppkppk

K

pp

H

pppppp

0:

0:0

   (35) 

where: horizontal component VH and vertical component 

VK of the resultant velocity V0 are as follows: 

00cosαV=VH ,  (36) 

00sinαV=VK .  (37) 

 

Another important step in the presented simulation 

model is determining the coordinates (xtot, ytot) of the 

place of the fertilizer particle's falling on the ground in the 

coordinate system related to the spreader discs. Let us 

assume that at initial time t = 0 the fertilizer particle is on 

the spreader disc at point K at distance r0 from the centre 

of the disc (Fig. 4). 
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Fig. 4. Position of the fertilizer particle on field: 2Ad – distance between two disc centers, VH – horizontal component of 

outlet velocity of fertilizer particle from disc, VR – radial component of VH velocity, VT – tangential component of VH  

velocity, xk – distance between the disc edge and the place (M point) of drop, ω – angular velocity of disc, θ – outlet 

angle of fertilizer particle from disc 

 

At time tk during the particle's motion from r0 to rd 

the spreader disc will turn by angle ku t (Fig. 2). 

Knowing angle θ of the fertilizer particle's leaving the 

spreader disc and angles φi and φu, it is possible to 

determine angles θ1 and θ2 :  

,+=θ

,θ++=θ

ui

ui





2

1
  (38) 

and later the coordinates of the location of the 

fertilizer particle on the edge of the disc (x0, y0) and 

distances x1 and y1 : 

.coscos

sinsin

1120

1120

θx=y,θr=y

,θx=x,θr=x

kd

kd



 (39) 

 

The coordinates xtot and ytot of the location of the 

fertilizer particle on the ground can be obtained via the 

following equations: 

.10

10

+yy=y

,A+x+x=x

tot

dtot
 (40) 

RESULTS 

In order to verify the mathematical model of 

spreading mineral fertilizers with centrifugal spreaders, 

the results of the investigation performed by the author of 

this study were used, carried out on an experimental site 

based on the author's own design. Urea from the current 

batch manufactured by the Zakłady Azotowe Puławy SA 

was used for the investigation. 

The developed mathematical model of the description 

of spreading mineral fertilizers with centrifugal spreaders, 

which includes the impact of random shocks occurring as 

a result of interactions between fertilizer pellets in a 

stream, were subjected to validation consisting of the 

evaluation of the degree of consistency between the 

values specified on the basis of the model with the actual 

values obtained on site. This procedure was applied for 

significant reasons, as the results presented by other 

authors [11, 15, 29, 30] are not accompanied by 

documented conditions of measurements (physical 

properties of the fertilizers, structural and operational 

parameters of the spreading systems, external conditions, 

etc.). Furthermore, most of the results of the testing 

investigations of spreaders are presented in graphic form, 

which makes it impossible to recreate their actual values 

[11, 29, 30]. 

In order to carry out a validation of the compared 

models, the distribution of the fertilizer mass along the 

width of the spreading strip was used. One of the 

commonly used and recommended methods for the 

evaluation of the conformity of the simulation results with 

the results of the experimental investigations is regression 

analysis for a linear model [13].  

Figures 5-6 present charts of the actual placement of 

the fertilizer mass in measurement boxes for urea in 

comparison to the mass calculated via the deterministic 

and stochastic models. For both models a strong positive 

correlation was found between the experimental values of 

fertilizer mass in the measurement boxes and the values 

calculated with the use of the models. However, it should 

be mentioned that the regression coefficient (the slope of 

the straight line) value is significantly different from zero 

and amounts to 0.9647 for the equation determining the 

dependence between the actual distribution of the urea 

mass and that calculated with the stochastic model. The 

provided value differs slightly from the value of the 

coefficient in a perfect situation where the simulation 

results are consistent with the experimental results. 

However, it should be emphasized that the mentioned 

coefficient, in comparison with the one based on the data 

from the deterministic model, is much lower and amounts 

to 0.9083. In turn, considering constant values in the 

regression equations, it can be concluded that they are 

significantly different (9.0257 and 55.034). In the case of 

the equation based on the simulation results of the 

deterministic model, the value is quite substantial and 

demonstrates the lack of concentration of points along 

line 1:1 on the plane of interest to the researcher. 
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Fig. 5. Regression of real mass of urea in the measuring container (Me) in relation to mass obtained from stochastic 

model (Ms); the dashed line represents the ratio of 1:1 
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Fig. 6. Regression of real mass of urea in the measuring container (Me) in relation to mass obtained from 

deterministic model (Md); the dashed line represents the ratio of 1:1 

 

CONCLUSIONS 

The model for spreading mineral fertilizers 

developed within the study based on the Langevin 

stochastic equation describes the mutual interactions 

between fertilizer particles during their motion along the 

disc. It also facilitates simulation tests of the transverse 

distribution of fertilizer mass depending on the physical 

properties of the fertilizers and the structural and 

operational parameters of the spreading systems. The 

developed procedure for simulation calculations, 

consisting of mutually connected models of the motion of 

fertilizer particles along the spreader disc and in the air, 

can be used for designing centrifugal spreading systems 

and selecting structural and operational parameters 

depending on the physical properties of fertilizers. The 

analysis of the regression dependencies of the fertilizer 

mass actual distribution and of those calculated on the 

basis of the stochastic and deterministic models showed 

that the stochastic model developed in this study more 

accurately described the process of spreading fertilizers 

with centrifugal spreading systems. This was confirmed 

by the R
2
 coefficient of determination values for the 

analysed fertilizer. 
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Abstract. The article investigates the problems of 

scheduling methods for making up the schedules for 

medical care institutions, with a view to further 

optimization the conditions and improvement the 

patient care. 

It is noted that a key step in the operation of 

medical institutions is the scheduling stage process. 

Depending on the specifics of a particular institution, 

work plans take different forms, mostly turning into a 

timetable. 

It is established that there are a number of 

scheduling methods, ranging from manual planning 

and mathematical programming with limitations, 

ending with the use of artificial intelligence. Most 

methods consist of two or more stages and initially 

require the construction of the very schedule that 

satisfies the strict limitations of the institution 

functioning. At a later stage the scheduling 

optimization of one or more criteria is regarded. 

The types of finite-state automata are analyzed 

and, with their use, developed a method for 

constructing the supporting schedules for clinics. An 

algorithm of finite-state machines for clinic schedule 

construction is established. 

Key words: clinic, schedule, schedule 

construction, abstract automaton, finite-state 

automaton. 

 

FORMULATION OF THE PROBLEM 

 

The functioning of hospitals and quality of patient 

care largely depends on the schedule of their work. 

Scheduling of clinics functioning is an extremely 

time-consuming process that takes into account a 

number of constraints and factors: availability of a 

qualified physician; a sequence plan of a patient’s line 

therapy; adequate medical equipment at the time of 

treatment; the need for specialized facilities for the 

procedures etc. 

Schedules can be called the best with the 

conditions of full realization of the domain 

restrictions, effective use of available resources, 

taking into account the wishes of the clinic staff and 

patients, compliance with the established treatment 

plan. [14] 

If the assembly does not include the full 

requirements for rehabilitation plans or limits are not 

satisfied, the quality of treatment is reduced, which in 

turn significantly affects the quality of medicine itself. 

On the other hand, with the above restrictions it is 

desirable to meet the wishes of patients [1]. 

Taking into account the fact that most Ukrainian 

clinics scheduling is made by hand, due to the extreme 

complexity with taking into account the restrictions, 

attention should be given to automatization with 

compiling the process. 

 

ANALYSIS OF RECENT RESEARCHES AND 

PUBLICATIONS 

 

The task of a schedule building is regarded not 

only as a process that realizes the distribution function 

of certain procedures at the time. The optimal 

schedule will provide the maximum benefit from the 

efficient use of available resources in the clinic, 

increase the quantity and quality of treatment, the 

level of satisfaction of employees and patients [18]. 

The task of schedule compiling and optimization 

is classified as NP-complete [2, 3]. To solve the 

problems of this category the approximate methods 

are used that allow to make suboptimal schedule [4, 5] 

including: 

 - The method of simulated annealing, 

 - Graph coloring method; 

 - The method of genetic algorithm. 

 Most methods in one form or another require 

the correct initial (reference) sample [10, 12, 16]. Its 

generation is often done randomly that can not be 

executed in this situation, taking into account the set 

of binding constraints imposed by the subject area 

[19]. 

On the other hand, the set of constraints is a 

deterministic, the set of operations required to create 

the schedule and their order are defined. 

Accordingly, it is possible to develop a 

mechanism that will meet the basic restrictions and 

will make it possible to build the sample. 

 

MAIN MATERIAL PRESENTATION 

The process of a schedule construction it is 

advisable to represent as an abstract machine - 

abstraction used to describe the way of change of the 

object state based on the achieved status and 

information received from outside [6, 7]. 

 

mailto:kovalyshynoleh@gmail.com


132 R. Tkachenko, O. Kovalyshyn 

The general scheme of the machine can be interpreted 

as a "black box" [8.15], which provides transformation 

of input data vector to output vector (Figure 1): 

 

 

 Fig.1. The general scheme of the abstract automaton 

 

Mathematical model of the device can be 

described as follows [9]: 

 

    (              )                    (1) 

 

where X – the set of the automaton input data; 

Y – the set of the automaton output data; 

S – the set of the allowable states of the machine; 

fy – function of the automaton outputs; 

fs – function of the automaton transitions from 

one state to another; 

S0 – initial state of the machine. 

 

For the purpose of the automata classification a 

number of features are considered such as: certainty of 

the transition function and function of outputs, 

unambiguous set of functions, stability of conditions, 

finite sets of input, output data and state [6,17]: 

 by certainty of the characteristic features au-

tomaton of clinic scheduling is defined, whereas all 
(     )     , where          , that is the 

characteristic functions are defined for all pairs of 

input data and possible states. 

 by unambiguous of the transition function the 

automaton is deterministic because under some input 

     the machine can move only in one state     . 

Conversion mechanism is fully defined, probability of 

transition is impossible. 

 by the stability of states the machine is stable, 

when under the influence of some input      there 

took place a transition into a state     , then exit 

from it and the transition to another state is possible 

only when receiving another input signal          
  . 

 by finitude of states, input and output sets, the 

automaton is finite, since  the sets X, Y, S are finite: 
| |    , | |     | |    . 

Basic for constructing finite, determined, definite, 

stable automata are two models - Mealy and Moore 

machines [11,13]. 

Specifying the base model, Mealy machine can be 

supplemented with the following ratios: 

 

 (   )      ( ( )  ( ))  

  ( )      ( ( )  ( )),                     (2) 

 

where: s (t + 1) - the next state, which the 

automaton will transit in; 

fs – function of the automaton transition to the 

next state; 

x (t) – the current value of the input signal; 

s (t) – the current state of the machine; 

y (t) – value of the automaton output; 

fy – function of the automaton output. 

From the equations (2) we can notice that in the 

case of Mealy automaton the arguments of 

characteristic functions are the current value of the 

input signal and the current status. 

Moore machine can be defined as follows: 

 

 (   )      ( (   )  ( ))  

  ( )       ( ( ))                       (3) 

 

where: s (t + 1) - the next state, which the 

automaton will transit in; 

fs – function of the automaton transition to the 

next state; 

x (t) - the current value of the input signal; 

s (t) – the current state of the machine; 

y (t) - value of the automaton output; 

fy – function of the automaton output. 

 

From relations (3) it follows that the output signal 

of the automaton is uniquely determined by its current 

state and does not depend on the vector components of 

the input signals [20]. 

 Due to the specific area subject it can be 

argued that the result of the machine will depend on 

the type of the procedure, which it will receive at the 

entrance for inclusion. In its turn, inclusion of the 

procedures to the schedule will depend on their 

characteristics and on the current state of the schedule. 

In this regard, for the construction of the clinic finite 

automaton it is appropriate to use the Mealy model. 

Based on its basic principles, we have proposed a 

method that allows to ultimately develop a schedule of 

clinics. 

 Verbally, the process of the automaton work 

of the clinic schedule can be set as a sequence of the 

following steps: 

 Step 1. Achieve a set of procedures for the 

schedule construction. 

Abstract 

automaton 
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Step 2. Selection of the procedures obtained in step 1 

for inclusion in the next schedule. The procedure 

selection process provides a consistent set of analysis in 

terms of satisfying the set criteria. 

Step 3. Search for the available financial support and 

free personnel of the clinic for the completion of the 

procedure selected in step 2. 

Step 4. Search for available time periods for carrying 

out the procedure based on the results obtained in step 3. 

Step 5. Analysis of the possible options for allocation 

the procedure in the schedule based on data obtained 

during the steps 3-4, and test performance of the limits of 

the subject area. 

Step 6. Direct inclusion of the procedure into the 

schedule and go back to step 2. 

For the automaton the set of input data X consists of 

a set of treatments, from which it is necessary to schedule. 

The set of output data Y is the resulting set of procedures 

that make up a schedule and are defined by the algorithm 

of the automaton  functioning. Block diagram of the 

algorithm for constructing the clinic schedule, which 

involves the proposed steps 1.6 is shown in Fig. 2.  

Fig.2. Block diagram of the algorithm for constructing the clinics schedule 

 

According to the flowchart, the set of states 

contains six elements and has the form   
*                 +). At the beginning of its work the 

machine receives the input data and proceeds to its 

original state (S0). The next step is the selection of 

treatments available and a transition to a state S1. 

After that the automaton analyzes the equipment for 

the procedure, free staff etc. In case if the necessary 

equipment is available machine goes into S2. With 

information from the previous step, the analysis of 

time intervals is being carried out when all the 

necessary equipment and medical staff are available 

S3. For each found time frame the constraints 

satisfaction analysis of the subject area is being 

conducted. If successful the machine goes into S4. 

Being found, the period and equipment are chosen 

eagerly to meet the restrictions of the subject area, 

then record the procedure to schedule and inclusion it 

in the initial set of data (transition to state S5). 

The transition conditions are boolean functions 

(as partial satisfaction is unacceptable restriction of 

the subject area, etc.) which are determined separately 

for each state. 

 

CONCLUSIONS 

 

1. The study establishes that one of the possible 

measures to improve the efficiency of hospitals, 

service quality and level of patients ‘satisfaction is an 

effective use of their work schedule. 

Procedure Choice of the procedure for inclusion to the 

schedule 

Search for available facilities to perform 

the procedure  

Search for available time periods for 

carrying out the procedure 

Analysis of limits’ satisfaction 

of the subject area  

Choice of the time period and 

equipment based on the analysis 

Found 

Found 

No 

No 

No 

Satisfies 

Yes 

Yes 

Yes 
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2. In order to develop and optimize the clinic 

scheduling we performed the basic model - Mealy 

machine, which allows most accurately take into 

account the specificy of the subject area and the whole 

ammount of necessary treatments. 

3. The presented method of reference schedule of 

medical treatment institutions in the form of finite 

automaton allow take into account all the necessary 

set of treatments, limited time periods for their 

implementation, necessary equipment and facilities, 

all of which contributes to the effective formation of a 

clinic schedule. 
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Abstract. The article deals with the practical aspects 

of the prices formation of the mechanized services for 

households. On the basis of the  questionnaire data the 

analysis  of changes in prices and  production costs of the 

main types of mechanized services consumed by 

households in the process of agricultural activity was 

conducted, the attitudes and motives of service providers 

for the formation of prices were studied and their validity 

was assessed. 

Key words: households, mechanized services, 

services price, services market, consumers of mechanized 

services. 

INTRODUCTION 

Ukrainian villages have preserved their traditions, 

most farmers have their own, mostly small-sized 

households, where agricultural production is carried out, 

which is mainly used for personal needs of the 

households. Recently, however, there have been certain 

transformational changes in households that manifest 

itself in their consolidation, reduction of size and 

enhancement of participation in agricultural markets. 

According to statistics in 2014, the households produced 

43.6% of the gross agricultural output [1]. 

The technological process of agricultural production, 

regardless of its ownership, legal status of the producer 

and production volumes, needs to attract agricultural 

services that are an indispensable part of the production 

process in agriculture. Among the main services that form 

the production cost, the employment of household 

members, and even determine the existence of the 

household are the mechanized services. The transition 

from the traditional rural way of land cultivation to the 

mechanized one updates the significance of pricing for 

mechanized services for the population, which determines 

the possibility of managing the households and, 

ultimately, forms the living standards of rural residents. 

In order to determine the level and validity of prices 

for the mechanized services the direct survey of managers 

and specialists of agricultural enterprises, farms and 

individual households, owners and entrepreneurs  

operating in the market of agricultural production services 

in Busk, Brody and Zolochiv districts of Lviv region has 

been conducted. 

THE ANALYSIS OF RECENT RESEARCHES 

AND PUBLICATIONS 

Services belong to a sector which recently has 

developed dynamically, that’s why constant attention is 

paid to their theoretical and practical grounding.  In this 

context, the works by Kotler [2] V.Malchenko [3] R. 

Mahler [4] R. Norman [5], C. Lavlock [6] T. Hill [7], P . 

Zavyalova [8] and others are worth mentioning.  

However, most of their research focus on the market in 

general, the emphasis is laid on the issues of marketing 

and management services, the employment in this area. 

Instead, the issue of the development of the market of 

agricultural services, in particular the mechanized 

services for households are practically absent in the 

domestic economy. There are no studies concerning the 

price formation for mechanized services, because of the 

lack and unreliability of relevant information. 

OBJECTIVES 

This research aims to study the characteristic 

features, the level of regularities and determinants of 

prices formation for the mechanized services for 

households. 

THE MAIN RESULTS OF THE RESEARCH 

The process of agricultural production, no matter 

who the manufacturer is consists of clearly defined 

technological processes. One of them is the use in the 

process of production agricultural mechanized services.

http://www.tu.kielce.pl/
mailto:wlipczuk@ukr.net
mailto:vyslgal@i.ua
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Households kept by population are the households 

engaged in agricultural activities both to provide self-

sufficiency and to produce marketable agricultural 

products [9]. 

Activities of households with agricultural production 

must be effective enormously the effectiveness of such 

activities, compared to the performance of these services 

manually [10]. 

Organizational and technological progress greatly 

increased the use of the mechanized agricultural services 

as a special type of services, without which agricultural 

production is impossible. For the process of production 

they are as important as material resources. 

 The production services should   meet two basic 

criteria: 

1) Participation in the production of other wealth; 

2) Transfer of its value to the cost of manufactured 

products. 

According to the way of providing the production 

services in agriculture are divided into services provided 

by hand and mechanized services. 

Mechanization of production processes in agricultural 

production is aimed at improving the productivity and 

quality of work, reduction of employment in production, 

improvement of culture and attractiveness of agricultural 

workers through  introduction of machines, equipment 

and so on. It diversifies the types of mechanized 

production services in agriculture, particularly in 

households (Table 1.). 

Table 1. Production Agricultural Services *  

Group of services Production services  included in the group 

І. The main cultivation. 
 

1. Ploughing 

2. Disking 

3. Peeling stubble 

4. Chiseling 

5. Subsurface cultivation 

ІІ. Pre-tillage and sowing (planting) 1. The harrowing; 

2. Seed treatment; 

3. Cultivation; 

4. Shipping and delivery of fertilizers; 

5. Sowing (planting); 

6. Compacting of crops. 

ІІІ. Care of crops 
 

1. The use of herbicides and pesticides; 

2. Row cultivation; 

3. Reclamation and land drainage etc. 

IV. Harvesting and preparation of primary production 

for sale. 
 

1. Harvesting; 

2. Digging potatoes; 

3. Collection of other cultures; 

4. Transportation of products from the field; 

5. Drying grain; 

6. The collection and processing of by-products (straw, 

tops etc.). 

* Source: formed on the basis of  [11; 12] 

Suppliers of the mechanized agricultural production 

services for households are agricultural enterprises, the 

farms, individual entrepreneurs.  Actually, anyone who 

has the necessary equipment and skills can provide the 

mechanized production services. 

Households can independently support themselves 

with production services, involve them from the outside, 

or even provide such services to other entities. In order to 

carry out such activities farms must have in their use the 

agricultural machinery and have appropriate skills to 

operate it. Recently, the number of means owned by the 

households has grown (see Table 2). Technical park of the 

households has increased. In particular, in  Lviv region 

only during 2012-2014 years the number of tractors 

increased by 7550 units, and combine harvesters by  27 

units. Such a sharp increase in the number of tractors is 

explained not so much by the purchase, but rather by 

introduction of registration system of the available 

technical means. 

 

Table 2. Availability of agricultural machinery in households of Lviv region (at year-end; units) 

 Year 2014 to 2012, % 

2012 2013 2014 

Tractors 113221 119021 120771 110,5 

Combines harvester 1553 1547 1580 105,0 

* Source: formed on the basis of [13] 
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Even such a significant number of means doesn’t 

allow   the households to perform the work independently, 

because tractors are only available in every agricultural 

household. That’s why there is an urgent need to obtain 

the required   mechanized services from the outside 

No doubt, each recipient of the mechanized services 

tends to get it the cheapest, while each service provider 

tends to realize it the most expensive. If the first person is 

interested in saving money and reducing the cost of 

agricultural products produced, the main aim of the 

second one is profit. To find a compromise between them 

is quite difficult and not always because of the supply and 

demand, as evidenced by the dynamics of prices for basic 

agricultural mechanized services in the region (Table 3, 

Figure 1). 

 

Table 3.  Average selling prices of agricultural  mechanized services for households  UAH / are * 

Kind of services 
2012  2013  2014  2014 to 2012, % 

Ploughing 11,89 14,91 16,00 134,6 

Cultivation 8,62 11,00 13,50 156,6 

Disking 8,69 11,09 13,04 150,1 

Interrow tillage 5,95 7,93 9,00 151,3 

Mechanized planting of grain crops 9,30 11,60 13,00 139,8 

Planting of potatoes 7,18 9,40 10,02 139,6 

Harvesting of grain crops 12,20 14,27 16,00 131,1 

Mowing of grass 7,00 9,06 11,04 157,7 

Mechanized digging of potatoes 6,91 8,91 9,53 137,9 

Spraying 5,55 7,30 8,60 155,0 

Application of organic fertilizers 5,71 7,35 8,40 147,1 

Application of mineral fertilizers 5,54 7,08 8,15 147,1 

Transport services, km 5,69 9,33 11,00 193,3 

* Source: own elaboration based on  the processed questionnaires 

The data in Table 3 indicate a rapid increase in prices 

of agricultural mechanized services in 2014 compared 

with previous years. The largest price increases was 

observed in transportation services (93.3%), mowing 

grass (57.7%), cultivation (56.6%), inter-row tillage 

(51.3%) and disking (50.1%). It is worth emphasizing  

particularly high prices in 2013. And it happened during 

the period of a stable exchange rate, and therefore during 

the period of stable prices for material resources and 

labour costs. 

 
 

Fig. 1. Dynamics in  prices change for mechanized services to the public * 

* Source: formed on the basis of the survey conducted 
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Sufficiently clear are differences in the prices for 

various mechanized services. The most expensive  

services are plowing and combine harvesting of grains, 

the  cheapest ones are applying of mineral and organic 

fertilizers and spraying. With sufficient probability we 

can state that there are higher prices for services which 

have greater demand among households, despite 

operating costs incurred for mechanized works. 

 The problem of prices for the mechanized services 

has two aspects: the formal aspect and marketing one. 

Formal prices for mechanized services are prices 

contingencies that each entity establishes independently 

without outside interference, but it takes into account the 

existing formal legal requirements. Marketing approach 

takes into consideration the value of service to its 

recipient, the perception of service quality and 

competition in the market. Certainly, the price can be 

measured as economical dimension (the result of the 

calculation) and as psychological dimension (compromise 

between the provider of services and the recipient of 

services). 

It is generally accepted in marketing to consider three 

principles of pricing. They are based on demand, cost and 

competition. [14]. According to these principles  various 

methods and techniques of pricing are offered. Operating 

costs are the main pricing factors. This can mainly be 

explained by an increase in prices for basic mechanized 

services (Table 4.). 

Table 4. The average cost of providing mechanized agricultural production services 1 are * 

Kind of services 2012  2013  2014  2014 to 2012, % 

Ploughing 10,24 13,13 14,02 136,9 

Cultivation 7,71 9,80 10,98 142,4 

Disking 7,88 9,90 11,00 139,6 

Interrow tillage 4,87 6,52 7,46 153,2 

Mechanized planting of grain crops 8,30 10,35 11,10 133,7 

Planting of potatoes 6,33 8,38 9,01 142,3 

Harvesting of grain crops 10,56 12,80 14,13 133,8 

Mowing of grass 6,15 7,85 9,74 158,4 

Mechanized digging of potatoes 5,87 7,71 8,16 139,0 

Spraying 4,92 6,51 7,64 155,3 

Application of organic fertilizers 4,95 6,38 7,57 152,9 

Application of mineral fertilizers 4,75 6,07 7,43 156,4 

Transport services, km 4,96 8,36 9,79 197,4 

* Source: author's own development on the basis of the processed questionnaires 

As seen from Table 4, in the period of 2012-2014 

there was a significant increase in the cost of providing 

mechanized production services to the public. The 

greatest increase was in the cost of transport services at 

97.4%, mowing grass - 58.4% fertilization - at 56.4% and 

herbicide spraying fields - 55.3%. Such growth is due 

primarily to the rising cost of fuel, fertilizers and crop 

protection products. 

In this context, it is important to explore the changing 

of profitability of providing mechanized services (Table 

5) to assess the validity of the established prices. 

Table 5. Dynamics of profitability of providing mechanized services for private households* 

Kind of services The profit on 1 are, UAH Profitability, % 

2012  2013 2014 2012 2013  2014  

Ploughing 1,65 1,78 1,92 116,1 113,6 113,6 

Cultivation 0,91 1,20 1,39 111,8 112,2 111,5 

Disking 0,81 1,19 1,99 110,3 112,0 118,0 

Interrow tillage 1,08 1,41 1,56 122,2 121,6 121,0 

Mechanized planting of grain crops 1,00 1,25 1,43 112,0 112,1 112,4 

Planting of potatoes 0,85 1,02 1,02 113,4 112,2 111,3 

Harvesting of grain crops 1,64 1,47 1,24 115,5 111,5 108,4 

Mowing of grass 0,85 1,21 1,08 113,8 115,4 110,8 

Mechanized digging of potatoes 1,04 1,20 1,12 117,7 115,6 113,3 

Spraying 0,63 0,79 0,91 112,8 112,1 111,8 

Application of organic fertilizers 0,76 0,97 1,22 115,4 115,2 117,0 

Application of mineral fertilizers 0,79 1,01 0,94 116,6 116,6 113,0 

Transport services, km 0,73 0,97 1,02 114,7 111,6 110,2 

* Source: formed on the basis of our own research 
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As seen from Table 5, activities to provide 

mechanized agricultural services to the population is 

profitable for all kinds of these services. The level of 

profitability varies in the range of 10-22%. The highest 

level of profitability in the service of mechanized soil 

cultivation, the other services are almost equal efficiency. 

On average exercise plowing 1 hectare of land will bring 

192 UAH profits. 

Validity of prices increase for mechanized services 

involves consideration of the main factors of its formation 

(Table 6). These data have not been a high correlation 

between the price and the services provided. 

Table 6. Dynamics of prices for individual mechanized services and factors of its formation,% of 2012 * 

Indicator Year to 2012р., % 

2012 2013 2014 2013 2014 

Average price
1
 , UAH/ 1 are: 

- Ploughing 
11,89 14,91 16,00 125,4 134,6 

- Cultivation 8,62 11,00 13,50 127,6 156,6 

- Mechanized planting of grain crops 9,30 11,60 13,00 124,7 139,8 

- Planting of potatoes 7,18 9,40 10,02 130,9 139,6 

- Harvesting of grain crops 12,20 14,27 16,00 117,0 131,1 

- Mechanized digging of potatoes 6,91 8,91 9,53 128,9 137,9 

- Interrow tillage 5,95 7,93 9,00 133,3 151,3 

- Spraying  5,54 7,08 8,15 127,8 147,1 

- Application of mineral fertilizers 5,54 7,08 8,15 127,8 147,1 

Average cost 
2
, UAH/ 1 are: 

- Ploughing 
10,24 13,13 14,02 128,2 136,9 

- Cultivation 7,71 9,80 10,98 127,1 142,4 

- Mechanized planting of grain crops 8,30 10,35 11,10 124,7 133,7 

- Planting of potatoes 6,33 8,38 9,01 132,4 142,3 

- Harvesting of grain crops 10,56 12,80 14,13 121,2 133,8 

- Mechanized digging of potatoes 5,87 7,71 8,16 131,3 139,0 

- Interrow tillage 4,87 6,52 7,46 133,9 153,2 

- Spraying  4,92 6,51 7,64 132,3 155,3 

- Application of mineral fertilizers 4,75 6,07 7,43 127,8 156,4 

Inflation  index 
3 

99,8 100,5 124,9 0,7 +25,1п. 

The price of diesel fuel 
4
,   UAH / liter

 
10,24 11,12 16,87 108,6 164,7 

Minimum wages 
5
, UAH 1 073,00 1147,00 1218,00 106,9 113,5 

The average selling price 
6
, UAH / tonne 

- grain crops 

1545,80 1297,20 1801,40 
83,9 116,5 

- potatoes 1138,50 1856,60 2173,60 163,1 190,9 

- sugar beets 426,80 397,80 494,20 93,2 115,8 

- vegetables 1924,20 1856,60 2514,30 96,5 130,7 

* Source: Calculated on the basis of: 1; 2data derived from the survey, 3, 5 - [15] 4 - [16] 6 - [17]. 

The main factors that led to a rapid increase in the 

cost of production of mechanized services, most suppliers 

of mechanized services for households include: inflation, 

rising cost of fuel, rise in machinery and spare parts to it, 

the price of the service at the same level as that of other 

suppliers (tab. 7). 

Table 7. Grounding of prices rise  for mechanized services,% * 

Factor Service providers 

Farm 

enterprises 

Limited 

liability 

company 

Private 

agricultural 

companies 

Householders Others 

Inflation  27,4 29,9 12,9 8,7 19,4 

Growth of cost fuel 51,9 49,2 56,7 63,3 59,7 

Price increase of appliances 8,3 11,8 15,4 2,1 9,5 

Establishing the price as other 

providers 12,4 9,1 15,0 25,9 11,4 

In total 100,0 100,0 100,0 100,0 100,0 

* Source: formed on the basis of our own research 

It is clear that, according to service providers the 

most important factor in the rising cost of mechanized 

production services is the rising cost of fuel. Thus, in 

2014 compared to 2011 the cost of diesel fuel increased 

by 72.7% and gasoline A-95 at 65.6%. [18]. 
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The data in Table 7 show that every year there is a 

rise in prices for mechanical services for households, this 

is primarily due to increased costs incurred during their 

implementation. The rising of costs are attracting the 

mechanized services leads to increased cost of finished 

agricultural products. The cost of mechanized services is 

growing under the influence of inflation in the country 

and the rising cost of fuel. 

The overall growth in prices for mechanized services, 

in addition to the above mentioned is largely due to weak 

technical support of agriculture, lack of competition in the 

market mechanized services, limited public access to 

different types of services, including the mechanized 

ones. To some extent, this problem could be solved by 

creating  rural service cooperatives. 

So, the decision of the household to get mechanized 

services are particularly important for its successful 

development, survival in the competitive market, 

successful adaptation to environmental changes [19]. 

Making the decision to choose the source of 

providing the needs for  agricultural production services 

the agricultural household  must assess: 

1. The need for agricultural production services; 

2. Analyze its own possibilities of the need, cost and 

quality of services: 

3. Examine the environment and identify the 

alternative ways of obtaining (providing the need) 

agricultural production services with regard to price, 

quality, accessibility ( territorial distance) and timeliness 

(according to the technological requirements). 

 

CONCLUSIONS 
 

The growth of volume of mechanized services in 

householders has been provoked by transformation in 

agriculture. These changes were accompanied by a 

simultaneous increase in their prices, which is not 

sufficient substantiated. Mechanized services providers 

include to the main pricing factors mechanized services 

increase in the cost fuel and machines, inflationary 

processes, establishing the price like other sellers of 

services and so on. However, it is their subjective opinion, 

rather justification dictates of prices. 

The significant differentiation of the prices on 

different mechanized services weakly correlates with their 

cost price and in greater extent depends from  the 

importance of certain types of services, the ability to 

perform the work manually and its volume. So, the price 

on mechanized services in aggregate with the timing and 

quality of its provision should become the basis for 

making decisions about choosing ways to receive it. 
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Abstract. The problem on limit equilibrium of a closed 

infinite cylindrical shell with a longitudinal crack under the 

action of time-varying load by the exponential law has been 

considered. According to presented conditions the 

expressions for the field of the stress-free deformations 

along the crack are presented in the form 
0 *f f e   , ,f   where *

ij , *

ij   , ,i j    are 

time-independent;   is time;   is a stable factor of 

dimension [s
-1

], and the system of equilibrium equations 

in displacements is written as [5, 6, 12]: 
2 2 0*

1 2 3k k k k kL u L v L w R c g q

      1,2,3k  , where: 

kmL   1,2,3m   are the operators presented in [7, 11]; 

1g u ; 2g v ; 
3g w ; 0*

iq  are the right parts of 

equations which are calculated by the expressions 

presented in [7, 11.], considering the form of strain field; 
2 1 2 2(1 )c E    . 

Using the operator method, the method described in 

[13], the solution of the system is written as: 

    
3

* *

2

, jf j jf j

j

f R L P e   


     , ,f u v w , 

where: * **

kl kl klL L L  , * **

kl kl klP P P    , ,l u v w ; 
klL , 

klP  are the operators identical to those given in [7] for the 

case of static load, and **

klL , **

klP  are the operators that 

take into account the dependence of load on time. Using 

the same transformations that in the case of static load 

[7, 11], the key functions j , j are determined, and the 

clarification of the shell's stress-state is reduced to solving 

the system of singular integral equations (SIE). Its general 

form is similar to the same system constructed for static 

load [7], and the kernels of SIE have the 

form
0 * **

ij ij ij ijK K K K   , where 
0

ijK  is a singular part, 

* **

ij ijK K  is a regular part in which the component 
**

ijK . 

takes into account the time dependence of load; 
0

ijK , 
*

ijK  are 

described by the expressions similar to the same given in [7]. 

Key words: cylindrical shell, crack, exponential time 

dependence, varying load, system of singular integral 

equations. 

 

 

INTRODUCTION 

In aircraft and rocket manufacture, chemical 

engineering, atomic power, industrial engineering etc. 

structural elements of shell type are used extensively. 

Estimation of reliability of structures and systems, which 

contain stress concentrators (pointed technological cuts, 

defects such as cracks or inclusions) is based largely on 

the analysis of stress-strain state in their vicinity. Since 

the most common defect that leads to destruction, is a 

pointed crack, the questions relating to the study of their 

appearance and development at various loads attract 

attention, and the study of stresses and strains in the 

vicinity of the ends of the cracks by using experimental 

and theoretical methods is described in numerous 

scientific works (see review [4-8]) 

ANALYSIS OF RECENT RESHERCHES AND 

PUBLICATIONS 

Comprehensive enough overview of the theories and 

methods of solving the stress-strain state for different 

kinds of shells with cracks is presented in the 

monographies [3, 7, 11-13] and in the articles [1, 2, 5, 6, 

8-10]. The results were obtained mainly by the boundary 

integral equations method for an isotropic and anisotropic, 

homogeneous and piecewise-homogeneous shell under 

stationary load [4, 7, 9, 10,].  

As demonstrated the analysis of scientific literature, 

modern mathematical apparatus enables the construction 

of adequate mathematical models for arbitrary loading. 

Despite this, relatively little researches concern the 

problem of shells with cracks under the action of time-

varying load. The list of publications regarding this 

problem can be found in the survey of scientific works 

presented in the articles [2, 5, 14-20]. Some studies of 

elastic vibrations of cylindrical shells with longitudinal 

cracks are given in the works [17, 19, 20], and some 

dynamic problems for cylindrical shells are considered in 

the articles [9, 10, 14, 19].  

OBJECTIVE 

The objective of this work is to construct a system of 

singular integral equations, which will allow to determine 

the stress state in the vicinity of the ends of a longitudinal 

cut in a closed cylindrical shell under the action of time-
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varying load. 

THE MAIN RESULTS OF THE RESEARCH 

A closed infinite cylindrical shell with a through 

longitudinal cut of the length 2l  is considered (origin of 

the coordinate system we will choose in the middle of the 

cut) Fig. 1. Assume that the shell is under the action of 

surface load which exponentially varies in time. 

 
Fig. 1. Scheme cylindrical shell 

Under these conditions the field of stress-free 

deformations [7, 11], the incompatibility of which causes 

the jumps of displacements and angles of rotation along 

the cut, will read: 
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 (1) 

where: *

ij , *

ij   , ,i j     depend on the coordinates;  
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 (2) 

are the jumps of displacements and angles of rotation;   is 

time;   is a stable factor of dimension [s
-1

];     is Dirac 

delta-function; 
n

n

j nj


 


  1,2,3,...n  , , ,j    . 

Conditions on the crack faces [7] in a general form 

are written as 
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 (3)  

Here: 
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 (4) 

where: 0

2N , 0S , *0

2Q , 0

2M  is a normal, shear, generalized 

intersecting effort and bending moment in the shell without 

a crack, respectively, 1

2N , 1S , *1

2Q , 1

2M  are the same 

efforts applied to the faces of a real crack. 

Taking into consideration that the external loads are 

time varying by exponential law, corresponding efforts 

can be represented as: 
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    *

2 2, , , ,i iM M e      

      * **

2 2, , , , 0,1 ,i iQ Q e i       (5) 

and functions  1,4jf j   take the form 

      *, 1,4j jf f e j    , (6) 

where  * ,jf    is obtained by replacing in expressions 

(4) the efforts 
2

iN , iS , 
2

iM , *

2

iQ  by the values *

2

iN , *iS , 

*

2

iM , **

2

iQ . 

The system of equilibrium equations according to   

[7, 12, 13] has the form 

  2 2 0*

1 2 3 1,2,3k k k k kL u L v L w R c g q k

     . (7) 

Here: 2 1 2

11 0,5L   

    , 1

12 21 0,5L L   
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13 31L L    , 1 2 2 2 1 2 2
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q R             


           

 0* 0 1 0

2

2
0 1 0

0,5

2 ,
3

q R

h

   

   

  

  









    

     

 

2 2 2

     , 
n k

n k

j l
j l


  

 
 2 1 2 2(1 )c E    , 

 , , ; , 1,2,3,...j l n k   , 
2

2

1 23

h
c

R
 ,  

1
1 



   , 

E  is Young's modulus,   is the density of material. 

Applying for solution of system (7) the operator 

method [12, 13], we present the solution of differential 

equations system by key functions j , j   1,2j   as: 

 

     

     

     

3
* * *

2

3
* * *

2

3
* * *

2

, ,

, ,

, .

ju j ju j

j

jv j jv j

j

jw j jw j

j

u u e R L P e

v v e R L P e

w w e R L P e

 

 

 

    

    

    







  

  

  







 (8) 

Here: * **

kl kl klL L L  , * **

kl kl klP P P    , ,l u v w ,  (9) 

where: klL , klP  are the operators identical to given in [7] 

for the case of static load, and **

klL , **

klP  are the operators 

which are caused by dependence of the load on time and 

have the following form: 

 
 

 

** 2 3 2 5 4 3 2 3

2 1

2 3 2 4 2

1 1 1

4 2 2

2 ,

uL

c c

       

   

  

   



 



           


     

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 

** 2 3 5 2 3 4

3 1

2 3 2 4 2

1 1 1

2

,

uL

c c

     

    



  

        

       


,  

** 2 1 2 3 2

2 1 2 (1 3 )uP      


         , 

 ** 2 2

3 12 1 3uP        , 2 2 2

1 R c   , 

 
 ** 2 2 3 2 2

3 1 1

4 3 2 4 2

1 12 ,

vL c

c

    

    

 







       


      

 

 

** 2 1 2 3

2 1

2 1 4 4

1 1

2 (1 )

2 2 ,

vP

c

   

  

    

  



  



 

         

    

 

 
 

** 4 3 2

3 1

2 5 3 2 4

1 1

4 2(1 )

4 ,

vP

c

   

   

 

 

       

      


 

 

6 4 2 4 2 2

2 4 2 2

2

1 1 4

4 4

(4 ) 1 ,

wL

c

     

     







        

 



   
 

 
 

** 4 2 2 2 2

2 1 1 1

2 2 2

1

2 2(2 )

(3 2 ) ,

wL c

c

 

 

    





 



     

    


 

 ** 2 2 3 2

3 1 1(2 ) (1 ) ,wL c                     

 
 

 

** 2 1 4 4 2 2

2 1

2 4 2 2

1

(1 ) (3 ) (1 )

2 2(1 ) ,

wP    

  

    

  

           


      

 

  ** 2 2 3 3 4

3 1 14 2(3 ) 4wP                       
 

. 

Functions j , j  have to satisfy the equations: 

 *

2 22D  , *

3 12D  , *

2 22D R  , *

3 12D R  , (10) 

where the operator D  has the form 

 0 * **D D D D   . (11) 

Here 0D  and *D  are the operators that are identical to the 

same given in [7, 11] for the case of static load, and **D  

is the operator  caused by dependence of load on time: 

 0 2 2 2 2D      ,  

 

 * 2 4 2 2 4 6

2
4 2 2 4

2

1

8 2 8 2

1
4 ,

D

c

    

   





         


      

 

 

  
 

   



** 6 2 4 1 2

1 1 1 1

2 4 2 2 2 2 2 1 2

1

2 2 2 2 2 2

1 1

2 2 2 4

1 4 2 2 2 2

2 1 6 1 1 4 2

1

2 2 (1 )

8 2 2

3 2

2 0,5( 3) 0,5(3 )

2 2

2 2 .

D c c

c

c

c

   

 



   

  

   

 

 

  

 

  

  















  

  

   

             

          

        

        


      

 (12) 

Solution of equations (10) we present in the form of a 

convolution integral: 

    *, , , d      




   , (13) 

where:  2 3 2 3, , ,     ;    *

22 12 22 12, , ,      ; 

 , , ,     is a fundamental solution (Green's 

function) for infinitely long cylindrical shell –  

      0

0

1
, , , 1 , cos

2

n

n

n

n


       






 
        

 
 ,(14) 

where:  0 1, 0; 0 0  n if n if n  is Kronecker delta. 

Considering the presentations(1), (8), we obtain the 

following expression for desired functions: 

 

 

   
0

0

0
2

0

*

1
, 1 cos

2

,

n

n

n

n
R

v d






   



   







 
   

 


     







 

 

 

   
0

0

0
3

0

*

1
, 1 cos

2

,

n

n

n

n
R

u d






   



   







 
   

 


     







 (15) 

 

 

   

   

0

0

0

0

0
2

0

*

*0

0

1
, 1 cos

2

1
1 sin ,

2

n

n

n

n
n

n

n
R

d

n n w d
R










   



    


    











 

 
    

 


     



 
       

 





 

 

 

 

 
 0

0

0
3

0

*

1
, 1 cos

2

.

n

n

n

n
R

d
w d

d






   



 
 









 
   

 

  
   







 

Function  n     is determined by the expression 

that is similar to that presented in the work [7]: 

 

 
 

 

  
    10

20 20

2

2 2
1

0 10 10 10 10

20 20

1

cos

sin , 1,

cos sin

,

jna z

n

jn jn jn jn

jn in jn jn jn

jn in jn jn jn

a z

a z b z

e
z

X q a b

b C a B b z

a C b B b z n

z A b z B b z e

A e B e







 


  



  


  


   

 



 (16) 

where:  2 2

1 12n n nX C B  ,  
2

2 2

1 2 1 2 1n n n n nC p p q q     , 

 
2

2 2

2 1 2 1 2n n n n nC p p q q       1 2 1 12n n n nB p p q   , 

 2 1 2 22n n n nB p p q   , 
2 2

jn jn jnp a b   , 2jn jn jnq a b , 

    4 2 2 2 2 2 2

10 20 20 10 20 10 20 10

10

10 10 1 1

5 3 10
,

4

a a b b b a p b
A

a p r s





    
  

    4 2 2 2 2 2 2

10 10 20 10 20 10 20 10

10

10 10 1 1

5 3 10
,

4

b a a a b b p a
B

b p r s





    
  

 
1

20 20 20 12 ,A a p r


    2 2 2 2

1 20 10 10 10 204r a b a b a    , 

 
1

20 20 20 12 ,B b p s


   2 2

1 20 10 10 104s b b p b   . 

The values jnb  and jna are the real and imaginary 
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parts of the roots  1,2,3,4 1 1n ny b ia   , 

 5,6,7,8 2 2n ny b ia    of the characteristic equation 

 8 6 4 2

6 4 2 0 0y A y A y A y A     , (17) 

 
   

 

2
4 2 2 2 2 4

0 1 1

6 2 4 2 2 4

1 1 1 1

1

2 (3 ) 2 ,

A n n c n n

c n c n



   



 



    

    
 

 

 

2 2 2 4 2 2

2 1 1

2 2 2 4

1 1

4 ( 1) (3 ) 4

2 3 (3 ) ,

A n n c n

n c n

  

  









       

    

 

 
 

 

1
4 2 4

4 1 1

2 2 2

1 1

6 2

3 3 ,

A n c

c n

   

  



  





   

    

 

 2 2

6 14 (3 ) .A n      ,  

Note that in contrast to the static case, considered in 

[7], equation (17) if 0n   and 1n   does not have 

multiple roots. Studies have shown that if 1n  , 

characteristic equation (17) has eight complex roots, and 

if 0n   there are four complex and four purely imaginary 

roots that we denote so: 
1,2,3,4 10 10y b ia   , 

5,6 20y ib  , 

7,8 20y ia  . Thus the general form of expression for key 

function if 0n   will be different from the expression in 

the case of static load and if 1n   will be described by 

the first of expressions (16). 

In order to derive singularities of the key functions 

(15) on the line of the cut we present them as 

 
     

     

0 *

0 *

, , , ,

, , , ,

j j j

j j j

        

        

 

 
 (18) 

where:      * 0, , ,j j j          , 

      * 0, , ,j j j          . 

Functions  0 ,j   ,  0 ,j    satisfy the following 

equation: 

 0 0 *

2 22D   0 0 *

3 12D   , 0 0 *

2 22D R  , 0 0 *

3 12D R  , 

and their determination is described in detail in [7, 11, 13]. 

Substitute the expressions (18) into (15) and integrate them 

(15) by parts, and as a result we rewrite them in the form: 
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2

n
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R

u d




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





 
   

 
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



, 
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* 0 *

1
, 1 cos

2

n

n

n n

n
R

d






   



      







 
    

 

          





 

 0

0

1
1 sin

2

n

n

n n
R










 
   

 
  

      
0

0

* 0 * ,n nw d





     


            (19) 

 

 

     
0

0

0
3

0

* 0 *

1
, 1 cos

2

n

n

n n

n
R

w d






   



     







 
    

 

         





, 

 

where 

 
  



2
0

1

0 0

1
cos sgn

sin sgn ,

jna z

n jn jn

jn

jn jn jn

z e C b z z
X

B b z C z





  

 


 

 

10

20 20

10 10 10 10 10 10 10 10
0 102 2 2 2

10 10 10 10

10 10 10 10
102 2

10 10

20 20

20 20

sgn sin

cos sgn e

1 1
sgn ,

a z

a z b z

A a B b A b B a
z z b z

a b a b

B b A a
b z z

a b

e e
A B z

a b



 

 
   

 


 

 

  
   
 

 

 
 

0

2 2

jn jn jn jn

jn

jn jn jn

q C p B
C

q a b





, 

 
0

2 2

jn jn jn jn

jn

jn jn jn

p C q B
B

q a b





, 

 

 

  

0 3 3 2 2

8

8

1
9 sgn

96

1
33 48sgn sgn , 1,2,... .

2

k z

k z e k z k z z
k

kz z z k
k

    

   

 

The expressions for the keys functions (15), (19) 

contain the uknown jumps of displacements and of angles 

of rotation (2). For their determination we use the 

boundary conditions (3). 

The efforts and moments in the shell are determined 

by the known formulas [7], which, considering the 

presentations (1), (8) we write: 

 

 

  

 

 

 

 

1
* 2

1 1 0

* * * *

22

1
* 2

2 2 0

* * * *

22

* 2

1 1 0

2 * 2 * * 2 *

22

* 2

2 2 0

2 * * 2 * 2 *

22

*

1

,

1

,

,

,

1

t

t

t

t

t

t

t

t

N N e D R

u v w R e

N N e D R

v w u R e

M M e D c

w w v R e

M M e D c

w v w R

S S e Eh





 





 





  



  





  



 

  

 





    
 

     

    
 

     

   

       
 

   

     

   

 

 

 

1

* * *

12

* 2

0

* * 2 *

12

,

1

.

t

t

t

R

u v R e

H H e D c

w v R e



 





 











   

    

    

     
 

 (20) 

In the case of the shell loading symmetric about the 

crack the shell loading, conditions (3), considering (4) - 

(6) are simplified and take the form: 
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     

     

* * *

2 2 1

* * *

2 2 3

,0 ,0 ,

,0 ,0 .

N N f

M M f

  

  

 

 

 

 
 (21) 

Using in the expressions (20) the presentation (8) we 

obtain 

 

*

2 2 3 2 3

*

2 2 3 2 3

,

.

   

   

N N N N

M M M M

N C D C D

M C D C D

   

   

   

   
 (22) 

Here 

 

  
   

  

4 2 2 6 2
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4 2 2 2 2 2

1

2 1

1
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1
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1

2
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7 4 5 2

3 2 ,

NC D c v

c

c

v

v v

 

 
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 



  

    









 



 



     

          



          

    
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c
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
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
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
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0 1 3 1

2 2 4 2

1 1

2 2

2 (

2
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c
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 
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
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
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

 
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

    
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
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

 

 
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c
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 
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c

c
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


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      
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1 1 (1 ) ,
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c 
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
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

   

 
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1
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(2 ) 2

(3 ) (1 ) ,
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P
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     

     

 

  

   



 
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          
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2 2

1 ,P       
2 2

2 ,P         2 2

3 2P      , 

  2 2

4 2P      , 
2 2

4P      , 
2 2

5P       

 
1

1 


   . 

Substituting (21) in the presentation (22), considering 
(19), we obtain a system of two integral equations 

 

         

         

0

0

0

0

*

1 11 3 13 1

*

1 31 3 33 3

,

,





     

     





F K F K d f

F K F K d f









       

       

(23) 

where:    1

1
F v

R
     ,    3 2F       , 

   *

1 1

0

f f
D


  ,    *

3 3

0

f f
D R


  . 

The kernels of integral equations system can be 

presented in the form: 

 

   

0
11 11

0

2 3 2
2 0

1 11

1 0 0

sgn
cth 1
2 2

n

n n
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mn mn i n

m l i
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X
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

 




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 
    

 

 



 

 (24) 

   3 2
2mn mnA A  ,    2 12

1 ,mn nmA c a     1 1
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     02 3 03
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1
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 

 
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B  are 

Bernoulli's numbers; the presentations for 
 2l
mnA  are 

obtained from the expressions for 
 1l
mnA , formally replacing 

them 
mnE , 

mnH , 
mnB , 

mnC  by 
mnH , 

mnE ,
mnC , 

mnB . 

The expressions for the kernels 
33K  and 

31 31K K  

are obtained by formal replacement in the presentation 

(24) the coefficients 
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 il
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 02
0mnB  ,  12

;mn mnB E    22
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 10 4 2 2(2 ,) (2 )mn n n n n nm m m m mB n E n C s n B t        
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     2
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

    , 

To obtain the coefficients  2l
mnB ,  2l

mnC  it is necessary 

in the expressions for  1l
mnB ,  1l

mnC  to replace 
mnE , 

mnH , 

mnB , 
mnC  by 

mnH , 
mnE ,

mnC , 
mnB . 

If you put in(24) 
1 0  , then the system(23) will 

take the form given in [7, 11] for static loading. In this 

case, at numerical studies one should take into account 

that the equation (17) if 0n   in the case of technical 

theory of shells and if 0n  , 1n   in the case of the 

general moment theory will have multiple roots. 

CONCLUSIONS 

1. We have written explicitly the singular integral equation 

system for cylindrical shell with longitudinal cracks 

under the action of time-varying load. Reliability of 

obtained expressions is confirmed by coincidence with 

known presentations obtained in the case of static load [7]. 

2.  It is shown that taking into account the time changes of 

the load does not affect the order of singularity of SIE.  

3. The obteined system of integral equations by replacing 

0

u



 , 

0

s



  results in the SIE system with the 

kernel of Cauchy type that allows one to make a 

numerical study of the stress-strain state in the vicinity 

of the crack, and particularly to study the dynamic 

behavior of the dynamic intensity factors of effort and 

moments by the standard methods.  

4. The algorithm of numerical solution of the resulting 

system is constructed.  
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Abstract. It is widely known that during the post-

harvest handling of a number of crops pneumatic 

separators are often used. It is proved that in order to 

improve separation process by using an air flow 

becomes possible through the use in the separation 

channels an electric field of corona discharge as 

additional working body. The electric field makes an 

additional force effect on the particles of the separated 

mixture. Since the seeds of cultivated plants and 

weeds belong to different species, their electrical 

properties interact with the working bodies of 

pneumatic separators in different ways that enables 

quality improvement of seed mixtures separation. 

We consider the ellipsoidal particles’ behaviour 

under the influence of gravity, electric power and air 

flow in pneumo-electric separator channel taking into 

account their bumping into the walls. We also worked 

out the differential equations that reflect the 

mathematical model of the particles under the totality 

of these forces. This model describes the movement of 

particles in the pneumo-electric separator channel and 

allows at any time to calculate the coordinates of 

trajectories. Based on their analysis we can explore the 

influence of the controlled process parameters on the 

pneumo-electric separation and determine their 

optimal parameters under which the separation of the 

investigated seed mixtures is the most effective and 

the components of which are of ellipsoid shape. 

Key words: seed mixture, ellipsoidal-shaped 

particle, pneumo-electric separator, vertical channel, 

mathematical model, adjustable settings. 

 

FORMULATION OF THE PROBLEM 

Among the existing seed purifying machines used 

in the post-harvest handling of hard-to-divide seed 

mixtures, a considerable place is given to pneumatic 

separators where seed cleaning is carried out by 

aerodynamic properties of the mixture components. 

[1, 8, 9, 16]. 

However, the existing hardware, in which a 

division is carried out in the air stream, do not provide 

a quality separation of seed mixtures and many 

impurities of weeds, especially those which are hard-

to-divide, disabled ones (no germs) and dead seeds of  

culture plants[2,4,7]. The main reason for this is the 

similarity in the basic physical and mechanical 

properties, especially aerodynamics of the separating 

components of  the mixtures [15]. Consequently, it is 

impossible to ensure their effective separation. Under 

these conditions we need to use an additional force 

action on the separating components, which can be 

ensured by an electric field in a vertical channel. 

The electric field in this case acts as an additional 

operating working body. Since the seeds of cultivated 

plants and weeds belong to different species, their 

electrical properties interact with the working bodies 

of pneumatic separators in different ways that enables 

quality improvement of seed mixtures separation. 

 

ANALYSIS OF RECENT RESEARCHES AND 

PUBLICATIONS 

 

Theoretical studies widely covered the issue of 

pneumatic separation [5, 6,7,8]. They are dedicated to 

the definition of critical speed ratios of floating and 

windage components of seed mixtures [19,20,21], 

calculations of air flow [12,13], substantiation of fan 

settings creating them [14], definition of structural 

shapes and geometric dimensions of pneumatic 

channels[17] and so on. 

It was also examined the interaction force of seed 

mixtures particles with air flow, its impact on the 

trajectory, whereby the possibility of separation by 

their aerodynamic properties is set [10]. Power 

interaction takes into account the cumulative effect on 

the particles of gravity and air flow. 

To improve the process of pneumatic separation 

we may use in separating channels an electric field as 

an additional working body [6,18]. Under such 

conditions the seed particles will be influenced by 

electric power. This study [5] theoretically describes 

the orientation of the ellipsoidal particles in the 

channel of pneumo-electric separator influenced by 

the additional factor of power - the electric field. 

However, the mathematical description of the 

behavior of these particles reflects the ideal case - 

movement without mutual collisions and bruises to the 

walls of the channel. In reality the ellipsoidal particles 

of separated components of mixtures are often in 

contact with each other, and more - with the walls of 

the channel, which requires more detailed theoretical 

studies designed to more accurately reflect the process 

of pneumo-electric separation in a vertical channel.

mailto:dadakv@i.ua
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SETTING OBJECTIVES 

The aim of the researches was to increase the 

efficiency of separation of hard-to-divide seed mixtures in 

a pneumo-electric separator, the components of which are 

of ellipsoidal shape, according to mathematical modeling 

of movement in a vertical channel in view of their 

bumping into the walls. 

MAIN PART 

Being fed from the bunker into the pneumo-electric 

channel much of the seeds hit its walls and contact with 

them for some time t. The hit significantly impacts on the 

trajectory of the seed mixtures components and, 

consequently, the quality of separation. It is therefore 

advisable to consider the behavior of the seed in the 

channel for the actions of its electric and gravitational 

forces and bind it to a system of coordinates that is 

represented in Fig. 1. The beginning of the fixed 

coordinate system xoy we allocate in the place where the 

seed is supplied from the bunker into the channel. 

We introduce the auxiliary coordinate system: 

x2Cy2 - moving forward together with the center of 

mass of the particle; 

x1Cy1 - tightly bounded with the particle; 

xc, yc - variable coordinates of the center of mass of 

the particle. 

Oy axis is directed along the channel’s wall, on which 

the seed hits during its movement in the air stream. 

 

 

                 
Fig. 1. Position of the ellipsoid-shaped particle relatively to the coordinate systems when it strikes the wall of the 

pneumatic separation channel 

 

Under these conditions, the equation of an ellipse, 

which limits the seed in the plane xoy, in the 

coordinate system xcy could be written as follows: 

 

 
1

2

2

1

2

2

1 


a

y

b

lx c  .                    (1) 

 

The relationship between the coordinates can be 

expressed as follows: 

 

x1 = x2 cosφ + y2 sinφ; 

y1 = y2 cosφ - x2 sinφ;                       (2) 

x2  = x - xс ; y2 = y - yс. 

 

Taking into account (1.2) we define the 

relationship between the coordinates of the points of 

an ellipse and various coordinate systems: 

 

x1  = (x - xс) cosφ + (y - yс) sinφ; 

y1 = (y - yс) cosφ - (x - xс) sinφ.                (3) 

 

Substituting equation (3) in the formula (1), we 

obtain the equation of an ellipse in a fixed coordinate 

system: 
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    (4) 

 

In equation (4) coordinates of the center of mass 

of the particle xc (t), yc (t) and the angle of rotation φ 

(t) are functions of time. 

We reduce equation (4) to the quadratic equation: 

А = (y - yс)
2
 – 2В(y - yс) + С = 0,         (5) 

where: 
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From equation (6) we find the coordinate y: 

 

A

DB
yy c


  .                    (7) 

A seed does not contact with the wall of the 

channel at x = 0. Under this condition discriminant 

D <0. In the case where D = 0, we obtain the equation 

for determining the point of time t=t1, in which the 

seed is hit against the wall of the channel. Then the 

formula (7) defines the ordinate point of contact: 

 

 
)(

)(
)(

1

1
1

tA

tB
tyy ck  .                    (8) 

 

Solving differential equations of motion of a 

particle in the channel of pneumo-electric separator 

we received kinematic characteristics that describe its 

position and velocity of the center of mass, angular 

speed at the moment of impact: 

 

хс0 = хс(t1); ус0 = ус(t1); φ0 = φ(t1); 

vсx0 = vсx(t1); vсу0 = vсу(t1);                  (9) 

10 tt
dt

d





. 

 

Projections of speed point of contact for seed on 

the axes equal: 

 

Vkx = vсx0 –w0 (yk – yc0); 

Vky = vсy0 –w0 хс0 ,                        (10) 

 

where: vcx0, vcy0 - projection of center of mass speed of 

a particle at the moment of impact; ω0 - angular 

velocity. 

At the moment of impact the coordinates of center 

of mass and the angle of rotation are constant, and the 

speed of center of mass and the angular velocity 

change and take some values vcx1, vcy1 and w1. 

Taking into account the theorem of momentum of 

mechanical systems at impact, we can write: 

 

m  (vсx1 – vсx0) = Sх
sh

; 

m  (vсу1 – vсу0) = Sу
sh

;                     (11) 

І (w1 – w0) = – Sх
sh

 (ук – yc0) – Sy
sh

xc, 

 

where: Sx
sh

, Sy
sh

 - projection external shock pulse; 

vcx1, vcy1 - projection of center of mass velocity 

after impact; w1 - angular velocity after impact. 

Note that: 

 

Sу
sh

 = fSх
sh

,                          (12) 

 

where: f - coefficient of sliding friction of seed against 

the wall of the channel. 

Let us define the projection of speed point of 

contact of seed Vkx1 after hitting axle Ox: 

 

Vkx1 = - К vkx = – К1(vсx0 - w0 (ук – ус0)),    (13) 

 

where: K1 - coefficient of restitution after impact. 

The left side of (1.13) equation will be 

represented as: 

 

Vkx1 = vсx1 – w1 (ук – ус).              (14) 

 

Taking into account (14), the equation (13) will 

be as follows: 

 

Vсx1 – w1(ук – ус) = К1(vсx0 – w0 (ук – ус)).    (15) 

 

Exclude from equations (1.11) and (1.12) Sx
sh

 and 

Sy
sh

: 

 

Vсу – Vсу0 = ʄ(vсx1 – vсx0);             (1.16) 

І = (w1 – w0) = – m((vсx1 – vсx0)( ук – ус)+ ʄ 
хс). 

 
The solution of equations (15) and (16) are values 

of projections of speed of center of mass and the 

angular velocity of seed after strike: 
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Vсу1 = Vсу0 + ʄ (vсx1 - vсx0). 
where: d = ук – ус+ ʄ xc. 

 

The values of the coordinates of the center of 

mass, rotation angle and speed of the particles are the 

initial conditions in the integration of differential 

equations that describe its plane-parallel motion in 

separation channel in condition of its strike into the 

wall: 
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The system of differential equations (18) is being 

integrated till the moment of time t2> t1, in which the 

condition D = 0  is true again and the next srike of the 
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seed against the wall of the channel will take place, or 

it reaches the lowest point of the channel (yc= 0). 

If the weight of an ellipsoid-shaped particles, by 

which a number of crop seeds are simulated, is smaller 

than the resultant of forces of the air flow, their 

movement is described by the differential equations 

(19): 
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 where: A1 = Am. 

A2 – the plane projection of midlength section on 

axle ox: 
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The system of differential equations (19) was 

solved by the numerical method of Runge-Kutta under 

such initial conditions: 
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dt
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dt

dX

dt
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The system of differential equations (19) presents 

a mathematical model of a particle’s behavior of seed 

mixtures of ellipsoid form in a channel of pneumo-

electric separator under the aggregate action of forces: 

gravity, electrostatic field and air flow in conditions of 

its strike into its wall. Its solution allows you to find 

the coordinates of the center of mass as a function of 

time, and the angle of rotation of a particle around a 

center of mass to any point in time. 

If this seed is moving up then the integration of 

the equations (19) should be continued until it reaches 

a certain value ymax which is set in advance. The 

formulas that describe the process of impact remain 

unchanged. 

 

CONCLUSIONS 

 

1. Due to the counting of the total effect on 

ellipsoidal-shaped seed of gravitational force, electric 

power and air flow we obtained the differential 

equations that reflect the mathematical model of its 

traffic in the channel of pneumo-electric separator, 

taking also into account the the strike into the wall of 

the separation channel. 

2. The worked out mathematical model of seed 

mixture particles components’ behaviour takes into 

account the strike into the walls of the separation 

channel and allows at any time to calculate the 

coordinates of the trajectory on the basis of the 

analysis of  which we can decide about the possibility 

of their separation in a vertical pneumo-electric 

channel. 

3. On the basis of theoretical researches we can 

simulate the movement of ellipsoidal-shaped particles 

in the channel of pneumo-electric separator, to 

investigate the impact on its adjustable parameters and 

optimize their values in which the separation of seed 

mixtures is the most effective. 
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Abstract. The article gives results of the development 

of the system of monitoring for photovoltaic power 

installations with different configuration to study the 

factors, increasing their productivity.  

Differentiation of impact, made by the components of 

different structure of photovoltaic power installations is 

made by application of three independent controlled 

channels of energy extraction from photovoltaic panels: 

fixed focused, with application of solar tracker and with 

application of solar tracker, having flat mirror 

concentrators.  

To secure originality of the record of the electric 

energy, produced by photovoltaic panels, we have 

developed unit of control for discharging current of 

battery banks in each channel. It supports equal level of 

their charge. Amount of the produced electric energy in 

each channel is estimated by the value of discharge. 

Control and measuring system is made on the base of 

virtual devices with hardware unit of input/output of NI 

USB-6009 type, produced by National Instruments 

Company, with software LabVIEW. In the research, 

software code of the system of monitoring and front panel 

of operator have been developed. The work provides 

photos of the developed experimental stand. 

Key words: photovoltaic power system, efficiency of 

photovoltaic power systems, the system of monitoring, 

control unit, laboratory stand, the solar-tracking 

installations, flat mirror concentrators. 

 

FORMULATION OF THE PROBLEM 

Considering a high cost price of electric energy, 

produced by solar photovoltaic power stations, intensive 

scientific research is carried out, focused on increase of 

their efficiency. Productivity of photovoltaic panels is 

influenced by incident direction of sun beams on the 

receiving surface, level of shading, character of radiation 

(direct or scattered radiation), panel temperature, factor of 

beams concentration, etc. Among the mentioned factors, 

the greatest impact is made by incident direction of sun 

beams on the receiving surface. Optimal angle of 

incidence can be secured by application of sun-tracking 

installations.   

Efficiency of solar power systems can be 

considerably higher if using combined production of 

thermal and electric energy. However, production of 

electric energy, as the energy of the highest quality, is the 

main direction. To increase electric productivity, different 

systems of pointing of photovoltaic power panels to the 

Sun and increase of the factor of beams concentration are 

usually developed. To make functional and cost analysis 

of the systems, which differ in their structural 

configuration, it is a necessity to make experimental 

comparative estimation of them. In the research, special 

attention is paid to correctness of methods of the 

experiment conduction, considering peculiarities of 

operation of a photovoltaic panel in the electric system 

under different ways of electric energy extraction. It is 

particularly true for self-contained utility systems, 

operating for electrochemical storage.  

Application of any technical means to increase 

productivity of photovoltaic panels by means of 

orientation according to the Sun is usually complicated 

and expensive.  

Leading companies and scientific organizations carry 

out scientific experimental research in the direction of 

optimization of construction and operating regimes of 

sun-tracking installations [1, 4, 6, 10, 12, 13, 15-17]. 

Resupply of the solar-tracking installations with means of 

solar radiation concentration is a separate direction of the 

research [2, 3, 7-9, 11, 14].  

Argumentation of the optimal level of concentration 

is not of less importance in relation to application of 

concentration means, because excess value of it can cause 

feedback effect, fall of productivity because of excessive 

heating of photovoltaic panels, depending on their type.  

The analyzed works [7-11, 14-17] present theoretical 

and practical application of mainly network solar-tracking 

photovoltaic power systems, including the ones, using flat 

mirror concentrators. However, they do not provide 

information as to differentiation of contribution of 

separate elements of photovoltaic power installation to the 
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increase of its electric productivity. The fact causes 

difficulties to make functional and cost analysis of them. 

Besides, not much attention is paid to investigation of 

impact of seasonal and weather variations of solar 

radiation on electric productivity.   

MATERIALS AND METHODS 

For operation of self-contained photovoltaic power 

systems, it is important to consider the manner of the 

produced energy extraction, and their comparative 

estimation requires optimal conditions for energy 

extraction.   

In such systems, it is necessary to secure maximum 

reception of the energy, produced by a photovoltaic panel 

and support the recommended regimes of batteries charge. 

In the systems of comparative estimation of efficiency, it 

is necessary to secure a charge regime with maximum 

possible current, which corresponds to maximum 

productivity of the photovoltaic panel, and, maintaining 

stable voltage of battery, prevent recharge by automatic 

outfeed of energy from it.   

Object of the research is made by comparative 

electric productivity of a fixed sun-tracking photovoltaic 

power system, equipped with flat mirror concentrator of 

photovoltaic panels.  

Subject of the research is to study how configuration 

of structural scheme of photovoltaic power installation 

influences its productivity, differentiation of contribution 

of its components and regime parameters of photovoltaic 

power installations.  

Some technical conditions should be supplied for 

efficient fulfillment of the task to secure maximum 

extraction of energy from photovoltaic panel by battery 

bank. In particular, battery bank should have the overall 

capacity and level of charge, securing available maximal 

charged current, which corresponds to the nominal current 

of completely illuminated photovoltaic panels. To supply 

correspondence of energy extraction from different 

systems, it is necessary to provide the same voltage at 

battery banks. It can be achieved by automatic adjustment 

of load by a unit of control over discharge of discharging 

currents with the currents of battery banks charge.  

The function to control optimal regimes of battery 

banks charge is performed by serial MPPT controllers.  

RESULTS AND DISCUSSION 

Structural scheme of the system of monitoring for 

photovoltaic power installations with different 

configuration includes the elements, which are 

demonstrated at fig. 1. 

Optimization of load of photovoltaic panels with 

different configuration is supported maintaining the set 

level of charge of separate battery banks, regardless of 

their productivity. Degree of charge is maintained, 

regulating discharging current by pulse-width method 

with tracking system. Its scheme is presented at fig 2.  

Fig. 3 gives general view of the developed board of 

three-channel unit of control for battery banks discharge. 

To complete databases of the monitoring for 

operation of photovoltaic power systems with different 

configuration under conditions of seasonal, daily and 

climatic no uniformity of sun radiation, we used the 

system of virtual devices with hardware unit of 

input/output of NI USB-6009 type, produced by National 

Instruments Company, with software LabVIEW. The 

software LabVIEW widely used to study problems of 

solar photovoltaic systems [18], and many other systems 

[19, 20]. Software code of the monitoring system is 

presented at fig. 4, and front panel of the operator - at  

fig. 5. 

General view of hardware part of laboratory stand is 

demonstrated at fig. 6 and 7. 

  

 

 
 

Fig. 1. Structural scheme of the system of monitoring for photovoltaic power installations with different configuration 

(on the example of one of the channel of a fixed photovoltaic panel) 
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Fig. 2. Electric principal scheme of one channel of control unit, managing discharge of battery bank  

 
 

Fig. 3. General view of the board of three-channel unit of control for battery banks discharge 
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Fig. 4. Software code (block diagram) of the system of monitoring for photovoltaic panels 

 

 
 

Fig. 5. Panel of operator (front panel) of the system of monitoring for photovoltaic panels  
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Fig. 6. Photo of experimental installation 

 

 
Fig. 7. Measuring part of experimental stand 

 

CONCLUSIONS 

1. The developed methods of comparative research 

on efficiency of photovoltaic power systems with 

different structural configuration, as well as hardware and 

software to support the efficiency provide correct 

methodological basis for experimental researches.  It is 

impossible to apply pulse-width method to regulate 

charge of battery banks, because in a pause period, a share 

of electric energy, which is possibly produced by 

photovoltaic panels, is lost. Thus, it is proposed to adapt 

operating regime of a separate photovoltaic panel to a 

battery bank with application of pulse-width unit of 

control for battery bank discharge to secure reception of 

all produced energy by the battery.  

2. The work proposes methods and hardware for 

comparative estimation of operating efficiency of 

photovoltaic power systems with different structure in 

continuous regime of long-term running, which enable 

determination of average annual efficiency with 

consideration of different weather and local conditions.   
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Abstract. The problems of land use and functioning 

of agricultural machinery and their impact on the 

development of agricultural enterprises in Ukraine were 

considered. The measures to improve the efficiency of 

land use were proposed. The necessity of diversification 

of domestic agricultural enterprises for sustainable 

development of the agricultural sector was justified. 

Key words: agricultural machinery, size of 

enterprises, farms, land resources, agricultural 

technologies. 

INTRODUCTION 

Providing the population with basic food in sufficient 

quantity and quality required for food security is 

inextricably linked to issues of effective use of modern 

technologies and highly productive agricultural 

machinery in agricultural enterprises. But the current state 

of agricultural machinery that is in use in agricultural 

enterprises is unsatisfactory. To accelerate the 

development of technical capacity we have to carry out 

some drastic steps in restructuring the national market 

system of agricultural machinery. 

ANALYSIS OF RECENT RESEARCHES AND 

PUBLICATIONS 

The functioning of the global system of food security 

is directly related to the efficiency of more than 570 

million farms, including farms [1, 2], using different 

machinery and technology [3-5]. Most of the farms 

according to the World Bank [6] are placed in countries 

with low (36%) or below average income (47%). In 

countries with average incomes are 13% of enterprises, 

and a high - 4% [7-9]. Numerous sources [10-16] indicate 

that the average size of farms and the distribution of 

agricultural land in the world is not constant and varies 

according to the level of the countries’ development. 

Thus, according to the assessment [17] small farms (of 

less than 2 hectares) owned approximately 75% of 

agricultural land in the world. Medium size enterprises 

decrease in most countries with low and below-average 

income levels [18]. At the same time, the size of farms 

increases for countries with high and middle income and 

in almost all countries with high level of income. Despite 

the tendency to increase the area of agricultural land that 

is in use of one farm in high-income countries, data on the 

optimal size of farms is controversial. For example for the 

USA, the average size of farms reaches 177 hectares. At 

the same time, a number of states are characterized by the 

overwhelming presence of small farms with an area of 50 

hectares, and for some it is increased to 1500 hectares. 

Data on the optimal size of agricultural enterprises in 

Ukraine is also controversial [19, 20]. 

According to studies [22, 23], the optimal area of 

farm land using traditional methods of cultivation which 

provides the greatest efficiency due to economic zones in 

Ukraine make: for forest-steppe 3,5-6 thousand hectares, 

Steppe 6-8 thousand  hectares and Polesie - 2 -4 thousand 

hectares. This area was also mainly a characteristic for 

1990 to collective farms and state farms. For the vast 

proportion of modern agricultural enterprises of Ukraine 

optimum area usage is much lower [23]. Thus, some 

scholars believe [24, 25] that the optimal size is an area of 

350-400 hectares of agricultural land. At the same time it 

is believed that the most efficient use of tractor fleet is for 

size that reaches 350-1000 hectares of farmland. [26] 

However, the following recommendations are made 

without regard to ownership and the dynamics of its 

change [27]. There is also no analysis made for trends to 

ensure the farms equipment, including tractors and 

harvesters, which are an indicator of the efficiency of 

farms. 

Thus, issues related to the definition of optimal land 

use areas and the main components of logistic support of 

agricultural enterprises require in-depth research. 

The purpose of the research is to assess the status and 

trends of land use and functioning of agricultural 

machinery and their impact on the development of 

agricultural enterprises in Ukraine, development of 

practical recommendations for their improvement. 

MAIN RESULTS 

According to the State Agency of Land Resources of 

Ukraine, rapport 2015, of 60.35 million ha territory of 

Ukraine - 41.5 million ha (68.77%) are agricultural. They 

include 32.5 million hectares of arable land (half of them 

are black), 2.4 million ha of grasslands and 5.4 million ha 

of pastures. After a rapid reduction in the mid-90s 

beginning from 2010 agricultural land is gradually 

increasing and approaching the level of 1990. 
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The main trend in the restructuring of agricultural 

land in Ukraine is a redistribution of areas classified as 

fallow, perennial plants, hayfields and pastures upward 

arable land (Fig. 1). 

Out from 41.5 million hectares of agricultural land, 

30.8 million hectares are privately owned by 6,920,000 

Ukrainians (such as land parcels, shares), the state owns 

about 10.7 million hectares, communal property makes 

0.4 million hectares. 

  

      a)                                                          b)  

           

      c)       d) 

Fig. 1. Redistribution (a) and structure of agricultural land (b) and land resources of Ukraine for 2014 compared to 2013 

and distribution of agricultural enterprises (c) and land area (ha) in high-yield countries like USA, Denmark, Germany 

and Ukraine (d). Source: State Agency of Land Resources of Ukraine, World Bank data and the Statistical Yearbook of 

Ukraine 

 
Ukraine has a moratorium on the sale of agricultural 

land. Agricultural producers carry out their activities 
mainly on leased land, particularly at 84.5% (17.4 million 
ha) of agricultural land. Land owners are mostly retired 
people due to high migration of the working age 
population in the city. Today the land is usually leased for 
4-10 years, while the maximum rental period reaches 49 
years. The rates of land rents range from 296 UAH per 1 
hectare per year to 1327 UAH (an average of Ukraine 
UAH 727.6.). However, a large proportion of rental 
payments in Ukraine, according AGRICISTRADE are 
made in natural form. 

The area of land owned or used by agricultural 
enterprises decreased by 23,903.9 thousand ha (39.6%), 
while slightly increased their size. The area of land that is 
actually used by citizens, by contrast increased by 
14,881.6 thousand ha (24.7%); area of land owned or used 
by institutions, organizations, industry and other 
enterprises has remained almost unchanged as in 
01/01/2015 p. was 2309.8 thousand ha, which is 28.0 
thousand ha less than as it was in 01.01.1995. Land area 
of forestry enterprises increased by 1666.0 thousand ha 

(2.8%); reserve land area increased by 7421.8 thousand ha 
(12.3%) and make 10,775.7 thousand hectares. The rest of 
the land - 863.7 thousand ha is owned or used by other 
land users, this area is almost unchanged compared with 
1994. 

At the beginning of independence of Ukraine large 
state farms and collective ownership dominated. Number 
of farms and auxiliary enterprises was small, but 
eventually formed various forms of agricultural business. 
So during the 1992-2014 number of farms has increased 
in 3 times, the area of farmland per 1 farm - in 7.2 times, 
and the area of arable land - 7.7 times. The greatest 
intensity of growth for farms in 1992-1995 was related to 
the adoption of the Law of Ukraine "On peasant (farmer) 
households» №2009-XII from 20.12.1991. Such a rapid 
dynamics (20-30 households per month) was due the 
possibility of obtaining free of charge up to 50 hectares of 
arable land and 100 hectares of agricultural land to create 
farms. After reaching the maximum number of farms in 
2002-2003 their number gradually began to decline (by 
12% compared to 2014) due to the consolidation and 
increase of agricultural land (44%). 
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One of the trends of the last period is the reduction of 

arable land consisting of farmland from 2012 to 2014 to 

7%. 

Comparison of the number of farms and land area 

(Fig. 2a), which are in use, revealed the following. In the 

high-yield countries (USA, Germany, Denmark, etc.) the 

main share (up to75%) are small farms with a size of 50 

hectares of farmland. This allows the countries to create a 

significant number of jobs. However, the main area of 

agricultural land (48%) owned farms with an average size 

of 500-1,000 hectares. These farms provide up to 75% of 

GDP in developed of the countries. In Ukraine, a large 

proportion of farms has an area of over 1,000 hectares. 

The need to have such large areas to provide the 

appropriate level of production indicates a lower 

efficiency of land use than in developed countries. This is 

especially due to the low availability of agricultural 

technologies and problems of farms with modern 

equipment. The structure of existing agricultural 

enterprises of Ukraine by types of business entity in 2014 

and the level of provision of agricultural machinery are 

shown in Fig. 2. 

The level of provision of farms by machinery is 

inadequate. Annually no more than 2% of the existing 

fleet is updated. It should also be noted that about 80-85% 

of equipment in farms is located outside the depreciation 

and economically reasonable working life (over 50% of 

tractors and combines are older than 20 years), so they 

can not ensure effective use of modern technology and 

farming, they are energy intensive compared to new ones. 

At the same time in Ukraine were developed a large 

number of technologies and materials that can 

significantly extend the life of the used vehicles [27, 28]. 

In the period 2010-2015. Tended to reduce the 

number of tractors and combines in agricultural 

enterprises, due to the substantial decline in purchases of 

new technology medium and large farms (Fig. 3) and the 

failure of the old.  

 

 

  

a)                                                                                        b) 

 

Fig. 2. Structure of existing agricultural enterprises of Ukraine by types of business entity (a) and the level of provision 

of agricultural machinery (b). Source: Based on Agravery.com 
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 а) b) 

 

Fig. 3. Availability of tractors and combine harvesters in agricultural enterprises (a) and households (b) 

  

In households we marked the upward trend in 

increasing the number of vehicles in the period mainly 

due to its purchase on the secondary market (5% of 

tractors and combines 3%). 

There has been intense market development of 

tractors and motor blocks used in households. During 

2010-2014 it increased up to 58%. 

Assessment of tractors and combines’ presence in the 

context of legal forms of entities revealed the following 

(Fig. 4).
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                                                                                                e) 

 

 

 
f)                                                                       g) 

Fig. 4. The presence of machinary in agricultural enterprises by types of business entity in 2014: a-d - tractors of 

different power; f-g - harvesters 

Source: Availability of agricultural machinery and power capacities in agriculture in 2014. Statistical Bulletin. 

  

Farms are characterized by use of medium power 

tractors of 40-60 kWt and 60-100 kWt. This is due to the 

fact that the size of the areas that are in cultivation is 

insignificant 20-1000 ha. Farm enterprises, with larger 

area of cultivation, are characterized with the presence of 

tractors with a capacity over 100 kWt. State enterprises 

and cooperatives owning a small proportion of tractors 

mainly of low power - 40-60 kWt. A large proportion of 

combines, which is 75-80%, are grain harvesters. 

Ukraine after independence reduced the production 

of tractors almost in 50 times and currently upgrading 

their fleet is possible by competitive domestic production 

technology and imports. However, after the actual 

collapse of public support programs for budget allocations 

for the development of domestic engineering for 

agriculture in 2010, most of the tractors were exported 

abroad (Fig. 5). In recent years, there was a significant 

redistribution of the market. So, compared to 2011, 

exports to Russia in 2016 decreased by 65%. At the same 

time a redistribution of technology shipped to Kazakhstan 

took place and it changed toward the development of new 

markets - Italy, Poland and Egypt. 
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c)                                                                                           d) 

 
     

e)                                                               f) 

Fig. 5. Exports of tractors of domestic production for 2011-2016. Source: According to the State Fiscal Service of 

Ukraine. Data for 2016 were taken in the first quarter of this year 

 

The devaluation of the national currency, lack of 

support (including changing the tax code and the abolition 

of the special VAT regime) and high cost of credit 

resources in Ukraine in recent years has led to a 

significant reduction in imports of new technology (Fig. 

6) and the reallocation of priorities towards cheaper 

counterparts - machinery from Belarus and one that was 

in use. Note that importing countries today do not have 

the predominant influence (Fig. 7), which was in early 

2000. In 2011 the Belarusian tractor plant products ranked 

first for sales to Ukraine (about 25%). However, during 

the 2012-2014 the share of tractors decreased to 15,42-

18,16%, due mainly to the purchase by farms more 

powerful tractors with power more than 100 kWt. 

Number of purchased by farms of Ukraine new tractors 

and the amount of money spent by their groups of power 

is shown in Figure 8. 

 
  

      a)                                                                              b) 

 

Fig. 6. Number of new (a) and used (b) tractors that were imported to Ukraine, million USD 
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        a)                                                                          b) 

    

c)                                                                               d) 

 
        e)                                                                              f) 

Fig. 7. Import of tractors for 2011-2016. Source: According to the State Fiscal Service of Ukraine. Data for 2016 were 

taken in the first quarter of this year 

  

 

Production of utility tractors John Deere, CNH (Case, 

New Holland), AGCO (Fendt, Massey Ferguson, 

Challenger) come mainly from the USA (83.857 mln 

USD in 2014), the Netherlands (23.128 mln USD in 2014 

) and Germany (27.550 mln USD in 2014). At the same 

time we build up supplies of tractors for small enterprises 

from China (48.345 mln USD in 2014). However, the 

crisis has led to pent-up demand on the part of farmers to 

buy new powerful technology products and increased the 

share of Belarusian and domestic tractor factories in 

Ukraine (Fig. 9).
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a)                                                                             b) 

Fig. 8. Number of purchased tractors (a) the amount of money spent (b) by groups of power. Source: According to the 

State Statistics Service of Ukraine 

 
       a)                                                                             b) 

 
 c) 

 
d) 

 

Fig. 9. The brand composition of the purchased by agricultural enterprises agricultural machinery in 2014 by power:  

a - less than 40 kWt; b - 40-60 kWt; c - 60-100 kWt; d – more than 100 kWt. Source: According to the State Statistics 

Service of Ukraine
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Among the combine harvesters there are the most 

popular brands - John Deere (29%), Case (16%), Claas 

(14%) Tucano (11%) and the Lexion (9%). The share of 

these brands in the segment of combine harvesters is over 

50%. 

The largest suppliers of combine harvesters for the 

period 2011-2015 were Germany, USA, Belgium, Poland 

(Figure 11). 

 
  

Fig. 10. Number grain harvesters purchased by agricultural enterprises in Ukraine in 2014. Source: According to the 

State Statistics Service of Ukraine. 

 
        a)                                                                         b) 

 
        c)                                                                                  d) 

 
        e)                                                                    f) 

Fig. 11.  Import of harvesters to Ukraine for 2011-2016. Source: According to the State Fiscal Service of Ukraine. Data 

for 2016 were taken in the first quarter of the year 
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Market of imported equipment in 2015 decreased 

almost threefold compared to 2014. At the same time 

import of equipment that was in use declined by only 

20%. Used equipment for Ukraine comes mostly from 

North America and the EU. In fig. 12 we represented the 

largest grounds for the sale of used equipment. 

 
  

Fig. 12. Size of the grounds for sale of used vehicles imported to Ukraine in 2016  

Source: According www.mascus.com.ua. 

 

 
  

Fig. 13. The largest number of proposals under the brand of agricultural machinery and trading grounds in North 

America and Europe in 2016.  Source: According www.mascus.com.ua 

  

 

CONCLUSIONS 

 

1. In high-income countries (USA, Germany, 

Denmark, etc.) the bulk of households (75%) are small 

farms with a size of 50 hectares of farmland, which create 

a significant number of jobs. The main area of agricultural 

land (48%) owned farms with an average size of 500-

1,000 hectares, providing up to 75% of GDP in developed 

countries. In Ukraine, the share of agricultural enterprises 

has an area of 1,000 hectares and is bigger almost 20 

more times, as an evidence of the low efficiency of land 

use. This is a low level of agricultural technologies and 

problems of agricultural enterprises’ supply with modern 

equipment. 

2. Despite of inflation in the economy in 2015 the 

received funds our farms are investing primarily not to 

bank accounts but buying modern tractors and combines 

to cultivate their farms and households in the region. 

Other farms refuse to purchase technology that formed a 

significant amount of pent-up demand that can provide an 

intensive agricultural machinery market growth in the 

future. 

 

3. The main areas of efficient use of land resources is 

the use of modern technology that will increase 

productivity without expanding agricultural land, 

minimizing the cost of rent, administration and logistics. 

Diversification of production through the expansion of
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business activities, focus on its own production and deep 

processing of agricultural products will increase the 

profitability of agricultural enterprises. 
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Abstract. In this article, there is resumed the 

accomplished impact analysis of biodegradable tractor oil 

HYDROS UNI application in gear - hydraulic circuit of 

the tractor Zetor Proxima 7441. This analysis was 

performed by comparative testing with standard mineral 

oil PP 80 on the basis of decelometric trials. Decelometric 

trials were carried out with measuring device XL - 

Meter
TM

 Pro Gamma. The measurements were executed 

by the 3
rd

 and the 4
th

 unreduced gear. The results show 

that the oil HYDROS UNI does not affect decelometric 

characteristics of the tractor Zetor Proxima 7441.  

Key words: deceleration, characteristics, tractor 

 

INTRODUCTION 

 

Due to advantages in renewability and environmental 

acceptability, bio-sourced and biodegradable hydraulic 

fluids are increasingly used in fluid power applications 

[9]. In this time, the difference between a conventionally 

produced fluid and ecological fluid is two or three times 

of the price. Therefore, it is necessary to look for new 

solutions how to extend the technical life, which could 

have an effect on their increased use [5,10]. The 

consumption of ecological fluids in the EU is 0.12 Mt per 

year from total world production of 35 Mt per year [7,8]. 

Almost 50 % of all the sold oils in the world finish at 

present times as forfeits during the operation in nature [2]. 

Application of ecological hydraulic fluids in agricultural 

tractors was according to works published.[1, 4,6, 11, 12]  

Decelometric trials were carried out on the tractor 

Zetor Proxima 7441 because this tractor has on the rear 

axle the wet brakes. Wet brakes are the type of brakes 

where the oil inflow is supplied from a common gear - 

hydraulic circuit [13,14]. The trials were executed with 

application of standard mineral oil PP 80 and after 

purification of tractor systems, the trials were repeated 

with application of biodegradable universal tractor oil 

HYDROS UNI [16,15]. The measurements were 

performed by two different gears and disposal of the front 

axle brakes - unreduced the 3
rd

 gear unreduced the 4
th

 

gear.  

 

MATERIAL AND METHODS 

 

Measuring device XL - Meter
TM

 Pro Gamma  

The measuring device XL - Meter
TM

 Pro Gamma is a 

universal measuring device manufactured by Invent 

Automotive Electronics Research & Development in 

Hungary. This device allows effectivity measuring of the 

service, engine, electric and air brakes of the vehicle. It is 

also able to measure the acceleration or deceleration of 

vehicle and the path length passed by vehicle during the 

measurement. In Fig. 1, there is a photo of XL - Meter
TM

 

Pro Gamma location during the measurement of 

deceleration with the individual oil application in the gear 

– hydraulic circuit and wet brakes. The device location is 

on the windshield of the tractor.  

 

 
 

Fig. 1. The location of XL - Meter
TM

 Pro Gamma on the windshield of the tractor Zetor Proxima 7441 
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The conditions of measurement 

Prior to tractor measurement of deceleration, it is 

needed to warm the oil in the gear-hydraulic circuit at 

operating temperature, as close as possible to the value of 

50 °C. This process is accomplished via connection of 

loading device OWATONA to hydraulic circuit. By force 

of the throttle valve and the oil flow, the oil is heated to 

the desired value. In Fig. 2, there can be seen the 

connection of loading device to hydraulic circuit. 

 
 

Fig. 2. The connection of the loading unit to hydraulic 

circuit of the tractor Zetor Proxima 7441 

 

Decelometric trials of tractor Zetor Proxima 7441 is 

necessary to execute on the flat asphalt road, long enough 

for needs of acceleration, stabile rate and deceleration of 

the tractor. Simultaneously, it is needed to carry out 

measurements on this area.  

Measure proceeding 

After the heating of the oil and location of measuring 

device XL - Meter
TM

 Pro Gamma on the tractor 

windshield the measurement will be executed. After 

tractor accelerating at the speed which allows the gear, the 

brake pedal will be pressed and the tractor retards to a 

standstill. By braking, the measuring device XL - Meter
TM

 

Pro Gamma is activated and deceleration of the tractor is 

recorded.  

Effectivity of the service brake determination 

Effectivity of the service brake determination is 

based on the braking lane. This is specified in the Official 

Journal of the European Communities, Commission 

Directive 96/63/EC amending Council Directive 

76/432/EEC on the approximation of the laws of the 

Member States relating to the braking devices of wheeled 

agricultural and forestry tractors. The effectivity of the 

service brake is based on the braking lane calculated by 

relation (1): 

 

           (1) 

if:  

Smax  – maximal stop distance, m, 

v  – maximal design speed, km*h
-1

 

 

On the front axle of the tractor, there are tires type 

Mitas RD01 340/85 R24, 13.6 R24 and on the rear axle - 

Mitas RD01 340/85 R34, 18.4 R34. For characteristics of 

tractor Zetor Proxima 7441 deceleration, it will be used 

the following marks: 

 s0  - stop distance, m,  

 v0  - initial speed, km*h
-1

,  

 Tbr  - breaking time, s,  

 MFDD  - breaking deceleration, m*s
-2

 

RESULTS AND DISCUSSION 

In Tab. 1 and Tab. 2, there are specified the values of 

stop distance, initial speed, braking time and braking 

deceleration for individual gears and braking modes with 

mineral oil PP 80 and ecological oil HYDROS UNI.  

 

 

Table 1. Deceleration characteristics values with mineral oil PP 80 

 

PARAME

TER 
UNIT 

THE GEAR (BRAKING MODE) 

3 (service brake) 3 (parking brake) 4 (service brake) 

s0 m 3.61 5.13 11.01 

v0 
km*h
-1

 
17.75 19.44 28.55 

Tbr s 1.41 1.7 2.6 

MFDD m*s
-2

 3.49 3.76 3.77 
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Tab. 2. Deceleration characteristics values with ecological oil HYDROS UNI 

PARAMETE

R 
UNIT 

THE GEAR (BRAKING MODE) 

3 (service brake) 3 (parking brake) 4 (service brake) 

s0 m 3.57 4.96 11.49 

v0 
km*h
-1

 
17.95 19.07 28.87 

Tbr s 1.41 1.66 2.76 

MFDD m*s
-2

 3.77 3.77 3.74 

 

The measured value of the stop distance for tractor 

Zetor Proxima 7441 was compared to counted value by 

relationship (1). For mineral oil PP 80, the counted value 

for the 3
rd

 gear was Smax = 5.37 m and for the 4
th

 was Smax 

= 11.30 m. For ecological oil HYDROS UNI, the counted 

value for the 3
rd

 gear was Smax = 5.47 m and for the 4
th

 

was Smax = 11.52 m. In Figures 3-5 is shown a graphical 

evaluation of measured data. 

 

 
Fig. 3. Deceleration characteristics of tractor Zetor Proxima 7441 when the 3

rd
 gear (service brake) 

 

 
Fig. 4. Deceleration characteristics of tractor Zetor Proxima 7441 when the 3

rd
 gear (parking brake) 
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Fig. 5. Deceleration characteristics of tractor Zetor Proxima 7441 when the 4

th
 gear (parking brake) 

 

 

SUMMARY 

Effectivity of the service brake determination is 

based on the braking lane. This is specified in the Official 

Journal of the European Communities, Commission 

Directive 96/63/EC amending Council Directive 

76/432/EEC on the approximation of the laws of the 

Member States relating to the braking devices of wheeled 

agricultural and forestry tractors. Decelometric trials were 

carried out on the tractor Zetor Proxima 7441 because this 

tractor has on the rear axle the wet brakes. Wet brakes are 

the type of brakes where the oil inflow is supplied from a 

common gear - hydraulic circuit. The trials were executed 

with application of standard mineral oil PP 80 and after 

purification of tractor systems, the trials were repeated 

with application of biodegradable universal tractor oil 

HYDROS UNI. The result is that deceleration 

characteristics of the tractor Zetor Proxima 7441 by 

application of mineral oil PP 80 and accordingly by 

application of ecological oil HYDROS UNI are up to 

standard Commission Directive 96/63/EC. 
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Abstract. Modern land organization, as a complex of 

social-economic and ecological measures, is focused on 
rational organization of the territory of administrative-
territorial units, which make a spatial base for territorial 
organization of state management and local self-
governing. Thus, determination of boundaries of 
administrative-territorial units is very important, actual 
and responsible task of land organization. 

Improvement of organizational and ecological 
mechanisms of establishment of boundaries of 
administrative-territorial units through the provision of 
these subjects with the relevant land surveying, land 
planning and cartographic, soil, land evaluation materials 
and agreed urban planning documents is still of great 
importance. Legislation of Ukraine determines the 
dependence of land use documents (land development 
project regarding the establishment of (changes in) the 
boundaries of settlements) on the town planning 
documentation (the general layout of a settlement, other 
town planning documentation), but the mechanism of its 
implementation is not grounded. 

Key words: administrative-territorial unit, boundary, 
settlement, establishment, land management, land 
management projects. 

 
INTRODUCTION 

 
The main instrument of the state, which aims to 

provide environmentally friendly and economic viable 
land use, is land management. The issues of establishing 
boundaries of administrative - territorial units, planning 
and environmental constraints in land use are settled on 
the basis of land management decisions. 

In the administrative-territorial reform, the definition 
of the territorial boundaries of settlements is relevant and 
necessary to create a holistic living environment of the 
local community. This distinction not only provides 
efficient use of land resources, but also preservation of 
natural landscapes and historical and cultural values. 

The absence of boundaries or their unreasonable 
definition, not only significantly complicates the activities 
of local governments, but also leads to numerous 
violations of the land law in land management, the 
shortfall of local budgets revenues, causing disputes and 
conflicts that certainly has a negative impact on 
efficiency, conservation and regeneration of land within 
the boundaries of certain territories [1, p. 59]. 

 
 

ANALYSIS OF RECENT RESEARCHES AND 
PUBLICATIONS 

The works of D. Dobriak, I. Dorosh, A. Martyn, 
S. Osipchuk, M. Stetsiuk, A. Tretiak, T. Yevsiukov and 
other scientists are devoted to the study of the problem 
concerning development of land management projects on 
establishment (change) of boundaries of settlements. The 
problems of legal regulation of the survey of 
administrative-territorial structure have been considered 
in the works of N. Marusenko, A. Miroshnychenko, 
A. Ripenko, A. Yurchenko [9, p. 395]. 

The diversity, complexity and importance of this 
issue requires further research in this area. In particular,  
specific mechanisms for establishing and changing 
boundaries of administrative-territorial units in the 
conditions of reforming of the administrative-territorial 
structure of Ukraine need to be improved. 

 
OBJECTIVES 

 
The objective of the study is the analysis of the 

current prerequisites for the establishment and change of 
boundaries of administrative-territorial units in Ukraine, 
the formation of conceptual bases of improvement of 
mechanisms for establishing and changing these 
boundaries. 

 
THE MAIN RESULTS OF THE RESEARCH 

 
The territorial structure of our country under the 

Constitution of Ukraine [4] is based on the principles of 
unity and integrity of the state territory, combination of 
centralization and decentralization in the exercise of state 
power, balance and socio-economic development of 
regions, taking into account their historical, economic, 
ecological, geographical and demographic peculiarities, 
ethnic and cultural traditions. 

Ukraine's territory is divided into administrative-
territorial units, which are compact parts of unitary 
Ukraine and is the spatial basis for organization and 
activity of bodies of state power and bodies of local self-
government. The system of the territorial structure of 
Ukraine is the following: the Autonomous Republic of 
Crimea, regions, districts, cities, districts in cities, towns 
and villages. 

The territory of these units is separated by a 
boundary. According to Article 173 of the Land Code of 
Ukraine, the boundary of the administrative-territorial 
unit  is a conventionally closed line on the surface of the 
earth that separates the territory of a district, a village, a 
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settlement, a city, a district in the city from other areas 

[3]. But, it is rightly pointed out by A. G. Martyn, that  

such a definition is based on the assumption of 

discreteness of such a unit , and notes that the boundary of 

an administrative-territorial unit  is a set of conditional 

lines, each of which separates its territory from the 

territory of neighboring administrative-territorial units, 

which are connected sequentially at the nodal points and 

are the same or are consistent with the boundaries of 

administrative-territorial units of the highest level [6]. 

The boundaries of administrative-territorial units are 

established and changed according to the land 

management projects on the establishment (change) of 

boundaries [3]. 

In Ukraine on January 1, 2016, there are 490 districts, 

460 cities, 111 districts in cities, 885 towns, 1176 

settlements, 27205 villages [2]. The boundaries of the vast 

majority of administrative-territorial units were formed in 

the period of 1991 – 1992  through the development of 

projects of formation of territories of village councils. 

Since then, there were significant changes in housing, 

industrial and public buildings. Large tracts of these lands 

are left outside the legal boundaries of villages, towns and 

cities. In addition, methods of development of given 

projects of formation of village councils territories did not 

provide  for the inclusion of large areas of industrial use, 

existing at that time (commercial courtyards, farms etc) in 

borders of settlements. 

Nowadays in Ukraine, according to the State 

Geocadastre [2], land management activities for 

establishment and change of boundaries of 16.7 thousand 

villages were carried out, which is 56% of the total. The 

lowest indexes for this type of work are in Kharkiv, 

Cherkasy, Lviv, and Ternopil regions. The establishment 

of borders in nature (on location) is only in 50 settlements 

with officially established and registered boundaries of 

settlements in Ukraine, including  cities, towns and 

villages. 21 settlement is in  Odessa region, 13 - in Rivne 

region, 6 - in Sumy region, 3 - in Ternopil region , 2 - in 

Cherkassy region and one in Kiev, Ivano-Frankivsk, 

Poltava, Kharkiv and Chernihiv regions. The total area of 

these settlements is only about 24 122 ha. However, in 

most districts and cities, as well as in all regions there are 

formally established boundaries. The question of 

determining the boundaries is complicated by the 

administrative reform, because the village councils are in 

the process of consolidation of territorial communities, 

and their number will be reduced [7]. 

The main reasons for the slow pace of works on 

establishment of boundaries are shortage of funds, 

imperfection of the legal and regulatory framework. 

According to the Law of Ukraine "On land 

development", Article 46, in order to establish or change 

the boundaries of administrative-territorial units, projects 

of land management concerning their establishment 

(change) should be developed. This project includes: an 

explanatory note; tasks to do works; the decision to 

develop the land management project; a copy of the 

general layout of a settlement certified in the prescribed 

manner, the decision on its approval (in case of change of 

boundaries of a settlement); the copy of the land 

development plans and a feasibility study of the use and 

protection of lands of administrative-territorial units, and 

in case of its absence – a copy of the project of formation 

of territories of village councils; the copy of cadastral 

maps (plans) displaying the existing (if any) and the 

project boundary land within the existing (if any) and 

project boundaries; description of the boundaries; 

materials of coordination of the project; materials of the 

removal of boundaries in nature (on locality) with a 

catalog of coordinates of their turning points [8]. 

Let consider the improvement of mechanisms for 

establishing and changing boundaries of administrative-

territorial units taking the village Suvorove Izmail district 

of Odessa region as the example. According to the Land 

Code of Ukraine, Article 173 [3], projects of land 

management on change of boundaries of settlements are 

developed with consideration of the General layout of 

settlements. Therefore, the starting materials for the 

development of the project is the master plan of the 

village Suvorove and the results of geodetic removal. 

The territory of the village at the time of development 

of the project is 503,1670 ha. The resident population at 

the beginning of 2015 was 4800 people. Labor resources 

accounted for about 60% or 2880 people of the total 

population. 

According to the Article 19 of the Land Code of 

Ukraine [3] the following categories of land purpose can 

be identified on the territory of the village Suvorove, 

Izmail district, Odessa region: agricultural lands – the 

crops of wheat, sunflowers; vineyards, orchards, forest 

shelter belts, pastures; lands under residential and public 

buildings – one-, two-storied manor residential 

development with the local area, school, gymnasium, 

market, shops, kindergarten, technical school; lands of 

recreational purpose – the stadium; lands of the water 

fund – the Malyi Katlabukh river, the Velykyi Katlabukh 

river, the eastern shore of the lake Katlabukh; lands of 

industrial, transport, communications, power engineering, 

defense and other purposes – 2 cemeteries, paved roads 

with a width of 4-8 m, unpaved roads with a width of 2-4 

m, the factory on manufacture of asphalt, the brick 

factory, the feed mill, the dairy farm, the oil extraction 

plant. Table 1 shows the explication of lands within the 

village at the time of the project drafting. 

 

Table 1. Explication of lands by categories within the 

village of Suvorove before the project 

Land category 
Area 

ha % 

Agricultural land 72,4456 14,4 

Lands under residential and 

public buildings 

256,9170 51,0 

Lands of recreational 

purpose 

3,5920 0,7 

Lands of water fund 17,4310 3,5 

Land of industrial, transport, 

communications, power 

engineering, defense and 

other purposes 

152,7820 30,4 

Total 503,1670 100,0 

The residential property takes a significant part - 

256,9170 hectares, which is 51% of the total area. 

Besides, the lands of industrial, transport, 

communications, power engineering, defense and other
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 purposes occupy 30.4% of the territory of the village. 

Development prospects and the life of the settlement 

exactly depend on the industrial sector, despite the fact 

that this area is of seasonal operation. In this regard, the 

general layout provides for the expansion of boundaries of 

the settlement for the placing and maintenance of food 

industry facilities – the canning plant for storage of raw 

materials and finished products, with an area of 

21,0206 ha. 

From an environmental point of view, while 

developing the project, the territory of common use 

should be provided for landscaping (parks, squares, 

boulevards). Their standards are calculated in accordance 

with the norms [10] based on table 2. 

 

Table 2. Area of green territories of common use 

Green territories of 

common use within 

the town 

 

Groups of towns 

according to the number 

of population, thous. 

people 

 

Area of green territories  , sq. m/person 

Polesia, 

Subcarpathia, 

Transcarpathia 

Forest-Steppe Steppe 

Southern 

Coast of 

Crimea 

 

Town 

territories 

100-1000 and more 10 11 12 15 

50-100 7 8 9 11 

To 50 8(10) 9(11) 10(12) 12(15) 

Rural settlement 12 13 14 17 

Residential 

areas 

100-1000 and more 6 6 7 8 

50-100 6 6 7 8 

 *Source [10]. 

 

For the village the area of green space should be 10 

(12) m
2
/person. The population of the village of Suvorove 

is 4800 people. But for the future it is planned that this 

figure will be 6,000 people. Therefore, the area of the 

projected green area will be 4.8 ha. 

Lands of recreational purpose occupy only 0.7% of 

the territory. Therefore, two options for location of 

recreational areas are expected in the project: the first one 

- the plot of 4,8119 hectares for green areas and 

plantations; the second one -  4,8193 hectares for parks 

and recreation. 

Lands, due to which the boundaries of the village are 

expanded, are taken from the category of agricultural 

lands that are unproductive and not used for their 

purposes (Fig 1.). 

 
Fig.1. The fragment of the project of land management for establishment and change of boondaries of the village of 

Suvorove. 
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The strucrure of lands within the boundaries of the 

village of Suvorove after project decisions taking is given 

in table 3. Therefore, the projected area of the settlement 

will be 533,8188 hectares, that is, it will be increased by 

6.1%. The necessity of establishing and changing the 

boundaries of the village of Suvorove is stipulated for its 

long-term development of industrial and recreational 

industries. 

 

Table 3. Explication of lands by categories within the village of Suvorove according to the project 

 

Land category 
Area according to the project 

Deviations between the 

projected and existing areas 

ha % ha % 

Agricultural land  72,4456 13,6 0 0 

Lands under residential and public buildings  256,9166 48,1 0 0 

Lands of recreational purpose  13,2232 2,5 9,6312 1,9 

Lands of water fund  17,431 3,3 0 0 

Land of industrial, transport, communications, power 

engineering, defense and other purposes  
173,8024 32,5 21,0206 4,2 

Total 533,8188 100,0 30,6518 6,1 

 

Article 186 of the Land Code of Ukraine determines 

that land development projects for establishment (change) 

of boundaries of administrative-territorial units are agreed 

by rural, urban, district councils and district state 

administrations, through which territories extension of 

such boundaries is planned. 

The transfer in nature of the external border of the 

settlement from points of polygonometry of the 4
th

 class 

on the locality is done with the help of the polar method. 

The turning points of the boundary were fixed at the 

location by boundary marks of Y15Н type (Fig.2). 

 
Fig.2. The center of the point of polygonometry 

 

Analysis of the proposed activities indicates the need 

for improvement of certain mechanisms of the 

development of land management projects on the 

establishment of boundaries of administrative-territorial 

units: administrative-legal, organizational, environmental 

and financial-economic ones. 

Legal and administrative mechanisms combine 

institutional, licensing, administrative control and 

regulatory instruments; organizing instruments – land use 

and planning;  financial and economic instruments  - 

instruments of economic stimulation and innovation. 

Improving of legal and administrative mechanisms are 

implemented by: 

 the improvement of normative legal and 

methodical bases of the establishment and 

change of boundaries of administrative-territorial 

units; 

 strengthening of state supervision and control 

over the protection of the interests of land 

owners and land users with a view to preventing 

violations of the right of land ownership. 

Improvement of organizational and environmental 

mechanisms are offered to be implemented through the 

provision of administrative-territorial entities with 

relevant land surveying, land planning and cartographic, 

soil, land evaluation materials, planning documentation, 

as well as through formation of the institute of restrictions 

in the use of lands associated with their protection, as well 

as of landscaped areas of public use. 

Financial and economic mechanisms should be 

improved through the formation of investment-attractive 

land use of the administrative-territorial unit, 

development and implementation of the mechanism of 

economic stimulation of rational use and protection of 

land. 

 

CONCLUSIONS 

 

The formation of boundaries of administrative-

territorial units in terms of reforms remains a problematic 

task of land management, however, it is an important 

prerequisite for arranging the territorial organization of 

our state, the normal functioning of the tax system, the 

implementation of the rights of territorial communities to 

regulate land relations on the territory, which is its spatial 

basis. 

To ensure work on the development of land 

management projects in the recent period a number of 

normative legal documents have been amended, in 

particular the Law of Ukraine "On land management". 

However, this is not enough. It is necessary to improve 

administrative-legal, organizational, environmental and 

financial-economic mechanisms of development of land 

management projects regarding the establishment of 

boundaries of administrative-territorial units through the 

institutional, licensing, administrative control and 

regulatory, land use and planning, innovative instruments. 

Improvement of organizational and ecological 

mechanisms of establishment of boundaries of 
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administrative-territorial units through the provision of 

these subjects with the relevant land surveying, land 

planning and cartographic, soil, land evaluation materials 

and agreed urban planning documents is still of great 

importance. Legislation of Ukraine determines the 

dependence of land use documents (land development 

project regarding the establishment of (changes in) the 

boundaries of settlements) on the town planning 

documentation (the general layout of a settlement, other 

town planning documentation), but the mechanism of its 

implementation is not grounded. 

The formation of boundaries of administrative-

territorial units will allow to lay the foundation for the 

administrative-territorial reform, and at the same time to 

optimize the system of management of territories, to 

regulate the relationships between authorities at different 

hierarchical levels, and ultimately to contribute to 

improving standards of living of every citizen in every 

urban or rural settlement. 
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Abstract. The study analyzes the provisions of the 

Polish law concerning the principles of determining the 

digital description of building contour lines to be entered 

into the database of the real estate cadastre. The analyzed 

laws are contained in the Regulation on the register of 

land and buildings of 2001. The subsequent amendments 

to this Regulation regarding the contour of a building, 

made by the entry into force of the amending Regulations 

in 2013 and 2015, respectively, introduced significant 

changes. As a result of these changes in the definition of 

the contour of the building, some of the buildings, entered 

into the database of the real estate cadastre based on the 

previous wording of the provisions, became obsolete. 

The paper also analyzes the effects of the 

amendments to the Regulation on the register of land and 

buildings. Some of them should be considered positive, as 

the new provisions in the Regulation clarified to some 

extent the earlier wordings which were unclear and gave 

rise to ambiguous interpretation of the record data of 

buildings. However, some important record data of the 

buildings existing in the database of the real estate 

cadastre, such as the digital description of the contour 

lines and the resulting built-up area, became outdated as a 

result of another part of the amended provisions, although 

there were no changes in the structure of the buildings. 

Key words: outline of the building, built-up area, 

cadastre, update of the database, building contour line  

 

 

 

INTRODUCTION 

Cadastral parcel, cadastral entity and building 

structure, are the main objects of the database of the 

register of land and buildings, also known as the real 

estate cadastre. In Poland, the current legislative Act in 

the field of surveying is Geodetic and Cartographic Law 

[1]. Article 20.1.2) of this Act lists in general the 

“information on their location, purpose, function, and 

general technical specifications”, which are necessary to 

be captured for building structures. One of the examples 

of secondary legislation to Geodetic and Cartographic 

Law is the Regulation on the register of land and 

buildings of 29 March 2001 [4]. It was substantially 

amended and extended by the amending Regulation of 29 

November 2013 [5], but shortly, there was another 

amendment by the amending Regulation of 6 November 

2015 [6]. The issues of creating and using the database of 

building structures in the real estate cadastre have been 

the subject of numerous studies, for example [25] [28]. 

 

MATERIALS AND METHODS 

This chapter will present the historical basis for 

entering buildings in the real estate cadastre in Poland. 

From the analysis of the post-war legal provisions on the 

register of land and buildings, it appears that the 

collection of the basic data about building structures was 

to be implemented already since the end of World War II. 

The legal acts which are significant for building 

structures, as well as their short descriptions, are 

summarized in Table 1. 

Table 1. Legal acts concerning building structures in the real estate cadastre  

Year Title of the legal act Remarks on building structures 

1 2 3 

1947  Decree on the cadastre of land 

and buildings 

The cadastral survey was supposed to contain data on the location of the 

building, its function, the material used for its execution, the date of its 

construction and its detailed description. 

1955 Decree on the register of land and 

buildings 

 

It required to collect the same data about the buildings. In addition, it 

contained the provision that the location of the buildings is the content of 

the cadastral map. 

1969 Decree on land records It only required to plot the location of the buildings on the cadastral map. 

It did not, however, contain any provisions concerning the collection of 

any other data on the buildings. 

1996 

 

Regulation on the register of land 

and buildings 

 

The record data of the building include its location, purpose, function and 

general technical specifications. The definition of the building was in 

accordance with the Act of 7 July 1994 - Construction Law [2]. 
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Continuation of Table 1 

 

 

The legal acts presented in Table 1 demonstrate how 

often the Polish legislation regulating the cadastral 

records of buildings has changed. As a result of these 

changes and due to the lack of determination to enter the 

buildings in the real estate cadastre in a consistent 

manner, in Poland there still are many cadastral districts 

where the buildings are not entered into the cadastral base 

at all [8], [14], [24], [26]. 

In this study, the author will present the selected 

cadastral data of the building, such as the digital 

description of the building contour lines and the built-up 

area of the building which, pursuant to §63.2 of the 

Regulation on the register of land and buildings, should 

result from the digital description of the contour. The 

performed analyses of the Polish legislation and of the 

specific examples of various architectural and design 

solutions have demonstrated that there is still a lot of 

controversy regarding these attributes of the buildings. A 

negative consequence of such frequent amendments to the 

law is the loss of coherence of the meaning of the 

discussed cadastral data of the buildings, which were 

entered into the real estate cadastre subject to the previous 

wording of the provisions in the Regulation on the 

register of land and buildings. 

 

RESULTS AND DISCUSSION 

In this chapter, the author will present various 

buildings which, due to their architectural and design 

solutions, will serve as examples to illustrate defective 

and inconsistent provisions in the legislation. The 

essential definitions of the digital description of the 

contour of the building and the resulting value of the 

built-up area of the building are contained in §63 sections 

1 and 2 of the Regulation on the register of land and 

buildings. Basing on the comparative analysis of these 

definitions in the subsequent amended versions of the 

Regulation, Table 2 summarizes structural elements of the 

building which formed its contour, pursuant to the 

individual versions of §63 of the Regulation on the 

register of land and buildings [4], [5], [6]. 

 

Table 2. Comparison of the elements forming the contour of the building 

REGULATION ON THE 

REGISTER OF LAND AND 

BUILDINGS OF 2001 

2001 – 2013 

REGULATION ON THE 

REGISTER OF LAND AND 

BUILDINGS OF 2013 

2013 – 2015 

REGULATION ON THE REGISTER OF 

LAND AND BUILDINGS OF 2015 

after 2015 

external planes of the outer 

walls of the ground storey 
the exterior walls of the building the exterior walls of the building 

 

if the foundation wall intersects 

the surface - the outer edges of 

the foundation 

 

if the foundation wall intersects the surface - 

the outer edges of the walls of the storeys 

which are supported on these foundation walls 

if the storey is on pillars - the 

exterior walls of the storey 

supported on these pillars 

if the storey is on pillars - the 

outer edges of the pillars  

if the storey is on pillars - the exterior walls of 

the storey supported on these pillars if the 

storey is on pillars - the outer edges of the 

pillars 

if the storey is on pillars - the outer edges of the 

walls of the storeys which are supported on the 

pillars 

  
if the roof is on pillars - the outer edges of the 

roof 

 

 

Table 2 demonstrates that the definition of the 

contour of the building has evolved with each new 

amendment to the Regulation on the register of land and 

buildings. The geometry of the same object recorded in 

the cadastral database in 2001, 2013 and 2015 looks quite 

different. It shows how difficult it is to maintain the 

database to be continuously compliant with the applicable 

laws. Further in this article, the author will present some 

1 2 3 

2001 

 

Regulation of 29 March 2001 on 

the register of land and buildings 

14 cadastral data were introduced for the building. The definition of the 

building was in accordance with the Act of 29 June 1995 on official 

statistics [3]. 

2013 

 

Regulation of 29 November 

2013, amending the Regulation 

on the register of land and 

buildings 

26 cadastral data were introduced for the building. There was a change 

in the definition of the contour of the building. The definition of the 

building was directly referred to the regulation on the Polish 

Classification of Types of Constructions [7]. 

2015 Regulation of 6 November 2015, 

amending the Regulation on the 

register of land and buildings 

27 cadastral data were introduced for the building. There was another 

change in the definition of the contour of the building. 
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photos of the buildings whose contours will be used to 

illustrate the issues of changing the definition of the 

digital description of the contour of the building in the 

Regulation on the register of land and buildings. 

The definition of the contour is relatively easy to 

visualize if the exterior walls of the building are the 

extension of the foundation walls (Fig. 1). This case is 

relatively easy to interpret during field surveys. However, 

even for such buildings, there are doubts as to the 

identification of the measurement point of the corner of a 

building, if insulation on the walls is of considerable 

thickness and it does not reach the surface of the ground 

[21]. It should be emphasized that, in accordance with the 

Regulation on the standards, the corner of the building as 

the field detail of the first-order accuracy should be 

determined with an error not exceeding 0.10 m relative to 

the nearest point of the geodetic control. In the case of 

thermal insulation, the thickness of its layer together with 

external plaster often exceeds 0.10 m, which can be a 

problem in determining the location of terrain details. 

Since 2013, a much more controversial case is that of 

a building where the outer walls are not an extension of 

its foundation walls and the building has the so-called 

overhangs (Fig. 2). They can be supported by pillars, or 

unsupported. The fact of overhangs being supported by 

pillars is extremely important, as the contours of such 

buildings, and the resulting built-up area, will differ 

significantly from each other. 

 

 

 

 
Fig. 1. The walls of the building as an extension of the 

foundation walls (Foto: M. Buśko) 

 

Fig. 2. Buildings with overhang without pillars and 

overhang supported by pillars (Foto: M. Buśko) 

 

In the case of the building on the top of Fig. 2, the 

contour of the building will comprise only the surface of 

the outline of the ground storey of the building, without 

the existing overhang, despite the fact that the overhang is 

of significant size. On the other hand, in the case of the 

building on the bottom of Fig. 2, the contour is 

determined by the foundation wall together with the outer 

edges of the pillars supporting the overhang of the 

building. 

A significant change in the definition of the contour 

contained in the Regulation on the register of land and 

buildings of 2015, compared to the Regulation on the 

register of land and buildings of 2013 should be 

emphasized at this point, if applied to buildings with 

overhangs supported on pillars. If the contour was defined 

pursuant to the Regulation on the register of land and 

buildings of 2013, it would be determined by the outer 

edges of the pillars supporting the overhang of the 

building. If, however, the contour was to be defined as set 

out in the Regulation on the register of land and buildings 

of 2015, it would be determined by the outer edges of the 

storey walls in the building, which are supported on the 

pillars. As far as the building illustrated in Fig. 2 is 

concerned, this change in the definition of the contour 

will not change its contour in a significant way, as the 

outer edge of the pillars is practically the extension of the 

outer edge of the walls supported on these pillars. 

However, there are many buildings in which the pillars 

are situated at a greater distance from the outer edge of 

the overhang wall, as illustrated in Figures 3 and 4.
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Fig. 3. Buildings in which the edges of the walls based on 

the pillars are not their extension (Foto: M. Buśko). 

 

Fig. 4. The edges of the walls based on the pillars are not 

their extension (Foto: M. Buśko) 

 

To sum up, it is worth emphasizing that according to 

§63 section 1b of Regulation on the register of land and 

buildings, in the years 2013-2015, the contour was 

determined by the outer edges of the pillars, and after 

2015 it was defined by the outer edges of the walls 

supported on the pillars. 

The most important change introduced in the 

Regulation on the register of land and buildings of 2015 is 

an additional entry in §63 section 1b, concerning the case 

of the roof of the building being supported on the pillars. 

In that case, the contour is defined by the outer edges of 

the roof. It can be presumed that the purpose of 

introducing such an amendment to the Regulation in 2015 

was to unambiguously specify how to define the building 

contour lines and the resulting built-up area in the case of 

a specific type of a building such as an open shelter 

(defined so since 2013) (Fig. 5). This was due to the fact 

that the definition of the building was directly referred to 

the Regulation on the Polish Classification of Types of 

Constructions (Table 1). 

Therefore, when the Regulation on the register of 

land and buildings of 2013 was in force, all the open 

shelters, regardless of their size and intended use, were 

entered into the database of the real estate cadastre. 

However, after the Regulation on the register of land and 

buildings was amended in 2015, a clarification was 

introduced in §78, relieving from the obligation to enter 

open shelters in the real estate cadastre, if their built-up 

area is up to 50 m² and they are located on the parcel with 

a residential building, or the one intended for residential 

construction, providing the total number of such open 

shelters does not exceed two per each 1,000 m² of the 

parcel. It should be emphasized that the effect of entering 

a building (including an open shelter) in the real estate 

cadastre is notifying the tax authorities of a change in the 

data of the register of land and buildings. This results in 

the obligation to pay a tax on the building. After the 

Regulation on the register of land and buildings was 

amended in 2015, the shelters entered into the cadastral 

database subject to the regulations in force between 2013 

and 2015 should have been removed by the authority 

running the register, as this database became obsolete due 

to that amendment [12]. 

The definition of the contour of the building was 

broadened in the Regulation on the register of land and 

buildings of 2015. The contour comprised the outer edges 

of the roof supported on pillars. It was advantageous for 

the determination of the contours of open shelters. At the 

same time, however,  as a result of this provision, some of 

the buildings entered into the real estate cadastre under 

the provisions of the Regulations on the register of land 

and buildings of 2001 and of 2013, automatically became 

obsolete with respect to two important cadastral data: 

digital contour of the building presented on the cadastral 

map and the built-up area in the descriptive data of the 

real estate cadastre. Fig. 6 demonstrates the examples of 

such buildings with the roofs supported on pillars.
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Fig. 5. Shelter - a special kind of building by PKOB (Foto: M. Buśko) 

 

Another major problem regarding the buildings 

whose roofs are supported on pillars concerns the 

determination whether the contour of the building 

comprises all the turn points of the roof around the 

building, or only those which are located directly above 

the pillars. If the first of the above solutions is chosen, it 

must be taken into account that the built-up area of the 

building, determined by its roof, will be much greater 

than the area determined by the elements of the “ground 

storey” of the building (even including pillars). The 

second solution will result in the contour of the building 

not keeping right angles, characteristic for the walls of the 

building (Fig. 7). 

 

 

 
Fig. 6. Buildings in which the roof is based on the pillars (Foto: M. Buśko) 

 

 
Fig. 7. The building with a roof based on the pillars (Foto: M. Buśko)
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As to the building illustrated in Fig. 7, the analysis 

was performed, which regarded its presentation on the 

cadastral map in accordance with the requirements of the 

Regulation on the register of land and buildings of 2001, 

2013 and 2015 (Figures 8 and 9). This will allow to 

visualize the changes that should be entered into the 

database of the real estate cadastre for the building which 

remained unchanged in its construction or design, 

necessary to be introduced only due to the amendments in 

the provisions of law. The building was mapped in 

accordance with the different versions of the Regulation, 

and for each version the value of the built-up area of the 

building components was calculated. The results are 

summarized in Table 4. 

As it is illustrated on the Fig. 8, in the version of the 

Regulation of 2013, the open shelter (“i" function on the 

map) was to be drawn between the garage (“t” function 

on the map) and the residential building (“mj2” function 

on the map). This shelter must be removed from the 

database (go down in history), pursuant to the provisions 

of the Regulation of 2015, as shown in Fig. 9. Instead, the 

contour of the garage will be enlarged, as its roof is 

supported on the pillar. 

The two interpretations of the provisions of the 

Regulation presented in Fig. 9 are due to the fact that it is 

impossible to unambiguously resolve whether the whole 

roof of the building should be measured, or only those 

parts which are supported on the pillars. 

 

 

 

 

Fig. 8. Schematic contours of the building in accordance 

with the Regulations of 2001 (on the top of Fig. 8) and 

2013 (on the bottom of Fig. 8) 

 

Fig. 9. Schematic contours of the building in accordance 

with the Regulation of 2015 – interpretation A and 

interpretation B 

In today's legal status in Poland, the built-up area of a 

building is not an essential attribute in property tax 

assessment. Only usable floor space of a building should 

be taken into account for tax purposes [10]. However, in 

some areas of the southern Poland, due to some 

difficulties in determining usable space [11], it is 

sometimes determined as the product of the built-up area 

and the number of storeys of the building. This method 

has no legal grounds, nevertheless, it is commonly used in 

practice. In addition, for the owners, the value of the 

built-up area of the building is a very specific and clear 

attribute. It is expected that any changes in the value of 

the built-up area, despite the lack of any changes in the 

construction or design of the building, will result in 

property owners' protests, formulated as objections to the 

draft record of survey and property description made 

available for inspection. The digital description of the 

contour of the building and the resulting built-up area are 

also important factors in the currently evolving concepts 

of the 3D cadastre [9], [16], [18], [23], [27]. Therefore, no 

consistency of meaning of these data is of great 

significance. Updated cadastral data are also important for 

any digital analysis in spatial planning [13], [15], [22], 

and in the construction of cadastral data models (Land 

Administration Domain Model) in the cadastral system of 

spatial information [17].  The experience of Poland in the 

construction of the real estate cadastre may be useful also 

for other countries who are developing such concepts 

[19], [20]. 
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Table 3. The built-up area of the elements of the building 

in Fig. 7 

Functio

n of the 

building 

Built-up area [m
2
] 

Regulati

on of 

2001 

Regulati

on of 

2013 

Regulation of 2015 

  
Interpretat

ion A 

Interpret

ation B 

Resident

ial 

building 

310 310 324 358 

Garage 150 150 196 218 

Open 

shelter 
0 50 0 0 

The 

total 

built-up 

area 

460 510 520 576 

 

 

CONCLUSIONS 

1. The subsequent amendments to the Regulation on 

the register of land and buildings of 2001, introduced in 

2013 and 2015, resulted in the loss of consistency of 

meaning of the significant cadastral data of the buildings 

entered into the real estate cadastre under the previous 

wording of the provisions in the Regulation, such as the 

building contour line and the built-up area. These 

inconsistent amendments resulted in the loss of internal 

harmonization of the data contained in the database of the 

real estate cadastre. 

2. It should be emphasized that in the revised version 

of the Regulation on the register of land and buildings of 

2015, the wording of §63.1b was amended in such a way 

that the contour of the building is no longer determined by 

the outer edges of the pillars, but by the outer edges of the 

walls of the storeys supported on the pillars. This will 

cause a change in the building contour lines and the 

resulting value of the built-up area of some buildings. 

3. The wording introduced in the Regulation on the 

register of land and buildings of 2015, which required the 

contour of the building whose roof is supported on pillars 

to be defined as the outer edges of the roof, is 

advantageous when it comes to determining the contour 

of open shelters, which are defined as a special type of 

building structures. At the same time, chaos appears with 

regard to ordinary buildings, whose roof is supported on 

pillars only in certain places. 

4. During the next amendment to the Regulation on 

the register of land and buildings, it is advisable to 

introduce a separate subclause in §63.1 of the Regulation, 

whose wording would be as follows: in the case of a 

special type of a building structure, such as an open 

shelter, which is subject to be entered into the database of 

the real estate cadastre, the building contour line is the 

line determined by the rectangular projection of the outer 

edges of the roof onto the horizontal plane. 
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Abstract. This article is devoted to solving the 

problem of single-seed sugar beet sowing with a 

pneumatic seeding device. As a result of experimental 

researches the influence of sowing device parameters 

equipped with an additional disk for quality sowing were 

defined. 

Key words: Seeding device, single-seed sowing, cell, 

seeds, extra disk, quality. 

 

INTRODUCTION 

 

The problem of increasing productivity and reducing 

the costs of crop cultivation is the main in agricultural 

production. Sugar beet yields are influenced by several 

factors, including an even distribution of seeds in a row at 

a given reasonable intervals. For a long time of seeding 

equipment history, a large number of sowing machines 

designs were created, each of which had the goal of 

improving the quality of sowing. However, the 

heterogeneity of seed properties and a number of other 

uncontrollable factors, especially in the field conditions, 

lead to a decrease of uniformity of seeds placing in a row, 

sometimes it goes far beyond the farming requirements. 

Thus, improvement of devices aims at improving the 

quality of sowing and defines its dependence on the 

design parameters of the dosing element - that is an urgent 

task. 

 

THE ANALYSIS OF RECENT RESEARCHES 

AND PUBLICATIONS 

 

In the study of sowing process were engaged Zenin 

L.S., Chichkin V.P., Pogorily L.V., Zhuravlev B.I., Shmat 

S.I., Sviren M.O., Amosov V.V., et al. A large number of 

studies were devoted to the selection of the optimal 

number of holes, agitator and kickers design parameters 

and influence of suctorial forms of holes on the single 

filling of the sowing disk with seeds. The process of seed 

capturing with the suctorial disk hole is rather complex 

and, at an early stage it is crucial to ensure the required 

dosing capacity (productivity) of the device as a whole. 

One of the main elements of the sowing machine, 

which significantly affects the quality of dosing is the 

seeding plate. The review of the known structures of 

sowing machines [1-7] showed that the diversity of the 

surface structures and suctorial disk holes affect the 

quality of seed capture. 

In practice, there are various forms suctorial holes 

(cylindrical, conical, toroidal, etc.), but the most prevalent 

in domestic and foreign technology has become a 

cylindrical surface of the hole with the right angle edges. 

We know that in the field conditions the quality of 

seed filling holes of suctorial disk often does not meet the 

agronomic requirements. At low speed of rotation of the 

disk, a large number of "twins" is being sown, and at high 

speed - increases the number of spaces that affects the 

density of crops. 

It is known that an even distribution of seeds in a row 

can be achieved through the full completion of the sowing 

disk cells with no spaces. 

The process of pneumatic sowing machine work 

consists of the following operations: 

- seeds feeding from the bunker into the seed hopper 

chamber; 

- capturing of one or more seeds by the suctorial disk 

hole; 

- movement of seeds with the disk, removing the 

excessive seeds by the rejector unit and further movement 

of the seed with the disk; 

- separating the seed from the disk; 

- movement of the seed to the compacted furrow 

bottom; 

The most significant factor affecting the quality 

performance of the exact seeding process of cultivated 

crops by pneumatic seeding device is to capture seeds by 

the suctorial disk holes and their further transportation. At 

the moment of capture a seed is affected by many forces 

including friction force of other seeds in the layer that 

affect the unauthorized dumping of the seed, which has 

been already sucked, from the hole. In order to hold it we 

need the suction force to be greater than the force of seeds 

friction. 

 

THE MAIN RESULTS OF THE RESEARCH 

 

An enhanced device consists of the body 1, on the 

drive shaft 2 of which there is the seeding plate 3 and 

agitator 4. Between them it is installed an additional disk 

5, which has some shaped cutouts on the circuit. Thanks 

to the original design of the additional disk the main seed 

is quicklier oriented at the suctorial hole, the remaining 
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seeds are separated from it at a distance of the disk 

thickness and accept less vacuum than it is required for 

suction. 

The aim of the series of experiments was the 

implementation of Box-Hunter matrix plan 2
5
, as a result 

were defined the influence factors of dilution in a vacuum 

chamber (ΔP), the speed of rotation of the sowing and 

additional disk (V), the thickness of the additional disk , 

radius of the extra disk basin r and size of the seed 

fraction z. 

 

 
  

         

Fig. 1. An improved pneumatic seeding device:  

1 - body, 2 - drive shaft, 3 - seeding plate, 4 - agitator,  

5 - extra disk. 

 

The quality of the device was estimated by 

coefficient of cells filling Kf, which is equal to the 

relation of amount of actually sown seeds for a certain 

period of time to the number of seed cells on the disk 

which passed the point of discharge at the same time. 

At the same time, cell fill factor can be equal to 1 if 

there is a certain number of passes and the same number 

of doubles. To control the results of the studies we 

conducted digital photo and video fixation of the sowing 

process. 

Results of the factors encoding are listed in Table 1. 

Table 1. The results of the factors encoding  

Factor 

N
at

u
ra

l 
d

es
ig

n
at

io
n

 

C
o

d
e 

V
ar

ia
ti

o
n

 i
n

te
rv

al
 

Variation levels 

natural 

u
p

p
er

 

ze
ro

 

lo
w

er
 

The speed of rotation 
of the seeding and 
additional disk, m / s 

V x1 0,05 0,35 0,3 0,25 

The pressure in the 
system, kPa 

Р х2 1 3 2 1 

Thickness of the 
additional disk, mm 

 x3 0,5 2 1,5 1 

Radius of the 
additional disk basin, 
mm 

r x4 0,25 2,75 2,5 2,25 

Seed fraction, mm z x5 0,5 5,5 5,0 4,5 

Criterion of optimization Y - coefficient of cells 

filling Kf 

The regression equation has the form 

54534352

42325141

312154

321

0281,00531,00818,00331,0

0268,00993,00006,00843,0

0306,00106,02243,00856,0

1518,04718,01131,09709,0

хххххххх

хххххххх

хххххх

хххY









 

 

 

 

 
      

Fig. 2. General view of the experimental setup to study 

the process of sowing sugar beet: 1 - bunker; 2 – electric 

motor; 3 - chain transmission; 4 – seeding plate and extra 

disk; 5 – agitator
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   a      d 

 
   b      e 

 
   c      f 

 

Fig. 3. Dependence of filling factor coefficient on the design parameters of the disk: 

a - the dependence of Kf on ΔR system pressure and rotation speed of the sowing disc V; b - Kf dependence on the 

pressure in the P system and seed fraction z; c - dependence of Kf on extra disk basins radius r and seed fraction z; d - Kf 

dependence on the pressure in the P system and the extra disk basins radius r; e – Kf  dependence on the extra disk 

thickness  and seed fraction z; f - Kf  dependence on disk rotation speed V and seed fraction z 

  

Results of the experiment planning matrix realization 

are presented in Table 2. 

For processing the experimental data the package 

STATISTICA 6.4 was used. 

There were constructed response surfaces (Fig. 3) 

and line level output for cell filling coefficient of the 

seeding plate Kf. 

After analyzing the response surface and line level 

output for cell filling coefficient of the seeding plate Kf, 

we define rational values of the investigated factors: 

  circular cell speed of seeding plate x1 → Vc, 

should be in the range of 0.26 to 0.34 m / s. 

 value of dilution in a vacuum chamber x2 → ΔP, 

should be in the range of 1.7 to 2.4 kPa;
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 thickness of extra disk x3 → δ, should be in the 

range of 1.8 to 2.2 mm; 

 radius of extra disk basin x4 → r, should be in the 

range of 2.2 to 2.4 mm; 

 seed fraction x5 → z, should be in the range of 5 

to 5.5 mm. 

 

Table 2. Results of the experiment planning matrix 

realization 

№
 e

x
p

er
. 

Natural factor value Response 

function 

value Y x1 x2 x3 x4 x5 

1 0,25 1 1 2,25 4,5 0,88 

2 0,35 1 1 2,25 4,5 0,69 

3 0,25 3 1 2,25 4,5 1,53 

4 0,35 3 1 2,25 4,5 1,34 

5 0,25 1 2 2,25 4,5 0,54 

6 0,35 1 2 2,25 4,5 1,06 

7 0,25 3 2 2,25 4,5 1,04 

8 0,35 3 2 2,25 4,5 1,13 

9 0,25 1 1 2,75 4,5 0,88 

10 0,35 1 1 2,75 4,5 0,85 

11 0,25 3 1 2,75 4,5 1,54 

12 0,35 3 1 2,75 4,5 1,35 

13 0,25 1 2 2,75 4,5 1,34 

14 0,35 1 2 2,75 4,5 0,67 

15 0,25 3 2 2,75 4,5 1,37 

16 0,35 3 2 2,75 4,5 1,12 

17 0,25 1 1 2,25 5,5 0,77 

18 0,35 1 1 2,25 5,5 0,64 

19 0,25 3 1 2,25 5,5 1,31 

20 0,35 3 1 2,25 5,5 1,2 

21 0,25 1 2 2,25 5,5 0,46 

22 0,35 1 2 2,25 5,5 0,39 

23 0,25 3 2 2,25 5,5 1,01 

24 0,35 3 2 2,25 5,5 0,86 

25 0,25 1 1 2,75 5,5 0,77 

26 0,35 1 1 2,75 5,5 0,61 

27 0,25 3 1 2,75 5,5 1,27 

28 0,35 3 1 2,75 5,5 1,12 

29 0,25 1 2 2,75 5,5 0,65 

30 0,35 1 2 2,75 5,5 0,56 

31 0,25 3 2 2,75 5,5 1,08 

32 0,35 3 2 2,75 5,5 1,04 

 

Having analyzed the Pareto card for cell filling 

coefficient of the seeding plate (Fig. 4) a conlusion can be 

made that on the quality of work of a sowing device the 

greatest impact has the value of dilution in a vacuum 

chamber x2, thickness of extra disk x3, and seed factions x5 

but the values of the circular cell speed x1 and extra disk 

basin radius x4 are not significant in this range. 

 
Fig. 4. Pareto map impact factors assessment of cell 

filling coefficient of the seeding plate 

 

CONCLUSIONS 

 

Thus, the use of additional seeding plate allows 

correctly direct a seed at the stage of capture to the center 

of the cell and eliminates the ability to capture "twins"; 

supporting the seed during transportation to the place of 

discharge. After a series of experimental studies, we 

found that even filling the cells of seeding plate 

significantly affect the pressure in the system, circular cell 

speed of seeding plate and radius of extra disk basins. 
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Abstract.The article proposes methods of calculation 

of carrying capacity of strengthened reinforced elements 

on action of bending moments. Basing on the 

experimental research, we have carried out analysis of 

calculated data with the investigated results. 

Keywords:carrying capacity, strengthening, concrete, 

gunned concrete, strains. 

 

INTRODUCTION 

 

Increase of carrying capacity of reinforced elements 

(RE), without a change of a constructive scheme, expects 

increase of a cross cut of a strengthened sample and 

should be made with application of such material as 

concrete, polymer concrete, fibre-reinforced concrete, as 

well as reinforcement with carbon fiber-reinforced plastic 

stripes and bed. Strengthening of bending reinforced 

structures with gunned concrete, which can be put in thin 

layers of a structure reinforcement, is a method, being 

efficient and reliable in operation [1, 2, 3, 4, 5, 6, 7, 13, 

19].  

To secure safety of strengthened RE and improve 

methods of their calculations, one needs investigation of 

regularities of changes of sustainability, deformation 

ability of materials at different degrees of stress with 

applied reinforcement [1, 5, 9, 11, 13, 15, 17].  

 

THE ANALYSIS OF RECENT RESEARCHES 

AND PUBLICATIONS 

 

Investigation of reinforced structures are presented 

in the works of Ye.M. Babych, A.Ya.Barashykov, Z.Ya. 

Blikharskyi, S.V. Bondarenko, O.I. Valovyi, O.B. 

Holyshev, V.H. Kvasha, H.A. Molodchenko, L.A. 

Murashko, and others [1-20]. Basing on the researches, 

we studied effective constructive solutions on 

strengthening of reinforced structures and proposed 

methods of calculation.  

On the ground of previous researches it is described 

[16, 17] how concrete and gunned concrete layers of the 

investigated elements work jointly, secured by adhesive 

padding with polymer mortars and installation of pasted 

metal land ties [20]. 

 

OBJECTIVES 

 

Aim of the work is to make estimation of carrying 

capacity of strengthened reinforced elements on action of 

bending moments with consideration of the reinforcement 

technology. Task of the research is to develop 

methodology and make analysis of theoretical and 

experimental investigation of strengthened RE 

considering unrelieved stress to reinforcement fulfillment. 

 

 THE MAIN RESULTS OF THE RESEARCH 

 

The presented calculation is based on the algorithm, 

mentioned in normative documents on the base of a 

deformation model, being modified according to a certain 

experimental research [7,8]. The algorithm is adopted for 

calculation of reinforced structures by different ways 

(lengthening, case or hooping) and considers their joint 

operation. 

Base of the calculation is made by formulae (1.1), 

presented in SBN 2.6-98 on calculation of stress strain 

behavior of rectangular cuts in case of eccentric extrusion 

and bend (fig. 1), describing equilibrium in a cut in the 

integral form: 
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  (1) 

where  
h

cc )2()1(1 




  - is a bowing of bended gridline 

in a cut; c(1), )2(c  
  - strains of concrete of  stressed and 

positive fiber respectively; 

1

)1(

c

c




    , where   is a 

value of critical strains of concrete of stressed fiber; 

 )1(1 cx   - is a height of the stressed zone;  

1c  - relative bowing;   zsi - distance of i rod or 

interlayer of reinforcement from the most stressed border 

of a cut. 

 

 
a                                  b                                  c 

 

Fig. 1. Stress strain behavior of a rectangular cut: a – cross cut of an element; b – strain diagram at equilibrium;  

c – stress diagram. 

 

A joint operation of an “old” and “new” concrete is 

measured by assigning of a common deflection to all 

elements of the cut and the deflection is calculated 

according to the formula: 

.
1 2lk
r

f m                    (2) 

Because in the formula 2 all values, except bowing  

  , are constants, to secure an equal 

deflection at all stages of the beam operation, it is 

sufficiently that bowing growth to be the same from the 

moment of enforcement for all parts. This condition can 

be outlined in the following way: 

   (3) 

where    - is for strains at upper and 

down border of an old part of the beam at a moment of 

reinforcement;   - is a growth 

of strains at upper and down border of an old part of the 

beam from a moment of reinforcement respectively;  

 - strains at upper and down borders of a new 

part of the beam respectively, obtaining non-zero value 

from a moment of reinforcement. 

In the equation 1.3 there are two unknowns:  

  . To calculate them, one of them is assigned 

with a gradually growing value, and the other is 

calculated. The procedure is repeated until the found 

values satisfy an equilibrium equation (4).  

Estimation of stress strain behavior of strengthened 

reinforced beams, having a joint operation of old and 

enforced parts as one of the principal criteria, can be 

presented in the equation (4, 5), general picture of which 

are demonstrated in the integral form. 

(4) 

To satisfy conditions of equilibrium we find a value 

of a moment (M), excepted by each part of a cut: 

- for a principal part of a beam 

(5) 

- for a reinforced part of a beam 

(6) 
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Total value of a moment is got by addition of 

corresponding moments, resulted from the previous 

equations: 

21 MMM                      (7) 

 
Fig.2. Scheme of stress strain behavior of a 

rectangular cut being reinforced 

 

Calculation algorithm is presented at fig.3. 

Series of the carried research consisted of fifteen 

investigated beams of projected sizes (Lхhхb) 

2300х200х80(120;145). The beams under research are 

made reinforced (fcd=23,5 MPa) by common technology, 

beam (B-2) without reinforcement, nine beams are 

reinforced by lengthening with gunned concrete 

technology (B-2-1…eg) and four beams are reinforced by 

usual concreting of input frames (B-2-2…uc). Beams are 

reinforced at different degrees of stress: 0,0; 0,3; 0,45; 0,6 

from a critical moment, and thus got corresponding 

marks. In all cases of reinforcement we used adhesive 

padding Koster SB –Haftemulsion and metal joining land 

ties (Ø 8mm), projecting above the surface at 35mm. 

Class of the concrete of reinforcement layer for beams (B-

2-1-1… eg, B-2-1-1.2…eg) - fcd= 28,3 MPa, for beams 

(B-2-1-2… eg - fcd= 23,6 MPa, and for (B-2-2-1…uc, B-

2-3-1.2…uc) beams - fcd= 24,1 MPa. 

 On the first stage of the experiment, non-reinforced 

beams were tested with centered stress, when loading step 

was equal 0;1F from a critical one. Process of beams 

investigation was made according to a static scheme, i.e. a 

beam on two supports, with a span L=2100 mm. When 

fluid behavior was achieved, the examples were relieved, 

their critical operation stress was taken as a control one 

for all beam samples being reinforced.   

Next stage of the work included reinforcement of the 

beams under experiment (fig.4). 

The main method was to apply an reinforcing layer 

of concrete or gunned concrete, which was put on a side 

surface (on one or both sides) with a previous flat 

reinforced frame. 

Testing of the beams under experiment was made on 

the 440
th

-676
th

 day from a date of production and on the 

45
th

-72
nd

 day from a date of reinforcement by application 

of concentrated forces in one third of their span. 

Experimental and calculated values of bending moments, 

corresponding to critical conditions and destruction, as 

well as their comparison are presented in the table 1. 

 

 

 

 

 

Table 1. Strength of reinforced experimental beams 

№ 

 
Beam code 

Geometric sizes 

(reinforced) bхh, mm 

Degree 

of stress 

Value of bending 

moments, M, kН m 

SBN

и

er

и

М

M
exp

 
experiment, 

critical 

calculation 

according to 

SBN [7;8] 

1 B-2 80х200  19,04 18,853 1,01 

2 B-2-1-1-0,0-eg 80х200 (120х200) 0,0 30,62 29,651 1,032 

3 B-2-1-1-0,3-eg 79х200 (120х200) 0,32 30,425 29,599 1,028 

4 B-2-1-1-0,6-eg 80х200 (120х200) 0,62 28,84 27,274 1,057 

5 B-2-1-2-0,0-eg 77х196 (120х196) 0,0 29,155 27,893 1,045 

6 B-2-1-2-0,3-eg 77х196 (120х196) 0,31 28,08 26,988 1,040 

7 B-2-1-2-0,6-eg 77х196 (120х196) 0,61 26,05 24,938 1,045 

8 B-2-2-1-0,0-uc 79х200 (120х200) 0,0 29,86 29,304 1,019 

9 B-2-2-1-0,3-uc 80х200 (120х200) 0,32 29,25 29,095 1,005 

10 B-2-2-1-0,6-uc 80х200 (120х200) 0,62 24,48 27,031 0,905 

11 B-2-2-1.2-0,0-uc 77х203 (148х204) 0,0 37,05 35, 26 1,051 

12 B-2-2-1.2-0,45-uc 78х204 (148х204) 0,45 33,06 31,31 1.056 

13 B-2-1-1.2-0,0-eg 77х203 (144х203) 0,0 34,66 33,165 1.045 

14 B-2-1-1.2-0,3-eg 78х202 (145х202) 0,33 34,64 33,034 1.049 

15 B-2-1-1.2-0,6-eg 78х203 (145х203) 0,63 29,75 28,20 1,055 
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Fig. 3. Block-scheme of calculation on strengthening of reinforced beams 
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    a)     b) 

Fig. 4. Scheme of reinforcement of a side surface of experimental samples: 

a) B-2-1-1, B-2-1-2, B-2-2-1; b) B-2-2-1.2, B-2-1-1.2 

 

Having got results of experimental researches and 

compared them with the proposed calculation (see table 

1), one can make a conclusion that theoretical and 

experimental values coincide, and deviation is less than 

6%. It proves the fact that the suggested algorithm makes 

qualitative estimation of the process of RE strengthening 

at different degrees of stress (up to 0,62 from a critical 

one). 

Dependence of strains on stress for beams  at height 

of a cut has the same results as  (fig 5,6), we used results 

of a beam B-2-1-2-0eg to be described in the article. 

Diagrams of dependence of strains on stress in the 

beam B-2-1-2-0 eg at height of a cut are presented in (fig. 

5,6), and demonstrated distribution of strains at height of 

a cut (h=20, for armature 170 mm). The presented graphic 

dependences prove that at different cuts (h=20 and h=60) 

theoretical and calculated values differ. Thus, for 

example, at operation degree of stress of 0.7 M in a cut h= 

20 mm, in a principal part of the beam the difference 

makes 8-14% in the reinforced part 10-20%. In a cut h= 

60 mm close to neutral axis, the difference in two parts of 

the beam makes 10-14%. Diagrams of armature strains at 

h= 170 mm show a deviation of values in the principal 

part of the beam 6-11% and in the reinforced part – 12-

28%. We consider that such difference of calculated and 

experimental values of principal and reinforced parts of 

the beam is caused by late start of operation of armature 

in the reinforced part.   

 

CONCLUSIONS 

 

Analysis of the carried experimental and theoretical 

researches demonstrates that, according to the acting 

norms, methodology of calculation of carrying capacity of 

normal cuts of strengthened reinforced beams, made by a 

corresponding algorithm, gives a satisfactory result, and 

the deviation makes up to 6%. However, at height of a 

cut, value of experimental and calculated strains gives 

larger difference (10-20%), especially armature of 

reinforced parts 12-28%. Thus, in the further researches it 

is necessary to increase number of cuts for comparison 

and consider a larger range of stress degrees on 

reinforcement. 

 

 

  
 

Fig. 5. Diagram of strains dependence on stress in the beam B-2-1-2-0 eg at height (h=20 mm):  a) – principal part of 

the beam, b) reinforced part of the beam 
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Fig. 6. Diagram of dependence of armature strains on stress in the beam B-2-1-2-0 eg at height (h=170 mm): 

a) - principal part of the beam, b) – reinforced part of the beam; 
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Abstract .  The problems of investigation of 

contemporary illuminants characteristics are considered. 

Particularly the LED lamps of the following trade marks 

were tested: «Maxus», «Electrum», «Lemaso». 

Photometric and electrotechnical parameters, stated by the 

producers, were tested. 

The investigation revealed that the stated illuminants’ 

power did not correspond to the actual experimental data, 

in some cases the 8% exceeding was registered (Lemaso). 

On the other hand, the actual power of “Maxus” and 

“Electrum” LED lamps was lower than stated, -22,5 % 

and -2,35 % accordingly. 

The low power coefficient is the major drawback of 

LED lamps in Ukrainian market. Its actual value ranges 

are 0,4–0,65, whereas its minimal value for a LED lamp 

of 5-25 Watt power is considered to be not less than 0,8. 

Key words: illuminants, illumination, LED lamp, 

luminous efficacy, power coefficient.  

 

INTRODUCTION 

 

The replacement of incandescent lamps (ICLs) for 

emitting diode (LED) lamps with light output 5-8 times 

higher than the LR is considered to be one of the effective 

ways of reducing electricity consumption for lighting. 

Despite the obvious benefits, proved in Latvia, the LED 

lamps are not yet that widespread use of which claim 

specialists in lighting. One reason for this is the low 

quality and false information about the products brought 

to the market Ukraine, causing distrust of consumers. 

These problems are not unique to Ukraine, but also for 

industrialized countries. So we decided to experimentally 

explore available to us modern electric light sources, for 

example LED - lamps for direct replacement of ICLs. 

 

 

 

 

 

THE ANALYSIS OF RECENT RESEARCHES AND 

PUBLICATIONS 

 

Advances in semiconductor physics, optics and 

optoelectronics over the last 10-15 years helped to create 

light sources to energy efficiency 4-10 times, and duration 

of combustion in 30-100 times more compared to 

incandescent lamps. These include solid-state light 

sources LED (SD). The advantages MD and forecasts for 

the future development of their lately published in 

journals lighting unusual amount of materials [1-3]. 

Many authors believe that today for LEDs not solved 

one problem - is the high cost of LEDs. Certainly, this is 

one of the main problems. But she is not alone. The main 

consumer benefits of LEDs - High luminous efficiency 

much higher reliability and durability of combustion 

compared to traditional light sources today - can not 

always compensate for their shortcomings. 

Therefore, the problem of quality, reliability and 

safety of new light sources, is very important. 

OBJECTIVES 

Research objectives - to study the real characteristics 

of LED lamps which come on the market of Ukraine and 

conformity assessment of the declared data. 

THE MAIN RESULTS OF THE RESEARCH 

We researched LED lamps trademark «Maxus», 

«Electrum», «Lemaso» declared in accordance lighting 

and electrical parameters. For the study was formed three 

samples (sample) 3-4 LED lamps each. Complex research 

key features LED - bulbs produce according to method 

[5]. 

Manufacturers submitted the following 

characteristics of light sources: 

• LED (Maxus) - 10 W, 900 lm, lifetime of 30,000 h .; 

• LED (Lemaso) - 10 W, 900 lm, lifetime of 20,000 h .; 

• LED (Electrum) - 10 W, 800 lm, lifetime 2000 h. 

Scheme for research performance electric light 

sources below. 
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Fig. 1. The study scheme of electrical and lighting parameters of illuminants: TV - autotransformer; HL - investigated 

the lamp; PA, PV, PW-ammeter, voltmeter and wattmeter respectively; VM - measuring mechanism; B - switch; Ф102 

- photocell; Ю -16 - luxmeter. 

 

The value of the measurement results of light and 

electrical parameters LED - bulbs of various trade marks 

are given in Table. 2. 

After some experimentation, we have indicators for 

active power at nominal voltage of 220 V, which are 

listed in the table. 1. 

 

Table 1. Comparative characteristics of passport and measured power values CFL 

Type of light source   , W   , W The difference between actual and declared capacity, % 

СВД – Maxus 10 8,16 -22,5% 

СВД – Lemaso 10 10,9 +8,26 % 

СВД – Electrum 10 9,77 -2.35% 

The results of the study indicate that among the investigated parties lamps average value of active power on all 

producers submitted does not meet the declared capacity of the packaging. 

 

Table 2.The results of the LED lamps parameters measurement 

lamp type 
Parameter 

U, В 

160 170 180 190 200 210 220 230 240 

1 2 3 4 5 6 7 8 9 10 11 

Maxus, 10 

W,900 lm, 

30000 hor 

I,А 0,06 0,066 0,0705 0,075 0,08 0,086 0,0925 - - 

Е, lx 475 525 575 615 715 825 925 - - 

P, W 3,84 4,488 5,076 5,7 6,4 7,266 8,14 - - 

Maxus, 10 

W,900 lm, 

30000 hor 

I,А 0,06 0,065 0,0695 0,078 0,084 0,091 0,094 - - 

Е, lx 495 575 600 670 745 860 945 - - 

P, W 3,84 4,42 5,004 5,89 6,72 7,644 8,25 - - 

Maxus, 10 

W,900 lm, 

30000 hor 

I,А 0,059 0,067 0,07 0,076 0,0825 0,087 0,092 - - 

Е, lx 485 535 610 655 725 790 920 - - 

P, W 3,80 4,505 5,04 5,795 6,6 7,35 8,096 - - 

The average value E, lx 485 545 595 646,67 728,33 825 930 - - 

The average value Р, W 3,82 4,471 5,04 5,795 6,573 7,42 8,162 - - 

The average value H, lx 

/W 126,6 121,9 118,05 111,59 110,8 111,18 113,943 - - 

Reactive power, Q 8,774 10,244 11,548 13,278 15,061 17,00 18,701   

Full power S 9,57 11,18 12,6 14,485 16,43 18,55 20,405 - - 

Power factor 0,4 
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Continuation of Table 2 

1 2 3 4 5 6 7 8 9 10 11 

Lemaso 10 

Вт,900 lm 

I,А 0,039 0,0475 0,0525 0,058 0,0638 0,069 0,075 0,082 0,087 

Е, lx 560 750 1010 1090 1160 1240 1330 1415 1500 

P, W 4,108 5,25 6,14 7,163 8,29 9,42 10,725 12,203 13,65 

Lemaso 10 

Вт,900 lm 

I,А 0,04 0,046 0,0525 0,059 0,065 0,068 0,0775 0,081 0,086 

Е, lx 550 760 1000 1090 1150 1225 1350 1410 1450 

P, W 4,16 5,111 6,14 7,32 8,45 9,282 11,083 12,147 13,46 

Lemaso 10 

W,900 lm 

I,А 0,0398 0,046 0,053 0,059 0,065 0,068 0,0763 0,082 0,088 

Е, lx 555 750 980 1075 1170 1200 1350 1430 1490 

P, W 4,1392 5,083 6,201 7,287 8,45 9,32 10,904 12,26 13,65 

The average value E, lx 555 753,3 996,67 1085 1160 1221,67 1343,3 1418,3 1480 

The average value Р, W 4,136 5,147 6,162 7,256 8,396 9,34 10,904 12,203 13,585 

The average value H, lx /W 134,2 146,35 161,74 149,54 138,164 130,82 123,2 116,23 108,95 

Reactive power, Q 4,835 6,018 7,204 8,483 9,816 10,918 12,748 14,267 15,88 

Full power S 6,363 7,92 9,48 11,16 12,92 14,37 16,78 18,77 20,9 

Power factor 0,65 

Electrum 10 

W, 800 lm, 

20000 hor. 

I,А 0,1075 0,1025 0,098 0,0935 0,089 0,085 0,0805 - - 

Е, lx 1095 1125 1155 1175 1205 1275 1360 - - 

P, W 9,46 9,584 9,702 9,78 9,79 9,82 9,74 - - 

Electrum 10 

W, 800 lm, 

20000 hor. 

I,А 0,105 0,1025 0,096 0,0925 0,0875 0,0835 0,08 - - 

Е, lx 1025 1095 1175 1205 1225 1275 1345 - - 

P, W 9,24 9,584 9,653 9,67 9,625 9,64 9,68 - - 

Electrum 10 

W, 800 lm, 

20000 hor. 

I,А 0,105 0,101 0,095 0,092 0,0863 0,0825 0,08 - - 

Е, lx 1075 1100 1150 1200 1215 1250 1375 - - 

P, W 9,24 9,44 9,405 9,614 9,49 9,53 9,68 - - 

Electrum 10 

W, 800 lm, 

20000 hor. 

I,А 0,11 0,105 0,1 0,094 0,088 0,084 0,0825 - - 

Е, lx 1025 1080 1125 1185 1215 1260 1325 - - 

P, W 9,68 9,82 9,9 9,823 9,68 9,702 9,98 - - 

The average value E, lx 1055 1100 1151,25 1191,25 1215 1265 1351,25 - - 

The average value Р, W 9,405 9,607 9,66 9,7185 9,65 9,67 9,78 - - 

The average value H, lx /W 112,17 114,5 119,12 122,578 125,96 130,77 138,3 - - 

Reactive power, Q 14,281 14,588 14,676 14,757 14,647 14,688 14,837   

Full power S 17,1 17,47 17,57 17,67 17,54 17,59 17,77 - - 

Power factor 0,55 

 

Based on this study can be stated that when the 

supply voltage in the range of 160-240 in luminous flux, 

power, light returns virtually unchanged paws Electrum 

only 10 W (Fig. 2 - 4), according to Table 1. These lamps 

power unit functions as a stabilizer power. As for the 

other two producers - namely brand Maxus and Lemaso, 

nature changes the luminous flux of light return from the 

supply voltage has a different relationship. This 

relationship is represented graphically in Figure 2. 

 
Fig. 2. Dependence of illuminants’ illumination on voltage supply 
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The criterion is enerhoekonomichnosti luminous 

efficiency lamps. Cross structures investigated CFLs 

graphically depicted in Figure 3. 

The most effective is the LED lamp company 

Electrum, whose luminous efficiency at the rated voltage 

of 220 V has a maximum value - 138.3 lux / W. 

A major drawback of LED - lights coming in the 

market of Ukraine is the low power factor (sos φ). We 

have studied the power factor LED - lights manufacturers 

Maxus, Electrum and Lemaso ranges 0,4-0,65, although 

according to the Cabinet of Ministers of Ukraine on 

October 15, 2012 №992, the minimum allowable values 

of power factor LED lighting for indoor lighting devices 

public and industrial buildings with capacity from 5 to 25 

W should be at least 0.8. Low power factor data of 

lighting requires more reactive power compensation 

lighting network, to improve technical - economic 

indicators for power supply and reduce energy losses. 

 

Fig. 3. The dependence of the LED lamps light output on voltage supply. 

 

On the basis of measurements and calculations determined the dependence of active, reactive and full power from 

the supply voltage - Figure 4. 

 

Fig. 4. Dependence of LED lamps power  (active, reactive, and apparent) on voltage supply 
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CONCLUSIONS 

LED - lights are promising light sources for special 

and for general lighting, but much of lamps which come 

on the domestic market of Ukraine does not correspond to 

the declared lighting, electrical parameters as we see from 

studies investigated the alleged power trademarks LED 

lamps do not meet experimentally removed the data, in 

some cases exceed by more than 8% - LED (Lemaso), 

although it should be noted that at times it was lower than 

declared - LED (Maxus, Electrum) respectively -22.5% 

and -2.35% . 

In turn for light output at the rated voltage of 220 

data LED lamps can rank in this spinning wheel: 

1. LED (Electrum) - 135,5 lx / W; 

2. LED (Lemaso) - 130,8 lx / W; 

3. LED (Maxus) - 113,94 lx / W. 

A major drawback of LED lamps coming to market 

in Ukraine is low power factor, which ranges from 0,4-

0,65, while the minimum allowable values of power 

factor for LED lighting devices with capacity of 5 to 25 

W should not be less than 0 8. 
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Abstract. For creating adequate mathematical models 

of combinatorial problems of constructing optimal cyclic 

routes, mathematical modeling and solving a number of 

planning and control tasks solutions of optimization 

problems on the set of cyclic permutations are required. 

Review of the publications on combinatorial 

optimization demonstrates that the optimization problem 

on the cyclic permutations have not been studied 

sufficiently. This paper is devoted to solving optimization 

problem of a linear function with linear constraints on the 

set of cyclic permutations. For solving problems of this 

class using of known methods, taking into account the 

properties of a combinatorial set of cyclic permutations, is 

proposed. For this purpose we propose a method based on 

the ideology of random search. Heuristic method based on 

the strategy of the branch and bound algorithm is 

proposed to solve auxiliary optimization problem of a 

linear function without constraints on the set of cyclic 

permutations. Since application of the branch and bound 

algorithm immediately leads to an exponential growth of 

the complexity with increasing the dimension of the 

problem a number of modifications are suggested. 

Modifications allow reducing computational expenses for 

solving higher dimension problems. The effectiveness of 

the proposed improvements is demonstrated by 

computational experiments. 

Key words: combinatorial optimization, linear 

function, cyclic permutations, random search, branch and 

bound algorithm, parallel computing. 

 

INTRODUCTION 

 

Necessity to solve a wide range of problems in a 

variety of scientific and applied problems caused the 

emergence and development of theory and methods for 

solving problems of linear optimization. Moreover, 

technology for solving linear programming problems 

plays a significant role in the creation of algorithms for 

solving mathematical programming problems of other 

types, such as combinatorial optimization problems [1, 2]. 

Mathematical models of many scientific and applied 

problems of design, planning, placement and control may 

be adequately represented on the basis of different models 

of combinatorial optimization [3-6].  In this case variables 

in these problems are considered as elements of classical 

combinatorial sets, such as permutations, combinations, 

arrangements and other [1, 2, 7-9]. 

Establishing additional constraints on the variables in 

the combinatorial optimization models leads to 

appearance of new classes of combinatorial optimization 

problems. Mathematical models of these new classes of 

combinatorial optimization problems could be described 

by subsets of classical combinatorial sets. One of such 

subsets is set of cyclic permutations [11-13]. 

There are two known groups of methods for solving 

combinatorial optimization problems – cutting methods 

and combinatorial methods [1, 2, 9, 12, 14-17]. One of the 

most powerful exact methods is combinatorial branch and 

bounds algorithm [1]. To solve combinatorial 

optimization problems of large dimension methods based 

on random search are often used [2, 18]. 

To improve the efficiency of the known methods of 

combinatorial optimization the properties of 

combinatorial sets, describing the admissible area of 

optimization problems should be used [12, 13, 20]. 

In this paper, for solving optimization problems on the 

set of cyclic permutations, an strategy based on the 

random search, cyclic properties of permutations and 

analytical solutions of systems of linear inequalities as the 

constraints on variables are used. 

The aim of the paper is elaboration of a strategy for 

solving optimization problems of linear functions on the 

set of cyclic permutations with linear constraints. 

 

ANALYSIS OF RECENT RESEARCH AND 

PUBLICATIONS 

 

Definition 1. A linear ordering of the elements from a 

certain generating set 1 2 nA {a ,a ,...,a }  is called a 

permutation  

  = 1 2( , ,..., )na a a  = 

1 2( ( ), ( ),..., ( ))na a a    = 
1 2

( , ,..., )
ni i ia a a  

1 2( , ,..., )np p p   

or, if it is necessary to stress the fact that it contains n  

elements, n -permutation [15-17]. 

We denote as nP  the set of permutations generated 

by the elements   1 2 ... na a a   . 

Consider a certain permutation 

 

 1 2( ( ), ( ),..., ( ))n na a a P       

 

and its element ( )i ja a  , , ni j J  . Then we can 

write down:  

2( ) ( ( )) ( )j i ia a a     . 
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Generally this formula can be represented in the 

following form:  

 

1 1( ) ( ( )) ( )k k k
j i ia a a      ,  

, ni j J  , k n . 

 

Thus [14], if for some 1l   we have ( )l
i ia a  , 

ni J  and all the elements 

2 1, ( ), ( ),..., ( )l
i i i ia a a a   

 are different, the 

sequence 
2 1( , ( ), ( ),..., ( ))l

i i i ia a a a   
 is called an 

l  length cycle. 

Definition 2. A cyclic permutation is such a 

permutation   from n  elements that contains a single n  

length cycle, i. e. ( )n
i ia a  , ni J   [14]. We 

denote such permutations as C . 

Denote 
C
nP  as set of cyclic permutations without 

repetitions generated by n  elements 1 2 ... na a a    

[14-17]. Permutation set nP  and set of cyclic 

permutations 
C
nP  are Euclidean combinatorial sets, or e-

sets [7, 8]. 

Investigate following combinatorial optimization 

problem: minimize the linear function with linear 

constraints on the set of cyclic permutations: 

1

( ) min
n

i i
i

L x p


  ;  (1) 

Cp d ;   (2) 

C
np P ,   (3) 

 

where: [ ]ji m nC C  , 
nd R , i R  , 0ip  ; 

C
nP  — as set of cyclic permutations without repetitions 

generated by n  real’s. 

Let us fulfill the enclosure mapping of the 

permutations set nP  and cyclic permutations 
C
nP  to the 

arithmetic Euclidian space 
nR . According to [7, 8] the 

given mapping (which is called immersion) can be 

represented in the following form: 

 

: nf P R , 1 2( , ,..., )np p p p P   , 

1 2( ) ( , ,..., ) n
nx f x x x E R    , i ix p , 

ni J . 

 

As a result of the immersion f  we have one-to-one 

correspondence between each set nP , 
C
nP  and  

 

nE R : ( )n nE f P , ( )C C
n nE f P . 

 

Formulate optimization problem equivalent to the 

problem (1)-(3) using immersion sets nP , 
C
nP  into 

Euclidian space: 

1

( ) min
n

i i
i

L x x


  ;  (4) 

Cx d ;   (5) 

C n
nx E R  ,   (6) 

 

where: [ ]ji m nC C  , 
nd R , i R  , 0ix  ; 

C
nE  – immerse of the cyclic permutations in Euclidean 

space. 

 

OBJECTIVES 

 

The solution of the problem (4)–(6) is the goal of this 

work. For reaching this goal the approach based on the 

random search is used. Properties of permutations 

immersed in Euclidean space and analytic solution of 

systems of linear inequalities, describing the task 

constraints are taken into account. Similar approach 

earlier was used for optimization of linear function on the 

set of permutations nP  with linear constraints [12]. 

Modification of this approach will solve problem 

(4)–(6) on the set of cyclic permutations. Consider a 

permutation polyhedron nП  generated by a set 

1 2 ... na a a   , n nvert П E  is the set of its 

vertexes.  

Since any cyclic permutation belongs to the set of 

permutations nP ,  

 

1 2( ( ), ( ),..., ( ))C n na a a P      

 

all cyclic permutations are vertexes of the permutation 

polyhedron nП . 

Follow the work [12], build n -dimension simplex 

n
nT R [18], inclusive polyhedron nП . The system of 

inequalities 1 1C x d  defines simplex nT , where 1C  – 

matrix of coefficients ( 1)n n  , 
1

1
nd R  . Since the 

simplex nT  contains a polyhedron nП  adding linear 

inequalities that describe simplex to the constraints (5), all 

feasible solutions are not changed. System of linear 

inequalities 
0 0W x v  combines constraints (5) with 

inequalities  
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1 1C x d , 

where: 
0 0[w ]ijW   – ( 1)m n n   -matrix, 

0 1m nv R   . As a result equivalent optimization 

problem is constructed: 

1

( ) min
n

i i
i

L x x


  ;  (7) 

0 0W x v ;   (8) 

0ix  ;   (9) 

C n
nx E R  .   (10) 

 

Consider solution strategy for problem (7)–(10) [12]. 

In accordance with random search solving process 

contains M  series with m  tests in each series. 

In each test solution of the system of linear 

inequalities is founded. According to [20], general 

formula of non-negative solutions of the system (8)–(9) 

is: 

 

1 2
1 2

1 2
1 1 2 1 1

...

...

l
l

l
N N l N

z z z
z

z z z

  

    

  


  
, 

 

where: 
1 2, ,..., lz z z  – fundamental solutions of the 

following auxiliary system of linear inequalities: 

 

0 0
1 0

0

n

i

W x v x

x


  


 

;  (11) 

 

where: 
1 2
1 1 1, ,..., ln n nz z z    – their last coordinates, 

1 2, ,..., l    – arbitrary real numbers satisfying the 

condition: 

 

1 2
1 1 2 1 1... 0l
n n l nz z z        . 

 

Next random real numbers 1 2, ,..., l   , satisfying 

the condition:  

 

1 2
1 1 2 1 1... 0l
n n l nz z z         

will be generated. Thus will be constructed solution ( )z i  

of the system (11). The nearest to the ( )z i  point of 
C
nE  

could be found using: 

 

2
arg min ( )

C
n

i
x E

x x z i


  . (12) 

 

If 
C

i nx E  isn’t solution of the system (11), next test 

begins. 

In other way we compare ix  to the previous 

approximations to problem (7)-(10) solution and if ix  

give better value of objective function it will became a 

new approximation to solution of (7)-(10). 

Let ix x . We assume x  current approximation to 

solution, and 

1

( )
n

i i
i

L x x


  – upper bound of 

solution (7)–(10). Add to the system (8) linear inequality: 

 

1 1 2 2 ... n nx x x d      , (13) 

 

 

where: 

1

n

i i
i

d x


 . 

The result will be 
1 1W x v  – system of linear 

inequalities In 
1 1W x v  there will be inequality with 

left part, identical to (13): 

1 1 2 2 ... n nx x x d      . Compare d  и d . If 

d d , replace old inequality with the new (13) one in 

system 
1 1W x v . It leads to reducing the area restricted 

with system 
1 1W x v . Let d d . Continue the 

process. 

 

AUXILIARY PROBLEM 

 

Optimization problem (12) is considered as auxiliary 

problem. 

For the set of permutation solution of this problem is 

an absolute minimum of linear function [7]: 

* * * *
1 2

1

( , ,..., ) arg min
n

n

n j j
x E j

x x x x c x
 

   , (14) 

where: 
1

jc R , nj J  , 
*

im ix a , ni J  , and 

sequence 1 2{ , ,..., }nm m m  such that 

1 2
...

nm m mc c c   . 

Since set of cyclic permutation is subset of set of 

permutations for each 
C
nx E  problem (12) can be 

reduced to problem of linear function optimization. 

For combinatorial set of cyclic permutations: 

 

1

min ( )
C
n

n

j j
x E j

x z i
 

 
 
 
 
  
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couldn’t be found using simple elements ordering, so we 

offer to solve this problem using branch and bound 

algorithm [13]. 

Evaluation and branching rules are the main 

components of branch and bound algorithm [1]. 

In this algorithm branching rule is based on fixing 

various free generating elements relative the coefficient of 

the objective function, corresponding to a given level of 

the tree. 

Evaluation of each node of the tree is sum of 

multiplication of fixed generating elements by the 

corresponding coefficients of the objective function and 

multiplication of free generating elements by the 

coefficients of the objective function according to (14). 

The exact solution of the original problem can be 

obtained using this algorithm. But since solving problem 

(7)-(10) requires solving auxiliary problem (12) many 

times for each test in all series the heuristic approach 

based on branch and bound algorithm was proposed. This 

approach called up for saving computing resources. 

Heuristic solving process consists of two stages. First 

stage – branch and bound algorithm of finding solution 

till a user-specified level k . Second stage – final 

construction of cyclic permutation by random fixing of 

remaining free generating elements. 

Resulting heuristic solution depends on problem 

dimension n , user-specified level k  and on coefficients 

of the objective function. For example, if user-specified 

level k  almost equal to n , heuristic solution could be 

equal to exact solution. With decreasing k  the 

probability of coincidence of heuristic and exact solutions 

decreases too. 

 

PARALLEL COMPUTING 

 

Described strategy for optimization of linear function 

with linear constraints on the set of cyclic permutations 

demonstrates good results with relatively small problem 

dimensions. But increasing n  significantly increases time 

of solving the problem. Features of the strategy give an 

opportunity for parallel computing. 

Solving problem (7)-(10) could be accelerated by 

parallel solving auxiliary problems for all random 

generated points in one series. In this case number of tests 

in one series could be equal to the number of processors. 

Thus, strategy of solving problem (7)-(10) using 

parallel computing consists in such steps: 

1) constructing simplex including permutation 

polyhedron; 

2) forming system of constraints; 

3) generating number of random points inside solution 

area; 

4) parallel finding nearest vertexes of permutation 

polyhedron for each random point using branch and 

bound algorithm or its modification; 

5) selection of the best obtained solution; 

6) updating the system of constraints. 

For evaluating the efficiency of parallel computing 

Amdahl's and Gustafson's laws are used. They allow to 

calculate maximum possible acceleration of the parallel 

computing of the program in comparison with the serial 

[21]. 

Let S be acceleration which may be obtained. An 

estimate for it according to Amdahl's law is: 

 

1

(1 )
S

f
f

p






, 

where: f  – the proportion of consecutive operations, p  

– number of processors. 

Also f  can be calculated as a percentage of code that 

couldn’t be parallelized. In this case, estimation of S  

could be less accurate but its calculation is significantly 

simplified. 

Analysis of proposed solutions strategy shows that in 

our case f  is approximately 75%. 

The acceleration S : 

1 1
1,23

(1 0,75) 0,75 0,0625
0,75

4

S   
 



. 

 

MAIN RESULTS OF THE RESEARCH 

 

Described method of optimization of linear functions 

on the cyclic permutations with linear constraints 

implemented in software. Coefficients of the objective 

function and coefficients of constraints were generated 

randomly. Experiments were carried out in two stages. 

First stage was dedicated to solving of the problems with 

dimension of 8 and less variables. These problems were 

solved with proposed modification of the random search 

method. The results compared with exact solution 

obtained by exhaustive search. The coefficients of the 

objective function generated in the interval [10; 100]. 

To find the solutions 5 series were used, each series 

consisted of 10 experimental points. Relative error was 

calculated for the problems, where approximate solutions 

was not equal to exact solution. The results are shown in 

Table 1. 

 

Table 1. 

Dimen

sion 

The 

number of 

matching 

solutions 

The 

number is 

not 

matched 

solutions 

Relative 

error 

The 

average 

time to 

solve, s. 

3 10 0 0 0,14 

4 5 5 0,077 0,269 

5 3 7 0,128 0,439 

6 4 6 0,072 0,734 

7 3 7 0,084 1,527 

8 0 10 0,134 3,402 

 

Second stage was dedicated to solving the problems 

with larger dimensions. For these problems two estimates 

[13] for the lower estimate of minimum were calculated: 

1
Est Rnd

E
Rnd


 ,
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2

Est Rnd
E

Est


 ,  

where: Est  – minimum of objective function on cyclic 

permutations without linear constraints; Rnd  – the 

solution by random search problem. The results are 

shown in Table 2. 

For the problems with dimension 15 and more 

auxiliary problem (8) was solved heuristically. For each 

dimension of the problem tree level k  is specified.  

To solve the problems, presented in Tables 1 and 2 

used 5 series, each consisted of 10 experimental points. It 

means that for solving each of the problems 50 auxiliary 

problems were solved. 

 

Table 2. 

Dime

nsion 
k
 

Number 

of tasks 

Average 

estimate 

1E  

Average 

estimate 

2E  

The 

average 

time to 

solve, s. 

15 10 10 0,256 0,255 18,19 

20 15 10 0,127 0,122 225,9 

25 15 3 1,716 0,44 809,17 

 

To reduce the time and technical resources, were 

conducted experiments with 2 series, each consisted of 15 

experimental points. The results are shown in Table 3. 

 

Table 3. 

Dimen

sion 
k  

Number 

of tasks 

Average 

estimate 

1E  

Average 

estimate 

2E  

The average 

time to 

solve, s. 

25 15 7 0,1652 0,203 821,14 

30 15 3 0,227 0,308 1805,86 

35 15 1 0,219 0,2819 11215,516 

40 20 1 0,305 0,379 33112,95 

 

Experiments to evaluate efficiency of the parallel 

computing of problem (4)-(7) were conducted. The real 

acceleration of the parallel algorithm is the ratio of the 

execution time of sequential algorithm to the time of 

parallel algorithm execution: 1

p

T
S

T
 , where 1T  – 

runtime of sequential algorithm, pT  – runtime using p  

processors. 

To evaluate the scalability of the parallel algorithm the 

concept of the coefficient of efficiency of parallelization 

is used: 
S

E
p

 . 

Table 4. 

Dimen

sion 

The time 

to solve, 

1T , s. 

The time 

to solve 

4pT T

, s. 

1

p

T
S

T
  

S
E

p
  

15 493,7 281,5 1,75 0,4375 

20 4782,9 3297,5 1,45 0,3625 

25 62559,9 31688,3 1,97 0,4925 

Note, that actual acceleration obtained by using 

parallel computing, more than the theoretical evaluation 

by Amdahl's Law. This is associated with inexact rough 

estimate of f . 

 

CONCLUSIONS 

 

This paper suggests a strategy for solving a 

combinatorial optimization problems with linear objective 

function and linear constraints on the set of cyclic 

permutations. This strategy is based on the random 

search, cyclic properties of permutations and analytical 

solutions of systems of linear inequalities as the 

constraints on variables. 

The solving the auxiliary problem of combinatorial 

optimization on the set of cyclic permutations without 

restriction performed using the branch and bound method. 

It should be noted that the use of branch and bound 

algorithm leads to an exponential increase in the 

complexity of solution with increasing dimension of the 

problem. Moreover, rule of branching and the rule of 

estimates calculating significantly depend on the 

complexity of solving process. The following 

modifications of the method are proposed to decrease the 

complexity: 

1. heuristic method for solving the auxiliary 

problem; 

2. modification with the parallel computing for the 

auxiliary problem. 

These modifications allow reducing the computational 

expences for large-scale problems. The effectiveness of 

the proposed improvements is confirmed by 

computational experiments. 
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Authors are asked to transfer to the Publisher the copyright of their articles as well as written permissions for re-
production of figures and tables from unpublished or copyrighted materials.

Articles should be submitted electronically to the Editor and fulfill the following formal requirements:
–	 Clear and grammatically correct script in English,
–	 Format of popular Windows text editors (A4 size, 12 points Times New Roman font, single interline, left and 

right margin of 2,5 cm),
–	 Every page of the paper including the title page, text, references, tables and figures should be numbered,
–	 SI units should be used.

Please organize the script in the following order (without subtitles):
Title, Author(s) name (s), Affiliations, Full postal addresses, Corresponding author’s e-mail
Abstract (up to 200 words), Keywords (up to 5 words), Introduction, Materials and Methods, Results, Discussion 
(a combined Results and Discussion section can also be appropriate), Conclusions (numbered), References, Tables, 
Figures and their captions

Note that the following should be observed:
An informative and concise title; Abstract without any undefined abbreviations or unspecified references; No no-
menclature (all explanations placed in the text); References cited by the numbered system (max 5 items in one 
place); Tables and figures (without frames) placed out of the text (after References) and figures additionally pre-
pared in the graphical file format jpg or cdr.

Make sure that the tables do not exceed the printed area of the page. Number them according to their sequence in 
the text. References to all the tables must be in the text. Do not use vertical lines to separate columns. Capitalize 
the word ‘table’ when used with a number, e.g. (Table1). 

Number the figures according to their sequence in the text. Identify them at the bottom of line drawings by their 
number and the name of the author. Special attention should be paid to the lettering of figures – the size of lettering 
must be big enough to allow reduction (even 10 times). Begin the description of figures with a capital letter and ob-
serve the following order, e.g. Time(s), Moisture (%, vol), (%, m3m-3) or (%, gg-1), Thermal conductivity (W m-1K-1).

Type the captions to all figures on a separate sheet at the end of the manuscript.

Give all the explanations in the figure caption. Drawn text in the figures should be kept to a minimum. Capitalize 
and abbreviate ‘figure’ when it is used with a number, e.g. (Fig. 1).

Colour figures will not be printed.

Make sure that the reference list contains about 30 items. It should be numbered serially and arranged al-
phabetically by the name of the first author and then others, e.g.
7. Kasaja O., Azarevich G. and Bannel A.N. 2009. Econometric Analysis of Banking Financial Results in Poland. 
Journal of Academy of Business and Economics (JABE), Vol. IV. Nr 1, 202–210.

References cited in the text should be given in parentheses and include a number e.g. [7].

Any item in the References list that is not in English, French or German should be marked, e.g. (in Italian), (in Polish).

Leave ample space around equations. Subscripts and superscripts have to be clear. Equations should be numbered 
serially on the right-hand side in parentheses. Capitalize and abbreviate ‘equation’ when it is used with a number, 
e.g. Eq. (1). Spell out when it begins a sentence. Symbols for physical quantities in formulae and in the text must 
be in italics. Algebraic symbols are printed in upright type.

Acknowledgements will be printed after a written permission is sent (by the regular post, on paper) from persons 
or heads of institutions mentioned by name.
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